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AUTHOR’S PREFACE TO T 


FIRST EDITION* 


Amplissima et pulchemma scientia fignrartun. At quaan eat m< 
nomen Geom'etn© » — N icod Pbisohlikus, Dialog I 

Perspective methodus, qna nec inter mventas nec inter mventn pa 
compendiosior esse videtur — B Pascal, Lit ad Acad Paru , i( 

Da vemam scnptis, quorum non gloria nobis 

Causa, sed utilitas officiumque fuit — Ovid, ex Pont , in 9 

This book is not intended for those whose high i 
is to advance the progress of science , they would f 
nothing new, neither as regards principles, nor as 
methods The propositions are all old , in fact, not 
them owe their origin to mathematicians of the mo 
antiquity They may be traced back to Euclid (28 
Apollonius of Perga (247 b c ), to Pappus of Alexar 
centuiy aftei Christ), to Desaroues of Lyons (i5 c 
to Pascal (1623-1662) , to De la Hire (1640-] 
Newton (1642-1727), to Maclaurin (1698-1746), 
Lambert (1728-1777), &c The theories and methc 
make of these propositions a homogeneous and ha 
whole it is usual to call modem , because they have 
covered or perfected by mathematicians of an age 
ours, such as Carnot, Brian chon, Poncei et, Mobius, 
Chasles, Staudt, &c , whose works weie publish 
earlier half of the present century 

Various names have been given to this subject of 
are about to develop the fundamental principles 
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not to adopt that of Higher Geometry {Geometne mjgSnewrt 
Where Geometne ), because that to which the title ‘ higher ’ a 
<me time seemed appropriate, may to-day have become ver 
elementary, nor that of Modem Geometry ( neuere Geometne) 
which in lik e manner expresses a merely relative idea , and 1 
moreover open to the objection that although the method 
may be regarded as modem, yet the matter is to a great exten 
old Nor does the title Geometry of j position ( Geometne der Lags 
m used by Statjdt* seem to me a suitable one, since 1 
excludes the consideration of the metrical properties of figure c 
I have chosen the name of Protective Geometry f, as expressm, 
the true nature of the methods, which are based essentially oi 
central projection or perspective And one reason which ha 
determined this choice is that the great Poncelet, the chie 
creator of the modern methods, gave to his immortal boo] 
the title of Traite des projometes jprojectives dee figures (1822) 

In developing the subject I have not followed exclusivel 
any one author, but have borrowed from all what seeme 
useful for my purpose, that namely of writing a hook whic 
should be thoroughly elementary, and accessible even to thos 
whose knowledge does not extend beyond the mere elements c 
ordinary geometry I might, after the manner of STAUD r 
have taken for gi anted no previous notions at all , but m tha 
case my work would have become too extensive, and woul 
no longer have been suitable for students who have read th 
usual elements of mathematics Yet the whole of what sue 
students have probably read is not necessary in ordei t 
undei stand my book , it is sufficient that they should kno^ 
the chief propositions relating to the cncle and to simile 
triangles 

It is, I think, desirable that theoretical instruction 1 

* Equivalent to the Debcrijptive Geometry of Cayley ( Sixth memoir on quantu 
Phil Trans of the Royal Society of London, 1859 P 9 °) The name Geomitr 
de position as used by Carlot coi responds to an idea quite different from th 
winch I wished to expiess m the title of my book I leave out of consideratu 
oth r nimes, such as Geom tine segmentaire and Oiganische Geometne , as referrn 
to ideas which are too limited in my opinion 
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geometry should have the help afforded it by the pi 
constructing and drawing of figures. I have according 
more stress on descriptive properties than on metrical one 
have followed rather the methods of the Geometric ier 
Staudt than those of the Geometrie supeneure of Cha 
It has not however been my wish entirely to exclude n 
properties, for to do this would have been detmmej 
other practical objects of teaching f I have therefor* 
duced into the book the important notion of the ank 
ratio, which has enabled me, with the help of the few 
mentioned propositions of the ordinary geometry, to ec 
easily the most useful metrical properties, which are 
consequences of the projective properties, or are closely 
to them 

I have made use of central projection m order to e* 
the idea of infinitely distant elements, and, following the e 
of Steiner and of Staudt, I have placed the law of 
quite at the beginning of the book, as being a logi 
which arises immediately and naturally from the pos 
of constructing space by taking either the point or the ] 
element The enunciations and proofs which cones] 
one another by virtue of this law have often been pi 
parallel columns , occasionally however this arrangen 
been departed from, m order to give to students the 
tumty of practising themselves m deducing fiom a i 
its correlative Piofessor Beye remaiks, with justice 
preface to his book, that Geometry affords nothing so 
to a beginner, nothing so likely to stimulate him to 
work, as the principle of duality , and for this reas 
veiy important to make him acquainted with it 
as possible, and to accustom him to employ it wi 
fidence 

The masterly treatises of Poncelet, Steiner, Cha.s 


* Cf Reye, Geometne der Lage (Hannover, 1866, 2nd edition, 187 

the preface , 

^ t\ a O-on-n elr o in i hrfir Amnpnnuna auf Keaelbd 
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Staudt* are those to which I must acknowledge myself most 
indebted , not only because all who devote themselves to 
Geometry commence with the study of these works, but also 
because I have taken from them, besides the substance of 
the methods, the proofs of many theorems and the solutions of 
many problems. But along with these I have had occasion 
afeoto consult the works of Apollonius, Pappus, Desargkjes, 
Dr la Hire, Newton, Maclaurin, Lambert, Carnot, 
Brianohon, Mobius, Bellavitis, &c , and the later ones of 
Z^ch, Gaskin, Witzschel, Townsend, Reye, Poudra, 
Fiedler, &c. 

|p. older not to increase the difficulties, already very con- 
siderable, of my undertaking, I have relieved myself from the 
responsibility of quoting m all cases the sources from which 
X have drawn, or the original discoverers of the various pro- 
portions or theories I trust then that I may be excused if 
sometimes the source quoted is not the original one f> or if 
occasionally the reference is found to be wanting entirely 
In giving references, my desire has been chiefly to call the 
attention of the student to the names of the great geometers 
he titles of their works, which have become classical 

issociation with certain great theorems of the illustrious 

tames of Euclid, Apollonius, Pappus, Desargkjes, Pascal, 
Newton, Carnot, &c will not be without advantage m assist- 
ing the mind to retain the results themselves, and m exciting 
that scientific curiosity which so often contributes to enlarge 
our knowledge 

Another object which I have had m view in giving refer- 
ences is to coneet the first impressions of those to whom the 
name Pioyective Geometry has a suspicious an of novelty Such 

* Po><ceiet Tiaitedesproprietebpiojednesdes figures (Pans, 1822) STEINER, 
Systematise Eniwickelung der Abhanyigkeit geometnschei Gebtalten tonemander 
<tc Beilin, 1832) Chasles, Tt entitle Geomdrie bupeneme (Pan , 1852) Tiaite 
deb sec twns coniqueb (Pans, i86->) Staudt 6 eo meU te der Lage (Numberg 1847) 
+ q u °tm 0 an author I have almost always cited fauch of his treatises as are 
of considerable extent and generally known although his discoveries may have 
been originally announced elsewhere hor example, the researches of Chasles m 
the theory of conics date from a period in mo^t cases anterior to the year 1830 
those of Staudt began m 1831 , &c 
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persons I desire to convince that the subjects are to a gre 
extent of venerable antiquity, matured m the minds of t 
greatest thinkers, and now reduced to that form of extrei 
simplicity which Geroonne considered as the mark of perfects 
in a scientific theory* In my analysis I shall follow t 
order m which the various subjects are arranged, in the boo 
The conception of element# lymg at an infinite distance is d 
to the celebrated mathematician Desargues , who more th 
two centuries ago explicitly considered parallel straight In 
as meeting in an infinitely distant point f, and parallel plar 
as passing through the same straight line at an infin 
distance J 

The same idea was thrown into fall light and ma 
generally known by Poncelet, who, starting from the posl 
lates of the Euclidian Geometry, arrived at the condusi 
that the points in space which lie at an infinite distance mi 
be regarded as all lying m the same plane § 

Desargues || and Newton IT considered the asympto 
of the hyperbola as tangents whose points of contact lie at 
infinite distance 

The name homology is due to Poncelet Homology, w 
reference to plane figures, is found in some of the earl 
treatises on perspective, for example m Lambert** or p 
haps even m Desargues ft, who enunciated and proved 
theorem concerning tuangles and quadrilaterals m perspect 
or homology This theorem, for the particular case of t 
triangles (Art 17), is however really of much older date, a 


* ‘ On lie peut se Ratter d’avoir le dernier mot d une throne, tant qu 01 
peut pas l’exphquer en peu de paroles h un passant dans la rue (cf Chas 
Apergu histonque, p 115) 

f CEmres de Desargues, zeuntes et analyses par M Poudra (Paris, ib 
tome 1 JBi ouillon piojet dune citteinte aux ei inements de * renconUes d'un 
atec un plan (1639 )> PP l0 4> 10 5 > 20 5 

% Loc citf,pp 105,106 

§ Tiaite des ptopnette projectizes des figures (Pans, 1822) Arts 90, 560 


|| Loc cit , p 210 

«[[ Philosophiae naturalis pnncipza mathematica (1686), Ub 1 prop 


scholium 

** Jfyeie Perspective 2nd edition (Zurich, 1 774 ) 
++ Loc at , pp 413-416 
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is substantially identical with a celebrated porism of Euclid 
(Art. 114), which has been handed down to ns by Pappus* 
Homological figures m space were first studied by Poncelet f 
The law of duality, as an independent principle, was enun- 
ciated by Gergonne f , as a consequence of the theory ol 
reciprocal polars (under the name prmctpe de reciprocity polaire) 
it is due to Poncelet § 

The geometric forms (range of points, flat pencil) are found, 
the names excepted, m Desargues and the later geometers 
Steiner || has defined them m a more explicit manner than 
any previous writer 

The complete quadrilateral was consideied by Carnot IT , 
the idea was extended by Steiner** to polygons of any 
number of sides and to figures m space 

Harmonic section was known to geometers of the most 
remote antiquity , the fundamental properties of it are to be 
found for example in Apollonius ft He la Hire gave the 
construction of the fourth element of a harmonic system by 
means of the harmonic property of the quadrilateral, i e by 
help of the ruler only 

From 1833 the construction of projective forms was taught 
by Steiner §§ 

The complete theory of the anharmonic ratios is due to 
Mobius || ||, hut before him Euclid, Pappus 11 [, Desargues *** 
and Brianchon fff had demonstrated the fundamental pro- 
position of Art 6 3 Des argues ttt was the author of the theory 

* Chasles, Les trou hvres de poinsmes d’Enchde, &c (Pans, i860), p 102 
+ Loc cit , pp 369 sqq 

t Annales de Mathemahques vol xvi (Montpellier 1826), p 209 
§ Ibid , vol vin (Montpellier, 1818), p 201 

|| Systemat\ 8 cke Entwiclcelung , pp xni, xiv Collected Works, vol 1 p 237 

If De la cod elation des Jigutes de Geomtne (Pans, 1801), p 122 

** Loc cit pp 72 235, §§ 19, 5* 

ft Comcorum lib 1 34 36, 37, 38 

tt Scctiones comcae (Parisiis, 16S5), 1 20 

§§ Loc cit p 91 

IHI Der barycentnsche Calcul (Leipzig 1827), chap v 
HIT Muthematicae Collectiones , vn 129 
*** Loc cit p 425 

ftt Mtmone sur les hgnes du second ordre (Paris, 1817), p 7 
tti Loc Cit PP I IQ 147 17 1 176 
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of involution, of which a few partic ular cases were a! 
known to the Greek geometers* * * § 

The generation of conics by means of two projective i 
was set forth, forty years ago, by Steiner and by Cha 
it is based on two fundamental theorems (Arts. 149, 
from which the whole theory of these important curve 
be deduced The same method of generation include 
organic description of Newton f and various theore] 
Maolaurin 

But the projectmty of the pencils formed by joining 
fixed points on a conic to a variable point on the sam 
already been proved, m other words, by Apollonius J 
When only sixteen years old (in 1640) Pascal disco 
his celebrated theorem of the mystic hexagram §, and in 
Brianchon deduced the correlative theorem (Art 15 
means of the theory of pole and polar 

The properties of the quadrilateral formed by four tar 
to a conic and of the quadrangle formed by their pon 
contact are to be found in the Latin appendix (J)e 
rum geometncarum jorojpnetatibus genet alibus traetatus) t 
Algebra of Maclaurin, a posthumous work (London, 
He deduced from these properties methods for the 
struction of a come by points 01 by tangents in several 
where five elements (points 01 tangents) are given 
problem, m its full geneiality, was solved at a later ds 
Brianchon 

The idea of considering two projective ranges of pon 
the same conic was explicitly set forth by Bellavitis || 
To Carnot IT we owe a celebiated theorem (Art 385 
cermng the segments which a come determines on the si 


* Pappus, Mathematicae Collections, lib yii props 37-56, 127, 128, 1 

f hoc cit lib 1 lemma xxi 

% Conicorum lib 111 54, 5 , 56 I owe this remark to Prof Zeuthen 

§ Letter of Leibnitz to M Perieb in the (Euvres de B Pascal (I 
edition, vol v p 459) 

|| Saggio di geometna deniata (Nuovi Saggi dell Accademia di Padova 
1838), p 2,0, note 

C r'Anvnoiv a rl n in /'Pa TRno'l A f O ’“A 
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a triangle Of this theorem also certain particular cases were 
known long before * * * § 

In the Frew Perspective of Lambert we meet with elegant 
constructions for the solution of several problems of the first 
and second degrees by means of the ruler, assuming however 
that certain elements are given , but the possibility of solving 
all problems of the second degree by means of the ruler and 
a fixed circle was made clear by Poncelet , afterwards Steiner, 
m a most valuable little book, showed the manner of practically 
carrying this out (Arts 238 sqq ) 

The theory of pole and polar was already contained, undei 
various names, in the works already quoted of Dlsargues f 
and De la Hire J , it was perfected by Monge §, Brian- 
obon [J, and Poncelet The last-mentioned geometer derived 
from it the theory of polar reciprocation, which is essentially 
the same thing as the law of duality, called by him the ‘ prin- 
mpe de reciprocity polaire 5 

The principal properties of conjugate diameters weie ex- 
pounded by Apollonius m books n and vn of his work on 
the Comes 

And lastly, the fundamental theoiems concerning foci are to 
be found in book m of Apollonius, in book vn of Pappus, 
and m book vui of De la Hire 

Those who desire to acquire a more extended and detailed 
knowledge of the progress of Geometry from its beginnings 
until the year 1830 (which is sufficient for what is contained 
m this book) have only to read that classical woik, the Apergu 
fnstonque of Chasles 


* Apollonius, Comcorum lib m 16-23 Desargues, loc cit, p 202 De 
la Hire loc cit book v props io, 12 Newton Enumeratio hneaium tertu 
orihuu {OpticJcs, London, 1704) p 142 

+ Loc tit , pp 164 186, 190 sqq 

X Loc cit, 1 21-28 11 23-30 

§ Geometric descriptive (Pans, 1795) Art 40 
J1 Journal de l Lcole Poly technique, cahier xm (Paris 1806) 
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In April last year, when I was in Edinburgh on the 
of the celebration of the tercentenary festival of the Ui 
there, Piofessor Sylvester did me the honour of saym 
his opinion a translation of my book on the Elements o 
tive Geometry might be useful to students at the Engl 
versities as an mtroduction to the modem geometrical 3 
The same favourable judgement was shown to me 1 
mathematicians, especially in Oxford, which place I v 
the following month of May at the invitation of Profes 
vester There Professor Price proposed to me that 
assist in an English tianslation of my book, to be cai 
by Mr C Leudesdorf, Fellow of Pembroke College, 
published by the Clarendon Press I accepted the 
with pleasure, and for this reason In opinion th< 
excel m the art of wilting text-books foi mathematic 
mg, as regards the clear exposition of theones 
abundance of excellent examples, caiefully selected, 
books exist m other countnes which can compete w 
of Salmon and many other distinguished English aut 
could be named I felt it theiefore to be a great hoi 
my book should be considered by such competer 
worthy to be introduced mto then colleges 

Unless I am mistaken, the prefeience given to mj 
ovei the many treatises on modern geometry publish 
Continent is to be attubuted to the cncumstance tL 
have striven, to the best of my ability, to imitate th 



models My intention was not to produce a book of high 
theories which should be of interest to the advanced mathe- 
matician, but to construct an elementary text-book of modest 
dimensions, intelligible to a student whose knowledge need not 
extend farther than the first books of Euclid. I aimed there- 
fore at simplicity and clearness of exposition, and I was 
careful to supply an abundance of examples of a kind suitable 
to encourage the beginner, to make him seize the spirit of the 
methods, and'to render him capable of employing them 

My book has, I think, done some service in Italy by helping 
to spread a knowledge of projective geometry, and I am 
encouraged to believe that it has not been unproductive of 
results even elsewhere, since I have had the honour of seeing 
it translated into French and into German 

If the present edition be compared with the piecedmg ones, 
it will be seen that the book has been considerably enlarged 
and amended. All the improvements which are to be found 
m the French and the German editions have been incor- 
porated, a new Chapter, on Foci, has been added , and every 
Chapter bas received modifications, additions, and elucidations, 
due m part to myself, and m part to the translator 

In conclusion, I beg leave to express my thanks to the 
eminent mathematician, the Savilian Professor of Geometry, 
who advised this translation , to the Delegates of the 
Clarendon Press, who undertook its publication , and to 
Mr Leudesdorf, who has executed it with scrupulous 
fidelity 

L CREMONA 


Rome , May 1885 
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ELEMENTS OF PROJECTIYE GEOMET1 


CHAPTER I 

DEFINITIONS. 

1 By a figure is meant any assemblage of points* str 
lines, and planes , tbe straight lines and planes are all 
considered as extending to infin i ty, without regard t< 
limited portions of space which aie enclosed by them 
the word triangle , for example* is to be understood a sy 
consisting of three points and three straight lines conne 
these points two and two , a tetrahedion is a system consi 
of four planes and the four pomts m which these planes 1 
sect thiee and three, &c 

In order to secure umfoimity of notat on, we shall always cl 
pomts by the capital letters A , B , C , , stiaight lines by the 

letters a , b , o , , planes by the Greek letters a , 0 , y , Mor 

AB will denote that part of the straight line joining A and B 
is computed between the points A and B , Aa w ill denote the 
which passes thiough the point 4 and the stiaight line a , c 
point common to the stiaight line a and the plane a , a 0 the sti 
line formed b} the mtei section of tbe plmes a, 0 , ABC the pi 
the tlnee points A ,B , C , a 0 y the point common to the thiee 
0 , 0 , 7 , a BC the point common to the plane a and the stiaigl 
BC } A 0 y the plane pissing through the point A and the ti 
line 0 y , a Be tbe straight line common to the plane « and the 
Bc } A 0 c the stiaight line joining the point 4 to the point/- 
The notation a BC — A' we shall use to e\pie-s that the point co 
to the pi me a and the Muaight line BC coincides with the pon 
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L<s-7 

u = ABC will express that the straight line u contains the points 
A , B j C , &c 

2 To project from a fiped point 8 (the centre of projection) a 
figure {AJBCD , abed ) composed of points and straight 
lines, is to construct the straight lines or projecting rags 
8A , Si , SC , SD , and the planes ( projecting planes) 
Sa^&b ,Sc ,Sd , We thus obtain a new figure composed of 
straight lines and planes which all pass through the centre S 

Z To cut by a -fixed plane o- ( transversal plane) a figure 
(a/3yb y abed ) made up of planes and straight lines, is to 
construct the straight lines or traces <ra , o-fi , cry , and the 
points or traces <ra , orb , <rc , By this means we obtain a new 

figure composed of straight lines and points lying m the 
plane <r 

4. To preyed from a fixed straight line s (the axis) a figure 
AJBCD composed of points, is to construct the planes sA,sB, 
sC , * The figure thus obtained is composed of planes which 
all pass through the axis s 

5 To cut by a fixed straight line s (a transversal) a figure afiyb 
composed of planes, is to construct the points sa, s/3, sy , In 
this way a new figure is obtained, composed of points all lying 
on the fixed transversal s 

6 If a figure is composed of straight lines a ,b,c, which all 
pass through a fixed point or centre S, it can be pi ejected from 
a straight line or axis s passing through S , the result is afiguie 
composed of planes sa,sb,sc, 

7 II a figure is composed of straight lines a ,b,c } all lying 
m a fixed plane, it may be cut by a stiaight line (transveisal) 
* lying m the same plane , the figure which results is foimed 
by the points sa,sb,sc, * 

* The operations of projecting and cutting (projection and section ) are the two 
fundamental ones of the Projective Geometry 
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CENTRAL PROJECTION , FIGURES I2f PERSPECTIVE. 

8 Consider a plane figure made up of points A, B,C, 
straight lines AB, AC, , BC, Project these from a - 
S not lying in the plane (<r) of the figure, and cut th< 
SA, SB, SC, and the planes SAB, SAC, ,SBC, by a 
versal plane o' (Fig i) The traces on the plane o' 
projecting rays and planes will 
form a second figure, a picture 
of the first When we carry 
out the two operations by which 
this second figure is derived 
from the first, we are said to 
project from a centre (or vertex) S 
a gnen figure o upon a plane of 
projection o' The new figure 
o' is called the perspective image Fig i 

or the central projection of the 

original one Of course, if the second figure be pie 
back fiom the centre S upon the plane <r, the first figui 
be formed again, r e the first figui e is the projection 
second fiom the centre S upon the pictui e-plane <r T1 
figui es cr and o' are said to be m per speitue position , 01 s 
in per yacht e 

9 If A',B', C ', are the traces of the raj s Si, SB Sf 

the plane </, we may say that to the points A, B,C 
fust figure correspond the points I', B , 6 , of the s 
with the condition that two coiiespondmg points alw< 
on a stiaight line passing thiough S 31 the point 1 de 
a straight line a in the plane <r, the lay S4 will desc 
plane Sa , and theiefoie A' will descube a stia’ght line 
intersection of the planes Sa and o' The stiaight lines a 
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in which the planes <r and </ are cut by any the same project- 
mg plane, may thus be called corresponding lines It follows 
from this that to the straight lines AB,AC y ,BC, correspond 
the straight lines A'B' } A'C' y , B'C' y and that to all 
straight lines which pass through a given points of the plane <r 
correspond straight lines which pass through the corresponding 
point A' of the plane </ 

10 If the point A describe a curve m the plane a*, the 
corresponding point A' will describe another curve on the 
plane <r, which may be said to correspond to the first curve 
Tangents to the two curves at corresponding points are clearly 
corresponding straight lines , and again, the two curves are cut 
by corresponding straight lines m corresponding points Two 
corresponding curves are therefore of the same degree * 

IX. The two figures may equally well be generated by the 
simultaneous motion of a pair of corresponding straight lines 
a , a! If a revolve about a fixed point A, then a! will always 
pass through the corresponding point A' 

Similarly, if a envelop a curve, then a! will envelop the 
corresponding curve The lines a and a\ in corresponding 

positions, touch the two curves at 
corresponding points , and again, to 
the tangents to the first curve from 
I a point A correspond the tangents to 

/ the second from the corresponding 
I pomt A! Two corresponding curves 

are therefoie of the same class f 

12 Consider two straight lines 
a and a' which correspond to one 
another m the figures <t , </ (Fig i) 
Every ray drawn through S m 
their plane meets them m two 
points, say A and A\ which cor- 
respond to one anothei If the ray 
change its position and 1 evolve round b\ the points A and A' 
cnange then positions simultaneously, when the lay is about to 

* 11 ie (leg tee of a cur\ e is the greatest numbei of points m which it can be cut 
l y any arbitrary plane In the case of a plane curve it is the greatest number 
of points m which it can be cut by any straight line m the plane 

t The chuk of i plane curve it. the gieitest numbei of tangents which can be 
<Lawn to it fiom an} arbitriry point in the plane 
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become parallel to a, the point A' approaches T (the 
where c! is cut by the straight hue drawn through 8 para 
a) and the point A moves away indefinitely In order th 
property that to one point of a' corresponds one porn 
may hold universally, we say that the line a has & pc 
infinity I, with which the point A coincides when A' con 
with viz when the ray, turning about S, becomes p« 
to a The straight line a has only one point at i n fi m 
being assumed that we can draw through 8 only on 
parallel to a* 

The point I\ the image of the point at infinity 7, is 
the vanishing point of a r 

Similarly, the straight line a! has a point /' at in. 
which corresponds to the point J where a is cut by ti 
drawn thiough 8 parallel to a! 

Two parallel straight lines have the same point at in 
All straight lines which are parallel to a given strao 
must be considered as having a common point of inte 
at infinity 

Two straight lines lying in the same plane always mi 
m a point (finite or i n fi n itely distant) 

13 If now the straight line a takes all possible positi 
the plane cr, the corresponding straight line a! will alwc 
determined by the intersection of the planes cr' and 8a 
moves, the ray 81 traces out a plane tt paiallel to o- ai 
point I' describes the straight line which we may < 
by »' This stiaight line / is then such that to any point 
on it corresponds a point at infinity m the plane cr, which 
belongs also to the plane % r 

We assume that the locus of these points at infinity 
plane cr is a straight line i because it maj be conside 
the intei section of the planes tt and cr But this locu* 
correspond to the stiaight line t'm the plane cr', thub tl 
that to every stiaight line m the plane </ contsponds a st 
line m the plane a holds without exception 

The plane or has only one stiaight line at infinity b 
thiough the point S only one plane paiallel to <r can be « 
The stiaight line the image of the stiaight line at m 
is called the vanishing line of cr' It is paiallel to <rcr 
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In lie same way, the plane (f has a straight line at infinity 
which, corresponds to the intersection of the plane or with the 
plane V drawn through 8 parallel to </ 

Two parallel planes have the same straight line at infinity 
in common All planes parallel to a given plane must be 
considered as passing through a fixed straight line at infinity 
If a straight kne is parallel to a plane, the straight line at 
infinity m the plane passes through the point at infinity on 
the line If two straight lines are parallel, they meet in the 
c same point the straight line at infinity m then plane 
■ Two planes always cut one another m a straight line (finite 
' or infinitely distant) 

A straight line and a plane (not containing the line) always 
intersect m a point (finite or infinitely distant) 

% * Three planes which do not contain the same straight line 
have always a common point (finite or infinitely distant) 

M. Theorem If two plane figures ABC , A'B'C' , (Fig i) 
% lying m different planes cr and </, are m perspective , i e if the rays 
AA\ BB\ CC\ meet in a point 0, then the corresponding straight 
lines AB and A r B\ AC and A'C , BC and B'C', will cut 
one another m points lying on the same straight line , viz the inter - 
section of the planes of the two figures 

It is to be shown that if M is a point lying on the 
Lght line co, and if a straight lme a, tying m the plane <r, 
—es through if then the corresponding straight line a ' will 
also pass through M Eut this is evidently the case, since the 
two straight lines a and a' are the intersections of the same 
projecting plane with the two planes cr and </, and conse- 
quently the three straight lines <r<r\ a , and a' meet m a point, 
viz that common to the three planes The straight line 
crcr' is the locus of the points which correspond to themselves 
in the tvo figuies 

The \ amshing lme i ' m the plane </ is parallel to the straight 
line ora-', since i and the conespondmg stiaight line i , which 
lie^> entnely at an infinite distance m the plane <r, must inter- 
sect one anothei on crcr Similaily, the vanishing lme y of 
the plane or is paiallel to era' 

If each of the figuies is a triangle, the theorem reads as 
follows — 

If two tuangles ABC and A'B'C\ l^mg lespectively m the 



xtJj OEKIRAL PROJECTION, FIGURES IK PBRSFBOTITB. 


planes <r and </, are such that the straight hn«a AA', JBB 
meet m a point 8, then the three pairs of oorreepo 
sides, J8G and B'C', CA and O' A', AJB and AfB?, inters? 
points lying on the straight line ( T(F 

15 Conversely, if to the point* A, B, C, , and to ike %t 
lines AB, AC, , BC, of a plane figure <r correspond set 
the points A', F, O' , and the straight lines A'F, A'C', , i 
of another plane figure o' * m such a way that the correspi 
lines AB and A'l S', AC and A' O', , BC and Bt(f, m 
pomts lying on the line of intersection (or), of the planes <r c 
then the two figures are m perspective 

For if S be the point which is common to the 
planes AB A'F, AC A'C', BC FC\ the three 
AA\ BB / , CC ' of the trihedral angle formed by the 
planes will meet in 8 Similarly, the three planes AB 
AJD A'l/, BT) FI/ meet m a point which is common 
edges AA\ BB\ JD1 Y, and this point is again 8, since th 
straight lines AA', BB r suffice to determine it Thereto 
the straight lines AA', BF, CC', DF pass throng 
same point 8 , that is, the two given figures are m perspo 
and S is their centre of projection 

If each of the figures is a triangle, we have the the 
If two triangles ABC and A'B'C', lying respectively 
planes a- and or', are such that the sides BC and Fi 
and C'A', AB and A'B' intei sect one another two an 
m points lying on the straight line crc/, then the straigh 
A A', BB\ CC' meet in a point S 
Jy A V v u^l6 Theorem If two triangles A 1 B l C 1 and A 2 B 2 C 2 , lying 
< same plane , are such that the st? aught lines A X A 2 , B l B 23 C 1 ( 
in the same point 0 , then the thee points of inte? section of t) 
B\C X and B 2 C 2 , C X A X and C 2 A 2) A X B X and A_B 2 he on a s 
line (Fig 3 ) 

Through the point 0 v Inch is common to the st 
lines A X A 2 , B x B 2 , C x C 2t diaw any stiaight line outbids the 
c, and m this stiaight line take two pomts S x and S I 
the triangle A l B 1 C 1 fiom S x and the tnangle A 2 B 2 C 2 fi 
The points A x , A 2 , 0, S 2 , S 1 lie in the same plane, tin 
S l A 1 and S 2 A 2 meet one anotliei (m A suppose), sm 
S 1 B l and S 2 B 2 (m B suppose) and S 1 C 1 and &f 2 (m C suj 

* The ulanes a and o' are to be regarded a distinct from each oth< 
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Thus the triangle ABC is in perspective both with A X B X C X and 
with A 2 B 2 C 2 The straight lines BC, d x C X y B 2 C 2 intersect m 
pairs and therefore meet in one and the same point A* 
Similarly CA, C X A V and A 2 C 2 meet in a point B 0 , and AB, 

B X A X y and A 2 B 2 in a point 
C 0 The three points A 0 , 
B 0 , C Q lie on the straight 
line which is common to 
the planes cr and ABC 
The theorem is therefore 

17 Conversely, If two 
triangles A 1 B 1 C 1 and A 2 B 2 C 21 
lying m the same plane ^ are 
such that the sides B X G X and 
B 2 C 2 y C X A X and C 2 A 2 , A X B X 
and A 2 B 2 cut one another m 
gf am m three collmear points A 0 , B 0 , C 0 , then the straight lines 
A % A^y B x B 2 y C X C 2) which join corresponding angular points , will 
pass through one and the same pomt 0 (Fig 3 ) , 

Through the straight line A 0 B 0 C 0 draw anothei plane, 
and project, fiom an arbitrary centre 8 Xi the triangle A X B X C X 
upon this plane If ABC be the proj ection, the straight lines BCy 
B X C X will cut one another m the pomt A 0i through which B 2 C 2 
will also pass , similarly AC will pass through B 0 and AB 
through C 0 The straight lines AA Zi BB 2 , CC 2 mtersect m 
pairs, without however all three lying m the same plane , 
they will therefore all meet m one point S 2 The straight 
lines S X S 2 and A X A 2 he in the same plane, since 8 X A X and 8 2 A 2 
intersect m A , therefore S l S 2 meets the three straight hnes 
A x A 2 , B 1 B 2) C x C 2i i e A x A 2 , B x B 2) C X C 2 all meet m one point 0, 
viz that which is common to the plane or and the straight 
line jSjSJ* 

* BC is the intersection of the planes 8 \B i C 1 and S 2 B C%, which do not com 
tide, so that the straight lines BC, B l C 1 and B 2 C t do not all three lie in one 
plane The three planes BC B X C X , BC B % C 2 , and B X C X B 2 C 2 (or a) mtersect 
m the same pomt 

t Po^celet Piop 1 ti proj(cines desfigmes (Paris 1822), Art 168 The 
theorems of lit 5 - and Vi are due to DES^RGUEb ( (Euvres , ed Poudra, vol 1 
P 4 : 3) / 
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±8 CoNSiDEEra-plane o- and another plane </, m which ] 
lies any given figure made up of points and straight 
Take two points S 1 and S 2 lying outside the given p] 
and project from each of them as centre the given figure 
to the plane o* In this way two new figures (aq and o* £ 
will be formed, which he in the plane <r, and which ar 
projections of one and the same figure <r upon one an< 
same plane or, but from different centres of projection, 
two points A x and A 2i or two straight hnes a 1 and a 2i i 
figuies oq and cr 2 be said to correspond to each other 
they are the images of one and the same point A! 
one and the same straight hne a! of the figure </ We 
thus two figures oq and a 2 lying m the same plane <r 
so related that to the points A ly B v C v and the 
J 1 C 19 , B X C V , of the one correspond the j 

A 2 ,B 2i C 2 , } and the hnes J 2 B , , Afi 2 , ,B 2 C 2i , of the 

Since any two corresponding straight lines of </ and <j x mt 
m a point lying on the stiaight line <j<j\ and again an 
coiiespondmg straight lines of <r and o-, intellect in a 
1} mg on the same straight line cr</, it follows that 
coiiespondmg stiaight hnes of a, <t 15 and cr 2 meet n 
and the same point, which is determined as the mteisc 
of the stiaight line of <r w T ith the stiaight line crcr T 
to say, two corresponding stiaight hnes of the figuies o 
a 2 always intersect on a fixed stiaight line, the trace of a 
If moieover A x and A a aie a pair of coiiespondmg points 
and a g , the iajs aS x A ly S 2 A 2 have a point J' m common 
theiefoie lie in the same plane consequently A X A 2 ant 
mteisect in a point 0 Thus we aruve at the piopeity 
every stiaight line such as UA? } which connects a p< 
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corresponding points of the figures and o* 2 , passes through 
a fixed point 0, which is the intersection of S x 8 2 and a- 
From this we conclude that two figures <r x and cr 2 which 
are the projections of one and the same figure on one and 
the same plane, hut from different centres of projection, 
possess all the properties of figures m perspective (Art 8) 
although they ke in the same plane (Th-JiIia points and the 
.fmiprht lines of the first correspond, each to each, thajmuts 


md t he straight lines o f the_second figure , t wo correspond ing 
p ^oitb always lie on a ra^ passing through a fixed point 0 , 
mi two corresponding strai^h t-Imes always inte rsect on a 
llffikd Straig ht kite ■? hf> | 
mM homolog y , 0 is termed the centre of homology , and s the 
of homology* They may also be said to be m plane 
wrspecbwe , 0 being called the centre of perspective^ and s the 
axis of perspective 

10, TstOBEM In the plane <r are given two figures <r x and <r 2 
wJrnh are such that to the points A t , B x i C 1 , and to the straight 
Imes A 1 B 1 , A x C t , , 3 B x C l9 of the one correspond , each to 
leach, the points A 2 ,B 2i C 2 , and the straight lines A 2 B 2 , A 2 C 2 , 

, B 2 C 2 , of the other If the points of intersection of corre- 
sponding straight lines lie on a fixed straight line , then the straight 
lines which join corresponding points will all pass through a fixed 
point 0 

Let A x and A 2i B x and B 2i C L and C 2 be three pairs 
of corresponding points , they form two triangles A 1 B 1 C 1 and 
A 2 B 2 C 2 whose corresponding sides and B 2 C 2 , C^A X and 
C 2 A 2i A l B 1 and A 2 B 2 mtersect m three colknear points By 
the theorem of Art 17 the rays A 1 A 2i B 1 B 29 C X C 2 will theie- 
foie meet in the same point 0, but two rays A X A 2 and B l B 2 
suffice to determine this point, in whatever way then the 
third pair of points G x , C 2 may be chosen, the ray C ± C 2 will 
always pass through 0 

The figuies <r l3 o- 2 are therefoie m homology, 0 being the 
centie, and s the axis, of homology 

Corollary — It follows that if two figures hying eithei in the same 
oi in difleient planes aie in perspectne, and if the plane of one 
of the figuies be made to turn round the axis of perspective, 
then conesponding stiaight lines A 1 A 27 B X B 2 , 8cc , will always he 

* Ponceiet, P) opntteb pmjectnes, Aits 297 seqq 
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concurrent , i e the two figures will remain always in perspeet] 
The centre of perspective will of course change its position , it wil] 
s^en further on (Art 22) that it describes a certain circle 

20 Theorem: If to the straight lines a, b , c, and to 

pomts ab 3 ac , , be, , of a figure correspond severally 

straight lines a\ b\ d, and the pomts a?b\ a'c\ , Vd, 
of another coplanar figure, so that the pairs cf corresponding pa 
ah and a'V \ ac and dd , be and Vd, are collinear wiU 
) faed point Oj then the corresponding straight lines a and 
b and V , c and d , will intersect m pomts which he on m strai 
Ime 

Let a and a' , b and V , c and d be thr ee pairs of coi 
sponding straight lines , since by hypothesis the straight li 
which join the corresponding vertices of the triangles abc,at 
all meet m a pomt 0 , it follows (Art 16) that the oorrespo] 
mg sides a and a\ b and b\ c and d intersect m three poi 
lying on a stiaight line But two pomts aa\ bb\ suffice 
determme this straight line , it remains therefore the sam 
mstead of c and d any othei two corresponding rays 
considered Two corresponding straight lines therefore alw 
intersect on a fixed stiaight line, which we may call s , t 
the given figures are m homology, 0 being the centre, an 
the axis, of homology 

21 Consider two homological figures c r x and o* 2 lying 
the plane a , let 0 be then centre, s their axis of homolc 
Through the pomt 0 and outside the plane o ■ draw 
stiaight line, and on this take a point S l9 fiom which 
centre pioject the figuie a 1 upon a new plane d drawn m 
way thiough s In this mannei we construct m the plane 
figuie A'B'C' which is m perspective with the given 
a l ‘^A l B l C i If we considei two points A' and A 2 of 
figures d and <r 2 , which aie derived from one and the s< 
pomt A l of <r 1 , as conespondmg to each other, then to e\ 
point oi stiaight line of d conesponds a single point or stiai 
line of ( T y , and ace itn>a , and every pan of conespond 
stiaight lines, such as A'B' and A 2 B 2 , intersect on a fi 
straight line ad oi s Consequently (Art 15) the figure 5 
and o 2 aie in peispecti\e, and the rays A f A>, B'B 2 , 
pass thiough a fixed point S 2 Moreover every ray s 
meets the stiaight line 0S lf since the pomts A\ A 2 he on 
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sides 5^, OJ L of the triangle The rays A r A 2 , 

do not all lie m the same plane, because the points A 2i B 2i 
lie arbitrarily m the plane <r , the point S 2 therefore lies on 
the straight line 0 ^ 

From this we conclude that two homological figures may 
fee regarded, in an infinite number of ways, as the projections, 
from two distinct points, of one and the same figure , this 
figure lying m a plane passing through the axis of homology, 
and the two points being collmear with the centre of homology 
22 . Consider two figures in perspective, lying m the planes 
cr, a respectively (or two figures m plane perspective in the 
same plane <r) , let 0 (Fig 4 ) be the centre and s the axis of 

perspective, and let j and 
1 ' be the vanishing lines of 
the two figures If J and 
T are points lying on these 
\anj'durig lines, the pomts 
c V and / which correspond 
to each of them respec- 
tively in the other figure 
will be at infinity on the 
^peotively Furthei, the two corresponding 
j.d i l'J' must meet m some point on a, there are 
an infinite number of parallelograms having one 
the opposite one on s } and the other two vertices 
on; and i r respectively 

Now, supposing the two figures to keep their positions m 
their planes unaltered, let the plane </ be made to turn round 
c t(t or $ Every pair of corresponding straight lines must 
always meet on consequently the two figures will always 
remain in perspective (Arts 15 , 19 ), and the point 0 will 
describe some cuive m space 

In ordei to determine this curve, consider any one of the 
abo\e mentioned parallelogi ams OJSI' It lemams always 
a paiallelogiam, and the length of 1'S is invariable , therefoie 
also OJ is of constant length The locus of the centre of 
puspecti\e 0 is theiefoie a cncle whose centie lies on the 
\anishmg hney and whose plane is pei pendicular to this line 
and theiefoie to the axis of perspective s * 

* MObils, Buj ycentrische Calc id ^Leipzig, 1827), § 230 (note p 326) 
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23 (1 ) Given the centre 0 and the axis $ of homology , and tu 
corresponding points A and A ' (coUtnear with 0) , to construct U 
figwre homological with a given figwre 

Take a second point B of tie given figure (Fig 5 ) To obtain ti 
uorresponding points', we notice that the ray BB f must pass throng 
0 and that the straight lines AB, A r B f which correspond to 01 
anothei must intersect on s, thus B ' will he the point where 0 
meets the straight line joining A' to the intersection of AB with s 
In the same way we can construct any number of pairs of correspom 
mg points, in order to draw the 
straight line r which corresponds 
to a given straight line r, we have 
only to find the point B' which 
corresponds to a point B lying on 
the line r, and to join the points 
B ' and rs 

In older to find the point I' ^ 

(the vanishing point) which corre- A 

sponds to the infinitely distant ig 5 

point / on a given straight line (a ray 01, for example, drawn frc 
0), we repeat the construction just given for the point B r , 1 e we jc 
another pomt A of the first figure to the pomt at infinity I on ( 
(that is, we draw AI parallel to 01), and then join A ' to the poi 
where AI meets s, and produce the joining line to cut 01 m 
Then V is the requned point 

All points analogous to I' (1 e those which correspond to the pon 
at infinity m the given figure) fall on a 
straight line i\ parallel to s , is the 
vanishing line of the second figure If, m / \ 

the preceding construction, we interchange / \ 

the points A and A' t, we shall obtain a q j . \ 

point J (a vanishing point) ljmg on the ° — 

vanishing line j of the fiist figure b/i ^ ^ 

^•^( 2 ) Suppose that instead of two coire- J ^ 

spondmg points A A f there lie given (Fig 6 ) 
two corresponding straight lines a , a' Fi£r 6 

These will of course intersect on s , and 

every ray passing through 0 will cut them in two couesponcn 

* This construction shows that if B lies upon s, then B will coincide with 
t e that every pomt of 6 is its own correspondent 

f Otherwise Draw through A any straight line J A , then through A 
the intersection of J'A f with 5 draw a straight line JA , and throu 0 h 0 draw 
parallel to A!J‘ Then the intersection of OJ and JA is the -vanishing point 
and a straight liney di awn through J parallel to s is the vanish ng line of 
first figure 
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A, A r In order to obtain the straight line V which com 
gponds to any straight line h in the first figure, we have only to joi 
the point bs to the point of intersection of a' with the ray passm 
through 0 and ah * 

(3) The data of the problem may also be the centre 0 , the aocis s, an 

the vanishing line j of the first figure (Fig 7 
5 J , In this case, if a straight line a of the fir 

figure cuts j m J and s m P } the pon 
v J' corresponding to J will be collinear wit 

/ J and 0 and at an mfimte distance from C 

/ And as the straight line a' corresponding i 

a * * a must pass both through J' and through 1 

^ j a it is the parallel drawn through P to OJ 

To find the point A ' corresponding to 
s * given point A, we must draw the straigl 

fine a' which corresponds to a straight line a drawn arbitrary] 
through A , the intersection of a' with OA is the required point A ' 

(4) Assuming a knowledge of the constructions just given, 1< 
again 0 be the centre, s the axis, of homology, and j the vamshin 


In ike first figure let a circle € be given (Figs 8, 9, 10), to th 
circle will correspond m the second figure a curve C' which we ca 
construct by determining, according to the method above, the poini 
and straight lines which correspond to the points and tangents of C 

Two corresponding points will alwaj s he collinear with 0 , and tw 
corresponding chords (1 e straight lines MJV, M'N' } wheie M and M 
N and A', are two pairs of corresponding points) will always intersect c 
5 , as a particular case two corresponding tangents m and m (i e tai 
gents at conespondmg points M and M f ) will meet in a point lying on 

It follows clearly from this that the cuive C' possesses, m commo 
with the cncle, the two following properties 

(1) E\ery straight line in its plane either cuts it m two point®, ( 
is a tangent to it, or has no point in common with it 

(2) T1 rough any po nt in the plane cnn be drawn either tv 
tangei ts to the curve, or only one (if the po nt is on the curve 
cr 1 one 

bince tvo I omological figures can be considered as anting from tt 
superjtosition of tuo figures in perspective lying in different plan 
(Ait 22) the curve C / is s imply the plane section of an oblique coi 
on a cncular base 1 e the cone ulach is formed by the straight hn 
uhich ?un fiom any point in space to all points of a each 


* It follows from tins that if a passes through 0 , then a! will coincide with t 
% e e\ er^ straight line pass ng through O corresponds to itself 
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For tins reason the curve O' is called a come section or suapl 
conic , thus the curve which is homological with a circle is a come. 
The points on the straight line j correspond to the points 
infinity m the second figure Now the circle 0 may cut j in i 
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In the first case (Fig 8) the cuive C' will ha\e two points J/, J 
an infinite distance, situated m the dnection of the straight lines C 
0J 2 To the two straight lines which touch the circle in J \ anc 
will conespond two straight lines (p nail el iespecii\el> to OJ l 





* 


OJ^ which must be considered as tangents to the curve C' at its 
points at infinity *7/ , J 2 These two tangents, whose points of 
contact he at infinity, are called asymptotes of the curve C' , the 
curve itself is called a hyperbola 
In the second case (Fig 9 ) the curve Q f has a single point J f at 
infinity , this must he regarded as the point of contact of the straight 
line at infinity j' 3 which is the tangent to G f corresponding to the 



Fig 10 

tangent j at the point J of the circle This curve C is called a 
parabola 



In the tlmcl case (I ly 10) tl e cune ha c no point at liifinit}, it 
called an ellipse 


HOMOLOGY 


In the same way it may be shown that if m the first figure a 
C is given, the corresponding curve G r in the second figure wifi 
conic also 

( 5 ) The centre of homology is a point which corresponds to 
and every ray which passes through it corresponds to itself. li 
a curve C pass through 0 , the corresponding curve O f will ala 
through 0 and the two curves will have a common tangent a 
point Fig 1 1 shows the case where one of the corves is taken 
a circle, and the axis of homology & and the point A correspond 
the point A' of the circle are supposed to he given. 

Similarly, every point on the axis of homology correspor 
itself If then a curve belonging to the first figure touch i 
certain point, the corresponding curve in the second figure will 
s at the same point In Fig 12 is shown a circle which is 
transformed homologically by means of its tangents , moreove 



supposed that the axis of homologc touches the elicit, that the 
of liomolog} is am gnen point, and that the straight line a 
second figuie it> given which coirtsponds to the tanuent o* 
encle 

(6) Two particulai cases may he noticed 
( 1 ) The axis of homology s may lie altogether at mfinit} , tl 
coi responding ^ti light lines aie alwa}s parallel or, what amo 
the same thing, two corresponding angles are alwajs equal 
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case the two figures are said to be similar and similarly placed, 01 
homothetic * and the point 0 is called the centre of similitude 

Let M x , Mf and M v Mf be two pairs of corresponding points 
of two homothetic figures, so that M^Mf, meet m 0, while 

M X M % , MfMf are parallel By similar triangles 

0M 1 OMf = OM, OMf=- M,M 2 M/Mf, 

the ratio OM OM' is constant for all pairs of corresponding 
M and M' This constant ratio is called the ratio of similitude 
he two figures 

Kte tangents at two corresponding points M, M' must meet on the 
os of homology s,ie they are parallel to one another If then the 
angent at M pass through 0, it must coincide with the tangent at 
ff It follows that if the two figures are such that common tangents 
m be drawn to them, every common tangent passes through a centre 
of similitude 

Take two points C, C' collmear with 0 and such that 

W' = dW' = ratl ° of sumlltude 





Then if CM, C'M' be joined, they will evidently be parallel, and 
CM CM' ~ ratio of similitude Therefore if M lie on a circle, centre 
C and radius p, M / will lie on another circle whose centre is C' and 
whose radius p' is such that p //= ratio of similitude In tjacQ homo- 
thetic figures then to a circle always corresponds a circle \ Further, 
if CC ' be again divided at O', so that 

O'C O'C ' = OC OC'=z p p' = ratio of similitude, 


it is clear that O' will be a second centre of similitude for the two 
circles It can he proved m a similar manner that any two central 
comes (see Chap XXI) which are homothetic, and for which a point 
0 is the centre of similitude, have a second centre of similitude O r , 
and that 0, O' aie collmear WLth the centres C, C' of the two conics, 
and divide the segment CC' internally and externally in the ratio ot 
similitude If the conics have real common tangents, 0 and 0' will 
be the points of intersection of these taken m pans — the two external 
tangents together, and the two internal tangents together 

( 2 ) The point 0 , on the other hand, may lie at an infinite distance, 
then the strnght line* which join pans of coiresponding points aie 
paiallel to a fixed dnection In this case the figures have been termed 
homological by affinity 1, the stiaight lme s being termed the axis of 


* Homothetic figures may be regarded as sections of a pyramid or a cone made 
by parallel planes s, the line of intersection of the two planes, lies at an infinite 
di tance This is the case m Art 8 if cr and a are parallel pi mes 
t Euler, Introduetio 11 cap 18, Mobius, Barge Calcul, § 144 et seqq 
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ajftmty * To a point at infinity corresponds m this case a poi 
infinity, and the straight line at infinity corresponds to itseli 
follows from this that to an ellipse corresponds an ellipse, to a h 
bola a hyperbola, to a parabola a parabola, to a parallelogi 
parallelogram 

* If two figures are so related, they may be regarded as plane section 
prism or of a cylinder This is the case m Ark 8 if the centre 8 of projec 
infinitely distant The projection is then called parallel projection. 
particular case where the parallels 8 A . , 8JB, 8C } are perpendicular to tlw 
of projection it is called orthogonal progeefsxonL. 
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CHAPTER XV, 


HOMOLOGICAL FIGHJEES IN SPACE 

24. Suppose a figure to be given winch is made up of point 
jd$aes, and straight lines lying m any manner m space , the rehe 
perspective * of tins is constructed in the following manner A pon 
0 in space is taken as centre of perspective or homo 1 ogy , a plane 
homology v is taken, every point of which is to be its own image 
and m addition to these is taken a point A f which is to be the ima< 
of a point A of the given figure, so that A A' passes through 0 L 
now B be any other point , m order to obtain its image B / , the plai 
OAB is drawn, and we then proceed m this plane as if we had 
construct two homological figures, taking 0 as the centre and tl 
intersection of the planes OAB and tt as the axis of homology, and A , ± 
as two corresponding points The point B ' will be the intersection 
OB with the straight line passing through A / and the point where tl 
straight line AB cuts the plane n r (Art 23, Fig 4) Let C be a thn 
point, its image O' will be the point of intersection of 00 wn 
A'D or with B'E (m 7r), where D and E are the points m whi< 
the plane 7r is met by AC, BO lespectively 

This method will yield, for every point of the given figure, tl 
corresponding point of the image, and two corresponding points w 
always lie on a straight line passing through 0 Every plane 
passing through 0 cuts the two solid figures (the given one and 1 
image) m two homological figures, for which 0 is the centi e, and tl 
stiaight line <nr the axis, of homology It follows from this that 
every sti aight line of the given figure corresponds a straight line 
the image, and that two coi responding stiaight lines lie always m 
phne parsing thiough 0 and meet each other in a point lyn g on tl 
plane 7 r 

Fuithei to evei} plane a, belonging to the given figure, and n 
pissing through 0 , will conespond a plane c/m the image For to tl 
sti night lines a , b , c , of the plane a correspond sever illy the straig 

* This problem may present itself m the construction of has reliefs and 
theatre decoiations (Poncelet, Prop ptoj 584, Poodra, Pet spec live reli 
Paris, 1S60) 
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lines a', V, c, , and to the points aJb, ac } , be, tlie points efV, < 

, Vc\ In other words, the straight lines o', V, </, are s 
that they intersect m pairs, hut do not all meet m the same poo 
they he therefore in the same plane <J * Two corresponding pla 
a, a' intersect on the plane v , for all the points and all the sfcrw 
lines of this last plane correspond to themselves, and therefore 
straight line a' n coincides with the straight line car 

The two planes a, a' evidently contain two figures in perspec 
(like the planes <?, a' of Arts 12 and 14). 

__ 25 In every plane <r passing through 0 lies a vanishing line 
which is the image of the point at infinity m the same plane 
vanishing lines of the planes <r 1? <r 2 have a common point, which is 
image of the point at infinity on the line o- x cr 2 . The vanishing I 
of all the planes tr are therefore such as to cut each other in pa 
and as they do not pass all through the same point (since the pk 
through 0 do not pass all through the same straight line), they r 
lie in one and the same plane (f / 

This plane <j/, which may be called the vanishing plane, is par 
to the plane rr, since all the vanishing lines of the planes <r 
parallel to the same plane it The vanishing plane <£' is thus 
locus of the straight lines which correspond to the straight lin< 
i nfini ty m all the planes of space, and is consequently also the 1 
of the points which correspond to the points at infinity m all 
straight lines of space for the hue at infinity m any plane a is 
same thing as the line at infinity in the plane through 0 paralk 
a , so also the point at infinity on any straight line a coincides 
the point at infinity on the straight line drawn through 0 par 
to a 

20 The infinitely distant points of all space are then such 
their images aie the points of one and the same plane <p' (the vanis 
plane) It is therefoie natuial to considei all the infinitely di 
points m space as hying m one and the same plane <£ (the plan 
infinity) of which the plane <p' is the image t 

The idei of the plane at infinity being gi uited the point at infi 
on any stiaight line a is simply the point cup, and the straight hi 
infinity m any plane a is the straight line acp Two «tiaight lines 
parallel if thej intellect m a point ot the plane <£, two planes 
parallel if their line of intei section lies m the plane cp, Ac 

* Since c cuts both a! and V without passing through the point a V , ther 
c has two points in common with the plane a b and consequently lies entire 
the plane a'b And similarly for the other strai c ht line 
f PoNCELET ,Prop pioj 5S0 
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GEOMETRIC FORMS 

27 or row °f points is a figuie A, B , C } eompo c 
of points lying on a straight line (which is called the base 
the range) , such is, for example, the figure resulting from i 
operations of Art, 5 or Art 7 

An amal penal is a figure a, /3, y, composed of planes 
passing through the same straight line (the axis of the pencj 
such is the figure resulting from the operations of Art 4 
Art 6 

A fiat pencil is a figuie a , b , c , composed of straight In 
lying all in the same plane and ladiatmg from a given po 
(the centre or vertex of the pencil) , such would be the figi 
obtained by applying the operation of Art 2 to a range, 
that of Art 3 to an axial pencil 

A sheaf (sheaf of planes , sheaf of lines') is a figure made up 
planes or straight lines, all of which pass through a gn 
point (the centre of the sheaf) , like that which results fr 
the operation of Art 2 

A plane figure i /fuit ( f [< plane of lines ) is a figuie wh 
consists of points or straight lines all of which lie m the sa 
plane, such is the figure resulting fiom the opeiation 
Ait 3 

28 The first three figuies can be derived one from the ot 
J>\ a piojection oi a section* 

flora a range A,B } C, is derived an axial per 
s ( i , B, C } ) by piojectmg the range from an axis s (Art 
ami a flat pencil 0(A, B ,C, ) by projecting it from a cen 

* The series of P lanes sA,sB } bC , of 1 ays OA , OB , OC , , of point* 

( 3 7 , and of lines aa, <r£, ay, wiU be denoted by s (A , B , 0, 

0(A B,C, ),s^a,0,y, ,),{mda(a,/3,y, ) respectively To denote 

C I Ith of p ants ABC \ the symbols A,B,C, and ABC will be i 
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0 (Art 2) From an axial pencil a, j8,y, is derived a i 
it « (a , jS , y , ) by cutting the pencil by a transversal 1 

(Art 5) , and a flat pencil <r (a , £ , y , ) by cutting it 

transversal plane <r (Art 3) From a flat pencil 
derived a range o-(a } 3,c } ) by cutting it by a iraasv 

plane <r (Art 3) , and an axial pencil 0 {a , b , c , ) by 

jeeting it from a centre 0 (Art. 2) 

29 In a similar manner the last two figures of Art. 2, 
be derived one from the other by help of one of the opera 
of Art 2 or Art 3 , in fact, if we project from a centre 
plane of points or lines we obtain a sheaf of hnes or pls 
and reciprocally, if we cut a sheaf of lines or planes 
transversal plane we obtain a plane of points or lines 
plane figures m perspective (Art. 12) are two sections o 
same sheaf 

30 The elements or constituents of the range are the po 
those of the axial pencil, the planes , those of the flat p 
the straight lines or rays 

Tn the plane figure either the points or the straight 
may be regarded as the elements If the points are consx 
as the elements, the straight lines of the figure aie so i 
ranges , if, on the other hand, the straight lines or lay 
considered as the elements, the points of the hguie ar 
centies of so many flat pencils 

The plane of points (i e the plane figure in which th 
ments are points) contains therefore an infinite numb 
langes* and the plane of lines (i e the plane figure in t 
the elements are lines t) contains an infinite number < 
pencils 

In the sheaf eithei the planes, oi the stiaight lines or 
may be i egarded as the elements If w e take the plai 
elements, the rajs of the sheaf aie the axes of so 
axial pencils, if, on the othei hand the lajs aie eonsi 
as the elements, the planes of the sheaf aie so mam 
pencils 

The sheaf contains theiefoie an infinite numbei of 

* One of these ranges has all its points at an infinite distance, each 
ithers has only one point at infinity 

f The stiaight line at infinity belongs to an infinite number of fiat peuci 
oi w Inch has its centre at infinity, and consequently all its rays parallel 
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pencils br an infinite number of flat pencils, according as 
planes or its straight lines are regarded as its elements, 

31 Space may also be considered as a geometrical figi 
^whoae elements are either points or planes 

Taking the points as elements, the straight lines of sp 
are so many ranges, and the planes of space so many plane 4 
points Ifj on the other hand, the planes are considered 
dements, the straight lines of space are the axes of so mz 
axial pencils, and points of space are the centres of so mz 
-sheaves of planes 

Space contains therefore an infinite number of planes 
points* or an infinite number of sheaves of planes t, accord 
as we take the point or the plane as the element m ordei 
construct it. 

The first three figures, viz the range, the axial pen 
and the flat pencil, which possess the property that each < 
be derived from the other by help of one of the operations 
Aits 2, 3, , are included together under one name, and 

termed the one-dimensional geometric prime-forms 

The fourth and fifth figures, viz the sheaf of planes or li 
and the plane of pomts or lines, which may m like manner 
denved one from the other by means of one of the operate 
of Arts 2, 3, , and which moreover possess the property 

including in themselves an infinite number of one-dimensio 
pnme-forms, are likewise classed together under one title, 
the two-dimensional geometric pnme-fooms 

Lastly, space, which includes m itself an infinite numbei 
two-dimensional prime-forms, is considered as constituting 
three-dimensional geometric pnme-form 

There are accoidmgly six geometric prime-forms , three 
one dimension, two of two dimensions, and one of th 
dimensions % 


JSote — With reference to the use of the woid dimension in 
preceding Aiticle, it is clear, from what has been said in Art 
that ve aie justified m considenng the range, the flat pencil, 
the a\nl pencil, as of the same dimensions, since to eveiy pomi 

* One of them lies entirely at infinity 

f Among these, there aie an infinite number which have their centre a 
infinite distance, and whose rays are consequently parallel 
t \ St \ ui)i , Geometi ie det Lage (Nurnberg 1847) Arts 26 28 
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the first corresponds one ray in the second and one plane 1 
third The number of elements m each of these forms is in 
but it is the same m all three 

Similarly we conclude from Art 29 that we are justified u 
sidenng the plane figure as of the same dimensions with the she 

But the plane of points (lines) contains (Art. 30) an infinite ni 
of ranges (flat pencils) , and each of these ranges (fiat pencils) 
contains an infinite number of points (rays) Thus the plane 
contains a number of points (lines) which is an infinity of the £ 
order compared with the infinity of points m a range, or of raj 
flat pencil , and must therefore be considered as of two dimen® 
the range and flat pencil are taken to be of one dimension 

So too the sheaf of planes (or lines) contains (Art. 30) an i 
number of axial pencils (or of flat pencils), and each of these 
contains an infinite number of planes (or of rays) Therefoi 
the sheaf of planes or lines must be of double the dimensions 
axial pencil or the flat pencil 

Again, space, considered as made up of points, contains an i 
number of planes of points, and considered as made up of pla 
contains an infinite number of sheaves of planes Space thus cc 
an infinite numbei of forms of two dimensions, which latter, 
contain each an infinite number of forms of one dimension 
must accordingly be regarded as of three dimensions 

We may put the matter thus 

Forms of one dimension are those which contain a simple i 
( oo) of elements, 

Forms of two dimensions aie those which contain a double i 
(oo 2 ) of elements , 

Forms of three dimension's are tho^e which contain a triple i 
(oo 3 ) of elements 



CHAPTER VI 

THE PRINCIPLE OF DUALITY* 

33 Geometry (speaking generally) studies the generation 
a&cHhe properties of figures lying (i)m space of three dimen- 
sions, (%) m a plane, (3) in a sheaf In each case, any figure 
considered is simply an assemblage of elements , or, what 
amounts to the same thing, it is the aggregate of the elements 
with which a moving or variable element coincides m its 
successive positions The moving element which generates the 
figures maybe, in the fiist case, the point or the plane , in the 
second ease the point or the straight lme , in the third case 
the plane or the straight lme There are therefore always 
two correlative or reciprocal methods by which figuies may be 
generated and their piopeities deduced, and it is m this 
that geometric Duality consists By this duality is meant the 
co-existence of figures (and consequently of their properties 
also) m pairs , two such co-existing (< correlative or reciprocal) 
figures having the same genesis and only differing from one 
anothei m the nature of the generating element 

In the Geometry of space the range and the axial pencil, the 
plane of points and the sheaf of planes, the plane of lines and 
the sheaf of lines, are correlative forms The flat pencil is a 
form which is correlative to itself 

In the Geometry of the plane the range and the flat pencil 
aie conelative forms 

In the Geometiy of the sheaf the axial pencil and the flat 
pencil aie correlative forms 

The Geometiy of the plane and the Geometiy of the sheaf, 
consideied in thiee-dimensional space, are conelative to each 
othei 

34 The following axe examples of correlative propositions 

* ^ 
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in the Geometry of space Two correlative propositions a 
deduced one from the other by interchanging the aWnon 
point and plane 


? 




F 


1 Two points A , B determine 
a straight line (viz the straight 
line AB which passes through the 
given points) which contains an 
infinite number of other points 

2 A stiaight line a and a point 
B (not lying on the line) deter- 
mine a plane, viz the plane a B 
which connects the line with the 
pomt 

3 Three points A , B , 0 winch 
are not collmear determine a 
plane, viz the plane ABC which 
passes through the three points 


4 Two straight lines which 
cut one anothej lie m the same 
plane 

5 Given four points A, B ,C, 
JO , if the straight lines AB , CD 
meet, the four points will he m 
a plane, and consequently the 
stiaight lines BC and AD> CA 
and BD will also meet two and 
two 

6 Given any number of straight 
lines j if each meets all the others, 
while the lines do not all pass 
tlnough a point, then they must 
lie all in the same plane (and 
constitute a phne of lines)* 


1 Two planes « , ft determine 
straight hne (viz. the straight hi 
a/3, the intersection of the gun 
planes), through which pass i 
infinite number of other planes. 

2 A straight line a and a pla 
ft (not passing through the hn 
determine a point, viz the pen 
aft where the lin«j cuts the plan 

3 Three planes a,ft 9 y whi 
do not pass through the same li 
determine a point, viz the poj 
afty where the three planes mt 
each other 

4 Two straight lines which 
m the same plane ml 

pomt 

5 Given four planes a 
if the straight lmes aft , > 
the four planes will me^ 

a pomt, and consequently" * 
straight lines fty and ad, ya a 
ftd, will also meet two and two 

6 Given any number of straig 
lines , if each meets all the othe 
while the lmes do not all he 
the same plane, then they mi 
pass all through the same po 
(and constitute a sheaf of lines 


7 The following problem admits of two conelative solutioi 
Given a pi me a and a point A in it, to diaw tlnough 4 a stiai£ 
line lying in the plane a which shall cut a given stiaight Ime r win 
does not lie m a and does not pass through A 


* See note to Art 20 

f For let a, b, c, be the stiaight lines , as ah, cic , be aie thr e planes itati 
from each other, the common point must be the intersection of the &trai 0 ht li 
a, h, c, 
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Jam -4 to the point fa. 

8 Problem Through a given 
point A to draw a straight line 
tp out each of two given straight 
lines b and c (which do not lie in 
tfee same plane and do not pass 
through A) 

Solution Construct the line 
of intersection of the planes Ab, 
A4~ 


L* 

Construct the lme of mte 
section of the plane a with tl 
plane rA 

8 Problem In a given plai 
a, to draw a straight line to ci 
each of two given straight lines 
and c (which do not meet and < 
not lie m the plane a) 

Solution Join the point ab 
the point ac 


1 Sfe In the Geometry of Space, the figure correlative to a tnang 

r iem of three points) is a trihedral angle (system of three planes 
vertex, the faces, and the edges of the latter are correlative 
plane, the vertices, and the sides respectably of the tuangl 
thus the theorem correlative to that of Arts *15 and 17 will he t 
folio wmg 

If two trihedral angles a' ft y , a"ft'y" are such that the edges ft 
and ft' y", ft a' and y" a", a' ft and a" ft' he m three planes a 0 , ft, 
which 2 ^ass through the same straight line, then the straight hi 
a' a", ft ft', y'y" will he in the same plane 

The proof is the same as that of Arts 15 and 17, if the elemer 
point and plane are interchanged If, foi example the two tnhedi 
angles have different vertices S', S" (Art 15), then the points whe 
the pairs of edges intersect are the vertices of a tuangle whose sicl 
are a' a", ft ft', y'y" , these latter stiaight lines lie therefoie m t 
same plane (that of the triangle) 

So also the proof foi the case where the two trihedral angles ha 
the same vertex S will he cori elative to that for the analogous case 
two tuangles A' B'G' and A" B"C" which lie m the same plane (A 
17) The theoiem may also he established hy projecting from a poi 
S the figuie corresponding to the theorem of Art 16 

The proof of the theorem correlative to that of Arts 1 4 and 1 6 
left as an exercise for the student It may he enunciated as follow 
If two trihedral angles a'fty', a!' ft' ft' are such that the straight Id 
a' a", ft ft', y'y" he in the same plane, then the pairs of edges ft ft a 
ft' y", ft a and y" cl", aft and a" ft' determine thee planes which pi 
all through the same straight line 

36 In the Geometry of the plane, two correlative prop 
sitions aie deduced one from the other by interchanging t 
woids point and line, as m the following examples 



1 Two points A, B determine 
a straight line, viz the line AB 

2 Four points . 4 , -B, ( 7 , D (Fig 
13), no three of which are col- 
lmear, form a figure called a 
complete quadrangle * The four 


A 



points are called the vertices , and 
the six straight lines joining them 
m pairs are called the sides of 
the quadrangle 

Two sides which do not meet 
in a veitex are termed opposite , 
there are accordingly three pairs 
of opposite sides, BO and AD, 
CA and 1 BD, AB and CD The 



points E , F , 0 m which the oppo- 
site sides mtei sect m pairs are 


1 Two straight lines a , l 
term me a point, viz. She p 
ai 

2 Four straight lines a, b 7 
(Fig. 14), no three of which 
concurrent, form a figure cal 

The 



straight hues are called the 
of the quadrilateral, and th< 
points in which the sides cui 
another two and two are c 
the vertices 

Two vertices which do nc 
on the same side are te 
opposite , there are accord 
three pairs of opposite vertic 
and ad, ca and bd, ah an 



The stiaight lines e, /, g 
join pairs of opposite \eitic< 


* The complete quadrangle has also been called a tetrastigm, and the co 
quadrilateral a tetiagram Towt^D, Mode, n Geometry , eh \n 


termed the diagonal points , and 
the triangle BFQ is termed the 
diagonal triangle of the complete 
quadrangle Theoomplete quad 
rangle includes three simple 
quadrangles, viz. ACBD , ABGD, 
mi ABBG 
3 And so, m general 
A compete polygon (complete 
n-gon, or n-pewd*) is a system 
of n points or vertices, with the 

^ straight lines or sides 

2 

which join them two and two 


called the diagonals , and the 
triangle efg is termed the diagonal 
triangle of the complete quadri 
lateral The complete quadri 
lateral includes three simph 
quadrilaterals, viz acbd , adcb, anc 
acbd (Fig 1 6) 

A complete multilateral (o 
n-side t) is a system of n straigh 

lines or sides, with the — - 

2 

points or vertices m which the 
intersect one another two an 
two 


4 He theorems of Arts 16 and 17 are correlative each to th 


other 

^ 5 Theorem If two complete 
'^quadrangles ABGD , A'B'G'D ' 
are such that five pairs of sides 
AB and A'B\ BG and B'C', GA 
and G r A ', AD and A' D\ BD and 
B'D' cut one another m five 
pomts lying on a straight line s, 
then the remaining pair GD and 
G r D f will also mteisect one an- 
other on s (Fig 1 7) 


Theorem If two complet 
quadrilaterals abed , a'b'c'd' ai 
such that five pairs of vertict 
ab and a'V , be and Vc , ca an 
cV, ad and ad\ bd and b'( 
lie upon five straight lines whic 
meet m a point S, then the r< 
maimng pair cd and c'd' will al £ 
lie on a straight line through 

(Fig 1 8) 




Since the tnangles ABC , Since the triangles (t 

A' B'C ' are by hypothesis m laterals) abc , a'b'c ' are 


* Or pohjsiiqm TOWNSEND loc cit 


+ Or poly qr am 


| perspective (Arts 17, 18), hypothesis m perspeciiv 

| the straight lines AA\ B&, 18), the points os', l 

[ CC f will meet in one point "will lie on one straight 

t S So too the triangles ABD, So too the triangles M, * 

\ A'B’l y are m perspective , there- in perspective, therefore i 

fore DD ' also will pass through M lies on the straight 

S, the point common to AA / which passes through tin 

N and BB f It follows that the aaf, W It follows t] 

i triangles BCD, B'C'D' are also m triangles (tnlaterals) ha 

t perspective therefore CD and are also in perspective , t 

C'D' meet m a point on the cd and cdf lie on a strain 

straight line 8, which is deter- through the point S, a 

mined by the point of intersec- determined by the str&ig 

tion of BC and ^C^and by that (be) (5V) and (M) (ffdf) * 

of BD and B'D'* 

37 In the Geometry of space the following are correlative 

A complete n-gm (in a plane) A complete n-jiat (m « 

t e. a figure made np of i 
(or faces) which all pass 
the same point (or verte 

ther with the — — 

2 

which these planes mtei 
and two 

A complete multilateral of n A complete n-edge (in 
sides , or n side (m a plane) i e a figure made up of n 

lines radiating from a 
point (or vertex), togetl 

the ^ planes (c 

which pass through these 
lines taken in p urs 

Thus the following theoiems are correlative, in the Ge( 
space, to the two theorems hlxne (\it 36, No 5), whi 
aie theinsehes conelative to each othei m the Geometi 
plane 

If two complete foui -flats m a If two complete four e 
sheaf (be their vertices coincident sheaf (he then \eitices c 
or not) a(3yb, a'fy'b' ai e such or not) abed , a'b'c'd' are 
that five pans of conespondmg five pans ot conespond 

* These two theorems hold good equally when the two quadrangles 
laterals lie m diffeient planes , m fact, the proofs are the same as the a 
for word 



* 

edges lie m five planes which 
pass all through the same straight 
hue $, then the sixth pair of corie- 
sppnchng edges will lie also m a 
pl^ne passing through 8 


cut one anothei m five straight 
lines which he all m one plane <r, 
then the line of intersection of 
the sixth pair of corresponding 
faces will lie also m the plane a- 


* Thfc proofs of these theorems are left as an exercise to the student 
They only differ from those of the theorems No 5, Art 36 m the 
substitution for each other of the elements point and plane , and just 
a£ theorems 5, Art 36 follow from those of Arts 15 and 16, so the 
theorems enunciated above follow from those of Art 35 When 
the two four-flats have the same vertex 0, the theorem on the left- 
hand side may also be established by projecting from the point 0 
(Art 2) the figure corresponding to the right-hand theorem of 
No 5, Art 36 And m this case we may by the same method 
theorem on the ught-hand side above from that on the 
No 5, Art 36 

S8 H. the Geometry of the sheaf, two correlative theorems are 
derived one from the other by interchanging the elements plane and 
straight line Just as the Geometry of the sheaf is correlative to 
that of the plane, with regard to three-dimensional space, so one 
of the Geometries is derived from the other by the interchange of 
the elements point and plane The Geometry of the sheaf may also 
he derived from that of the plane by the operation of projection from 
a centie (Art 2) 

Fiom the Geometry of the sheaf may be derived that of spherical 
figures, by cutting the sheaf by a spheie pa«smg through the centre 
pf the sheaf 
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PROJECTIVE GEOMETRIC FORMS. 


39 By means of projection from a centre we obtain £ 
a range a flat pencil, from a flat pencil an axial p encil, fro 
plane of points or lines a sheaf of lines or planes- C 
versely, by the operation of section by a transversal pi 
we obtain from a flat pencil a range, from an axial penc 
flat pencil, from a sheaf a plane figure The two operati 
projection from a pomt and section by a transversal pL 
may accoidmgly be regarded as complementary to each otl 
and we may say that if one geometric form has been den 
from another by means of one of these operations, we can < 
versely, by means of the complementary operation, derive 
second form from the first And similarly for the operate 
piojection from an axis and section by a transversal line 
Suppose now that by means of a series of operations, eac 
which is either a projection or a section, a form / 3 has 1 
derived from a given foim f lt then anothei form f d fiom f 2 
so on, until by n— 1 such operations the foim f n has 1 
aruved at Conveisely, we may return fiom f n to f Y by m< 
of another senes of n—\ opeiations which are complemen 
lespectrvely to the last, last but one, last but two, &c of 
opeiations by which ^e have passed from f x to f n The se 
of opeiations which leads fiom f x to f ni and the series wl 
leads fiom f n to / x , may be called complementary, and 
operations of the one senes aie complementary lespectivel 
those of the othei, taken m the xevei^e ordei 

In the above the geometric foims are supposed to In 
space (Ait 31) If we confine ourselves to plane Geometry 
complementaiy operations l educe to projection / tom a centre 
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[40 


section by a transversal line In the Geometry of the sheaf, 
section by a plane and projection from an axis aie comple- 
mentary operations 

40 Two geometric prime forms of the same dimensions 

are said to be protectively relate or simply projective , when one 
can be derived from the other by any finite number of projec- 
tions and sections (Arts 2, 3, 7) 

Foi example, let a range u be given , project it from a 
centre 0, thus obtaining a flat pencil , pioject this flat pencil 
from another centre O', by which means an axial pencil with 
00 r as a*™ is pioduced , cut this axial pencil by a straight 
ne%, thus obtaining a range of points lying on u 2 , project 
ns range from an axis, and cut the resulting axial pencil by a 
by which means a flat pencil is produced, and so on , then 
any two of the one-dimensional geometric foims which have 
hem obtained m this manner aie projective according to 
definition. 

When we say that a form A } B, 0, D, is projective with 
another form A\ B\ C\ D\ we mean that, by help of the 
same series of operations, each of which is either a projection 
or a section, A ' is derived from A, B' from B , C ' from C , &c 
The elements A and A\ B and B\ C and O', are termed 
corresponding elements * 

For example, a p lane figuie is said to be piojective with 
another plane figure, when from the points A, B,C, and fiom 
the straight hues AB , AC , BC , of the one are derived 
the points A\ B\ O', and the straight lines A' A r O', 

B' O', of the other, by means of a finite number of projections 

and sections 

In two projective plane figures, to a range in the one coi- 
responds in the other a range which is projective with the 
fiist lange , and to a flat pencil m the one figuie corresponds 
in the other a flat pencil which is projective with the fiist 
pencil 

41 From what has been said above it is easy to see 
that two geometric forms which are each projective with 

* Two piojective forms are termed homographic when the elements of which 
they are constituted are of the same kind , % e when the elements of both are 
points or lines, or planes It will be seen later on (Art 67) th it this definition of 

Vi « T a, t fl a> w uen li Ptt a «3T ( CfinvntfY'iP stunp't 1 Put P Art QO) 
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a third are projective with one another For if we first 
through the operations which lead from the first form to i 
third, and then go through those which lead from the third 
the second, we shall have passed from the first form to i 
second 

42 Geometric form m perspective 

The following forms are said to be m perspective 




Two ranges (Fig 19), if they are sections of the same i 
pencil (Art 12) 

Two flat pencils (Fig 20), if they project, from differ* 
centres, one and the same range , or if they are sectionf 
the same axial penciL 

[Note — If we project a range w = ABC from two different ceni 
0 and O' not lying m the same plane with it, we obtain two 
pencils m perspective These pencils, again, may be regarded 
sections of the same axial pencil made by the trans\eisal planes * 
Ou' , the axial pencil namely which is composed of the planes 00 
00' B, 00' C, , and which has for axis the straight line 00' I 

is the general case of two fiat pencils m pei spectrv e , they have not 
same centre and they lie in different plmes , at the same time, t 
project the same range and are sections of the same axial per 
There are two exceptional cases ( 1 ) If we pioject the row u fi 
two centies 0 and 0' ljing in the same plane with u, then 
two resulting flat pencils lie in the same pi me and aie con«equei 
no longei sections of an axial pencil , ( 2 ) If an ixml puicil is cut 
two tiansveisil planes which pass tlnough a common point 0 on 
axis, we obtain two flit pencils which ha\e the same centie 0 
which consequently no longei pioject the ^ame rmge] 

Two axial pencils , if they project, fiom two different centi 
the same flat pencil 

A oange and aflat pencil , a lange and an axial pencil, 01 a 
pencil and an axial pencil , if the fiist is a section of 1 
second 
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Two plane figures, if they are plane sections of the ss 
sheaf 

Two sheaves, if they project, from two different centres, 
same plane figure 

A plane figure and a sheaf, if the former is a section of 
latter 

From the definition of Art 40 it follows at once that 1 
(one-dimensional) forms which are m perspective are also j 
jectivdy related , but two projective forms are not in gem 
, |a perspective position 

43 Two figures m homology are merely two project 
) plane figures superposed one upon the other, m a partici 
portion i -for by Art 21 two homological figures may alw 
regarded (and this m an infinite number of ways) as £ 
jeoiaons of one and the same third figure 

If tvo projecme plane figures are superposed one upon 
other m such a manner that the straight line connecting i 
parr of corresponding points may pass through a fixed poi 
or, again, in such a manner that any pair of correspond 
straight lines may intersect on a fixed straight line , then 
two figures are m homology (Arts 19, 20) 

In two homological figures, two corresponding ranges ar< 
perspective (and therefore of course are projectively relate 
and the same is the case with regard to two correspond 
pencils 

f 44 Theorem Two one-dimensional geometric forms, each < 
sistmg of three elements, are always projective 

To prove this, we notice m the first place that rl 
enough to consider the case of two ranges ABC, A'B'C' , 
if one of the given forms is a pencil, flat or axial, we r 
substitute for it one of its sections by a transversal 

(1) If the two straight lines ABC, A'B'C ' lie m diffei 
planes, join AA', BB', CC f , and cut these straight h 
by a transveisal s* Then the two given forms are s 
to be simply two sections of the axial pencil sAA', si 
sCC' 

(2) If the two straight lines lie m the same plane (Fig 
join AA', and take on this straight line any two points, S, 

* To do this, we have only to draw through any point of AA* a straighi 



draw SB , S'B' to cut in B'\ and SC, S' O' to out in C", and 
B"C", cutting SS' in A"* Then A'B'O' may be derived £ 




ABC by two projections, viz we first project ABC fro* 
into A"B"C'\ and then A"B"C" from S' into I'B'CT. 

(3) In the case where the two points A and A' coincide { 
the two given forms are directly in perspective , the cej 

of perspective is the point where BB' and CG r intersect 

(4) If the two sets of points ABC, A ' B'C ' he onthesame stra 
line (Fig 23 ), it is only necessary 
to project one of them A' B'C' on 
to another straight line A^B^ 

(from any centre 0 ) , then let 
any two centres S and S 1 be 
taken (as m Fig 21 ) on AA 1 , 
and let the straight line A"B"C" 
be constructed m the manner 
already shown m case ( 2 ) Then 
A' B'C' may he derived fiom 
ABC by three piojections, viz 
we first project ABC from S 
into A"B"C'\ then A"B"C" fiom 
S ± into AyB&i and lastly A X B 2 C Y fiom 0 into A' B'C' 

( 5 ) If A coincides with A', and B with B\ we may n 
use of a centie S and two transversals s 1 ,s 2 drawn throug 
m the plane SABCC ' If the triad ABC be piojected fro 
upon ^ (giving AjB^), and the tuad ABC be pioje< 
from S upon 6 2 (giving A 2 B 2 C 2 ) , then the tiiads A 1 B l C 1 
A 0 B 2 C 2 will be m perspective, because A l coincides with -i 
the point 4A') 

In eveiy case, then, it has been shown that the ti 


$ 





■Fig 24. 


ABC , A' B f C f ean be derived from each other by a fiml 
number of projections and sections, therefore by Art 4 
they are projective 

As a particular case, ABC must be projective with BAC ; fc 
example In order actually to project one of these tnads ml 
the other, take (Fig 24) any two points I and N collmef 

with C Jom AL , BN, meetir 
m X, and BL , AN, meeting ] 
M Then BAC can be derive 
from ABC by first projectn 
ABC'ii om K into LNC, and the 
LNC from M into BAC 
In order to project ABC m 
BCA, we might first proje 
ABC into BAC , and then Ba 
into BCA 

45 Theorem Any one-dimensional geometric form , conmti 
ffowr element#, is projective with any of the forms derived from 
by interchanging the elements in pairs For instance , ABCJD 
piojective with BADC 

Let A,B ,C ,D be four given points (Fig 25), and 1 
EFGD beaprojection of thesepom 
from a centre M on a straight li 
1)F passing through I) If AF , C 
meet in N, then MNGC will be 
projection of EFGJD from centie 
and BADC a projection of MNl 
from centre F , theiefore (Ar 
40, 41) the form BADC is pi 
jecti\e with ABCD In a similar manner it can be sho\ 
that CDAB and DCBA are projective with ABCD * 

From this it follows for example that if a flat pencil abed 
piojective with a range ABCD, then it is projective also wi 
BADC, with CDAB, and with DCBA , 1 e if two geometric fori 
each consisting of four elements, are protectively related , then 1 
elements of the one can be made to correspond lespectively to 
elements of the other in four different ways 



Fig 25 


* Staudt, Geometne der Zage, Art 59 
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HARMONIC FORMS 

40 Theorem* 

Given, three points A, B, G on Given in a plane three str 
a straight line s , if a complete lines a , b, c which meet m a 
quadrangle (KLMN) he con- 8 , if a complete quadnh 
structed (m any plane through 8 ) (klnrn) he constructed in si 
in such a manner that two oppo- manner that two opposite ve 
site sides (KL, MN) meet in A , (Id, mu) lie on a, two other 
two other opposite sides (KM, ML) site vertices (kn , ml) lie on 
meet in B, and the fifth side (LN) the fifth vertex (rd) lies 
passes through 0 , then the sixth then the sixth vertex (km 
side (KM) will cut the straight lie on a straight line d 
lme s in a point D which is de- passes through S , and wh 
termmed hy the three given determinate , le it doe 
points , i e it does not change its change its position, m wh 
position, in whatever manner the manner the arbitrary eleme 
arbitral y elements of the quad the quadnlateral are im 
rangle are made to vary (Fig 26) vary (Fig 27) 



I ng 26 2 ? 

For if a second complete For if a second cc 
quadrangle (A 'L'M'N') be con quadnlateral (k'l'm'n') l 


* Staudt, loc at , Art 93 
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structed (either m the same plane, 
or in any other plane through s), 
which satisfies the prescribed con- 
ditions, then the two quadrangles 
will have five pairs of correspond- 
ing sides which meet on the given 
straight line , therefore the sixth 
pair will also meet on the same 
1mA (Art 36, No 5, left) 

From this it follows that if the 
first quadrangle be kept fixed 
wJWe the second is made to vary 
in every possible way, the point 
D will remain fixed , which 
proves the theorem 
f The four points ABCD are 
called harmonic, or we may say 
’that the group or the geometric 
firm Constituted by these four 
points \s a harmonic one, or that 
ABCD form a harmonic range 
Or again Four joints ABCD of 
a straight line , taken m this order , 
are cpilled harmonic , if it is pos 
sible to construct a complete quad- 
tangle such that two opposite sides 
pass through A , two other opposite 
sides though B, the fifth side 
th ough C , and the sixth through D 
It follows from the piecedmg theo- 
lem that when such a quadrangle 
exists, 1 e when the form ABCD 
is harmonic, it is possible to con- 
st! uct an infinite numbei of other 
quadrangles satisfying the same 
conditions It fnrthei follows that, 
given thiee points ABC of a 
lange (and also the oidei m which 
they aie to be tiken), the fourth 
point D, which makes with them 
a haimonic form, is determinate 
and unique , and is found by the 
constiuction of one of the quad 
1 angles (see below, Ait 58) 


L*o 

structed which satisfies the pre- 
scribed conditions, then the two 
quadiilaterals will have five pairs 
of coi responding vertices colhnear 
respectively with the given point , 
theiefore the sixth pair will also 
lie m a straight line passing 
through the same point (Art 36, 
No 5, right) 

From this it follows that if the 
first quadrilateral be kept fixed 
while the second is made to vary 
in every possible way, the straight 
line d will remain fixed , which 
proves the theorem 

The four straight lines or rays 
abed are called harmonic , or we 
may say that the group or the 
geometric form constituted by 
these four lines is a harmonic 
one, or that abed form a harmonic 
pencil Or again Four rays 
abed of a pencil , taken in this 
order , are called harmonic , if it is 
possible to construct a complete 
quadrilateral such that two oppo- 
site vertices lie on a } two other 
opposite vertices on 6, the fifth 
vertex on c, and the sixth on d It 
follows fiom the preceding theo- 
rem that when such a quadri- 
lateral exists, 1 e when the foim 
abed is harmonic, it is possible 
to construct an infinite numbei 
of other quadrilaterals satisfying 
the same conditions It furthei 
follows that given thiee rays abc 
of a pencil (and also the order m 
which they are to be taken), the 
fouith ray d , which makes with 
them a haimonic form, is deter- 
minate and unique , and is found 
by the construction of one of the 
quadrilaterals (see below, Art 58) 
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47 If from any poxnt 8 the harmonic range ABCD he prep 
Upon any other etraight hue, it* projection A'B'G'l Y mil also 
harmomc range (Fig 28) 

Imagine two planes drawn one through, each of the stars 
lines AB, A B', and suppose that in the first of these pi 
is constructed a complete quadrangle 
of which two opposite sides meet in 
A, two other opposite sides meet m B, 
and a fifth side passes through C y 
then the sixth side will pass through 
B (Art 46), smee by hypothesis ABCD 
is a harmonic range Now project 
this quadrangle from the point $ on to the second plane , 
a new quadrangle is obtained of which two opposite 1 
meet in A' } two other opposite sides meet in B' } and w 
fifth and sixth sides pass respectively through O' and 
therefore A'B'G'l)' is a harmomc range 

48 An examination of Fig 27 will show that the harn 
pencil abed is cut by any transversal whatever in a 
momc range For let S be the centre of the pencil and 
any transversal , in a take any point R , join R to D b 
straight line k and to B by the straight line l , and jom 
kb or P by the straight line n As abed is a harmomc p 
and five vertices of the complete quadrilateral limn lie or 
and d, the sixth vertex hi or Q must lie on the fourth 1 
Then from the complete quadrangle PQRS it is clear 
ABCD is a harmonic range 

Conversely, if the harmomc range ABCD (Fig 27) be g 
and any centre whatever of projection S be taken, thei 
four projecting lays S (A, B , C , D) will form a ham 
pencil 

For diaw thiough A any stiaight line to cut SB m 1 
SC m Q , and join B Q, cutting AS m R The quadiangle T 
is such that two opposite sides meet in A , two othei opj 
sides m B, and the fifth side passes thiough C , consequ 
the sixth side must pass through D (Art 46, left), sme 
hypothesis the range ABCD is harmonic But then we 
a complete quadnlateial limn which has two opposite ve 
A and R lying on SA, two other opposite vertices B and 
SB } a fifth vertex Q on SC, and the sixth D on SD , thei 
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(Art. 46, right) the four straight lines which project the range 
ABCD from S are harmonic We may therefore enunciate the 
following proposition 

A harmonic pencil is cut by any transversal whatever m a 
harmonic range , and, conversely , the rays which project a harmonic 
range from any centre whatever form a harmonic pencil 

GoroUary In two homological figures, to a range of four harmonic 
t j points corresponds a range of four harmonic points , and to a pencil 
■ of four har monic rays corresponds a pencil of four harmonic rays 

V 

t 49 The theorem on the right in Art 46 is correlative to 
* that on the left m the same Article In this latter theorem 
ir all tiie quadrangles are supposed to lie in the same plane , but 

^ * from the preceding considerations it is clear that the theorem 

> is still true and may be proved m the same manner, if the 
quadrangles are drawn in different planes 
u Considering accordingly this latter theorem (Art 46, left) 

as a proposition in the Geometry of space, the theorem corre- 
lative to it will be the following 

If three planes a , (3 ,y all pass through one straight line s, and if 
a complete four fat (see Art 37) k kpv be constructed , of which two 
opposite edges /cX, pv lie in the plane a, two other opposite edges kv , kp 
lie m the plane ft, and the edge \v lies m the plane y , then the sixth 
edge Kp will always he m a fixed plane h ( passing through s\ which 
does not change^ m whateve) manner the arbitrary elements of the 
four-flat be made to vary 

For if we construct (taking either the same vertex or any 
other lying on s) another complete foui-flat which satisfies the 
pi escribed conditions, the two four-flats will have five pairs of 
corresponding edges lying m planes which all pass through 
the same straight line s , therefore (Ait 37, left) the sixth pair 
also will lie m a plane which passes through s The four 
planes, a , f} , y , 6 are termed harmonic planes , or we may 
say that the gioup or the geometnc form constituted by 
them is haimonic , or again that they foim a haimonic (axial) 
pencil 

50 If a complete four-flat Kkpv be cut by any plane not 
passing through the veitex of the pencil, a complete quadii- 
lateial is obtained , and the same transversal plane cuts the 
planes a , £ , y , 8 in four la'v s of a flat oencil of which the first 
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two rays contain each a pair of vertices of the quadmlaie 
while the other two pass each through one of the remain, 
vertices Consequently (Art 46, right) an axial pencil of f< 
harmonic planes is cut by any transversal plane in a flat per 
of four harmonic rays 

Similarly, if the harmonic axial pencil of four pia 
a, /3, y, d is cut by any transversal line in four points A t B>G, 
these form a harmonic range For if through the transvei 
line a plane be drawn, it will cut the planes a , £ , y , $ ml 
straight lines a ,5 , c : d This group of straight lines is h 
momc, by what has just been proved , but ABCD is a sect 
of the flat pencil a >b f c , consequently (Art 48) the f 
points A , B , G , D are harmonic. Conversely, if four poi 
forming a harmonic range he projected from an axis, or if f 
rays forming a harmonic pencil be projected from a point 
resulting axial pencil is harmonic 

51 If then we include under the title of harmonic form 
group of four harmonic points (the harmonic range), the gr 
of four harmonic rays (the harmonic flat pencil), and 
group of four harmonic planes (the harmonic axial pencil), 
may enunciate the theorem 

Every projection or section of a harmonic forints itself a harm 
form or, 

Every form which is projectile with a harmonic form is h 
harmonic 

Conversely, two harmonic forms aie ala ays projectile with 
another 

To prove this proposition, it is enough to consider 
groups each of foui harmonic points , foi if one of the fo 
were a pencil we should obtain foui hazmomc points 
cutting it by a transversal Let then ABCD , ABCD be 
haimomc langes, and pioject ABC into ABC m the mai 
explained m Art 44 , the same opeiations (projections 
sections) which seive to denve A' B'C' fiom ABC will give 
]) a point D x , fiom \vhich it follows that the range A'B'C 
will he haimomc, since the lange ABCD is harmonic 
A'B'C'D' are also four harmonic points, by hypothesis, th 
fore D x must coincide with D\ since the tlnee points A 1 
determine uniquely the fourth point which forms with the 
haimomc range (Ait 46, left) 
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We may add kere a consequence of the definitions given 
Arts 49 and 50 

The form which u correlative to a harmonic form u itse 


Fig 29 


52 If a , 6 , c , d are rays of a pencil (Fig 28), then a and 
are said to be separated by c and d y when a straight line pas 
mg through the centre of the pencil, and rotating so as 
come into coincidence with each of the rays in turn, cann 
pass from a to l without coinciding with one and only one 
the two other rays c and d* The same definition applies 
the nase of four planes of a pencil, and to that of four points 
h range (Fig 26) , only it must be granted that we may pa 
fooin a point A to a point B in two diffeient ways, either t 
describing the finite segment AB or the infinite segment whi< 
b€gms at A , passes through the point at infinity, and ends at 
' This definition premised, the follow 

a. , — y b mg property may be enunciated as 

m — a. jM once evident Four elements of a on 

dimensional geometric form e foi 
points of a range, lour rays of 
pencil, &c ) can always be so divided into two pairs th 
one pair is sepaiated by the otker , and this can be done~~ 
one way only In Fig 36, for example, the two pans whn 
separate one” another are AB , CD , and if A'B'C'D' is a for 
projective with ABCJD , the pair A'B' will be separated by tl 
pair C'JD' , for the operations of projection and section do n 
change the relative position of the elements 

53 Let now ABCD (Fig 30) be four harmonic points, 1 e fo 
points obtained by the construction of Art 46 , left Tl 
allows us to draw m an infinite number of ways a comple 
quadrangle of which A and B are two diagonal pom 
(Art 36 , No 2, left), while the other two opposite sides pa 
through C and JD It is only necessaiy to state this co 
stiuction m order to see that the two points A and B a 
piecisely similar m their relation to the system, and that t 
same is true with regard to C and B It follows from tl 
that if ABCB is a harmonic range, then BACJD , ABDC , BAL 
which are obtained by permuting the letters A and B 01 
and JD , or both at the same time, aie harmonic ranges al‘ 

* a and b, c and d, may also be teimed alternate pairs of rays 
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Consequently (Art 51) the harmonic range AJBCD for examp 
is projective with BAGB , % e we can pass from one range to ti 
other by a finite number of projections and sections. In & 
if the range ABCB be projected from K on CQ, we obtain ti 
range LNCQ, which when projected from M on AB giv 
BAGD, 
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54 If A , B , G , B are four harmonic points, then A and B a 
necessarily separated by C and B 

For if (Fig 30 ) the group ABCD be projected on the straig 
line KM , first from the centre L and then from the centre 
the projections are KMQB and MKQB respectively Now, 
already stated in Art 52, the operations of projection 
section do not change the relative position of the elemem 
the group If therefore K and Q were separated by M and 
then also M and Q must be separated by K and B , which 
impossible The only possible arrangement is that K a 
M should be separated by Q and B, and therefore A and 
separated by C and B 

55 Let the straight lines AQ, BQ be drawn (Fig 31 ), t 


former meeting MB m U 
and NB in S , while the 
latter meets KL m T and 
MN m V The complete 
quadi angle LTQ £7 has two 
opposite sides meeting m 
A, two other opposite sides 
meeting m B , and a fifth 
side (LQ or BN) passes 
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31 


through C, therefore the sixth side UT will paos through B ( A 


46) In like manner the sixth side VS of the complete quadran^ 
NVQS must pass thiough B , and the sixth sides of the coi 
plete quadrangles KSQ1\ MUQV through C We have thu 
a uadi angle SIVY two of whose opposite sides meet m C, 



et&er opposite sides in D, while the fifth and sixth sides p 
respectively through A and B This shows that the relat 
to which the points C and B are subject (Art 53) is the sa 
as the relation to whieh the points A and B are subject , 
m other words, that the pair A 9 B may be mterchanj 
with the pan: C , B Accoidingly, if ABCB is a harmo 
muge, then not only the ranges BACB , ABBG , BABC \ 1 
also GBAB , BCAB , CBBA , BCBA are harmonic * 

*'f he points A and B are termed conjugate points, as also 
G and B Or either pair are said to be harmonic congugc 
with respect to the other The points A and B are said to 
fowmonwaBy separated by the pomts C and B, or the point 
and B to be harmonically separated by A and B We n 
al&o say that the segment AB is divided harmonically by 
segment GB , or that the segment CB is divided harmonica 
by AB If two pomts A and B (Fig 30 ) are separated h 
momcally by the points C and B m which the straight 1 
AB is cut by two straight hnes QC and QB , we may also « 
that the segment AB is divided harmonically by the strai, 
hnes QC , QB , or by the point Cand the straight line QB , 8 
and that the straight lines QC , QB are separated harmonica 
by the points A ,B, & c 

Analogous properties and expressions exist in the case 
four harmonic rays or four harmonic planes 

[Note — In future, whenever mention is made of the harmc 
system ABCD, it is always to be understood that A and B , C and D, 
conjugate pairs, it being at the same time remembered that (Art 
A and B , G and B, are necessarily alternate pans of points ] 

56 The following theorem is another consequence of 


proposition of Art 46, left 


A 


In a complite quadrilatei al, e 



diagonal divided hai momcath 



the othei two f 

Let A and A', B and B' 

\ 


and C' be the pairs of oppo 

Fig 32 


vertices of a complete quae 
lateral (Fig 32 ), and let 


diagonal A 1' he cut by the other diagonals BB' and GC f 1 : 


* Riae Geometric cler Lage (Hanover, 1866), vol 1 p 34 
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and B lespectivelj Consider now the complete quadra 
BB'CG' , one pair of its opposite sides meet m A, Bam 
such pan m A\ a fifth side passes through E, the s 
through F The points A , A' are therefore harmonic 
separated by F and B Similarly a consideration of the 
complete quadrangles CC'AA' and AA'BB' will show 
B , B' are harmonically separated by F and B , and C , C 
J) and E 

57 In the complete quadrangle BB'CC' the diagonal po 
are A > A\ and I) , also since the range BB'FD is barmonn 
too is the pencil of four rays which project it from A {Art. 
therefore 

In a complete quadrangle, any two sides which meet %n a di% 
point are dmded harmonically by the two other diagonal points 

This theorem is however merely the correlative (in aoc 
ance with the principle of Duality in plane Geometry) of 
proved in the preceding Article 

58 The theorems of Art 46 can be at once applied to 
solution, by means of the ruler only, of the following 
blems 

Given three points of a har- 
monic range, to find the fourth 

Solution Let A , B , C (tig 
33) be the given points (lying 
on a given straight line) and let 


\ 

\ 

_ 

D * 

Fig d 3 F,g 

A and B he conjugxte to each given centre S), and let a 
othei Draw any two straight he conjugate to each < 
lines through A , and a thud Though any point Q lung 
through <?to cut these in L and diaw anj two stiaight hn 



Given three rays of a 
monte pencil , to construct 
fourth 

Solution Let a , b , c 
34) be the given rays (lyn 
oLe plane and pa c smg throi 
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' if respectively Join BL cutting cut a m A and R, and 5 n 
AN m M, and BN cutting AL in and B, respectively Join AB 
N, then if KM be joined it will BP , these will cut m a point 
eut the given straight line m the the line joining which to S is 
required point D, conjugate to required ray d, conjugate to c 

5P f Ip tit© problem of Art 58 , left, let C lie midway betwee 
We can, in the solution, so arrange the arbitrary elemi 
that the points K and M shall move 
to infinity, to effect this we must < 
struct (Fig 35) a parallelogram AL 
on AB as diagonal , then since the 01 
diagonal LN passes through 0 , the p 
D will he at infinity 

If, conversely, the points A , B , D 
given, of which the third point D 
at infinity, we may again construe 
parallelogram ALBN on AB as diagonal , then the fourth point 
the conjugate of D, must he the point where LN meets the gi 
straight line that is, it must he the middle point of AB Therefc 

If in a harmonic range AB 
the point C lies midway between 
two conjugates A and B , then thefo 
point D lies at an infinite dista 
and conversely , if one of the point 
lies at infinity , its conjugate C is 
point midway between the two otj 
A and B 

60 In the problem of Art 
right, let c be the hisectoi of 
angle between a and b (Fig 36) 
Q be taken at infinity on c, the segments AB , PR become equa 
one another and lie between the pna 
AP , BR 7 consequently the ray d wii 
perpendicular to c, 1 e given a harm 
pencil of four rays , abed if on 
them c bisect the an jle between the 
conjugates a and b } the fourth ra 
will be at right angles to c 

Conversely if in a harmonic pencil 
(Fig 37) two conjugate lays c , d ate at right angles , then they ar 
bisectors , internal and external , of the angle between the other two 
a , b 




* De la Hire, Sectioned Conicue (Pansus, 1685), lib 1, prop 30 



For if the pencil be cut hy a transversal AB drawn parallel i 
the section A BCD will be a harmonic range {Art 48), and a 
lies at infinity, C must lie midway between A and B (Art 59) , co 
quently, if £ be the centre of the pencil, A SB is an isoecelee tna 
and SC the bisector of its vertical angle 
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ANHAEMGNIC EATIOS 

61 Geometeical propositions divide themselves into i 
classes Those of the one class are either immediately c 
earned with the magnitude of figures, as Euc I 47, or t] 
involve more or less directly the idea of quantity or measu 
ment, as e g Euc I 12 Such propositions are called metn 
The other class of propositions relate meiely to the posit 
of the figures with which they deal, and the idea of quani 
does not enter into them at all Such propositions are ca] 
descriptive Most of the propositions m Euclid's Elements 
metrical, and it is not easy to find among them an examph 
a purely descriptive theoiem Prop 2, Book XI, may se 
as an instance of one Projective Geometry on the ot 
hand, dealing with projective properties (t e such as are 
altered by projection), is chiefly concerned with descript 
properties of figures In fact, since the magnitude of a g 
metnc figuie is altered by piojection, metrical propeities 
as a rule not projective But there is one important clas* 
metrical properties (anharmonic propeities) which are f 
jeetive, and the discussion of which therefore finds a place 
the Piojective Geometry To these we proceed, but i1 
necessary first to establish certain fundamental notions 
62 Consider a straight line , a point may move along li 
two diffeient directions, one of which is opposite to the ot] 
Let it be agieed to call one of these the positive dnection, i 
the other the negative dnection Let A and I? be two poi 
on the stiaight line, and let it be further agreed to repies 
by the expression AB the length of the segment compn 
between A and B, taken as a positive or as a negative num 
of units accoidmg as the direction is positive or negative 
which a point must mo\e m older to descube the segme 
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^ this point starting from A (the first letter of the express 
|* AB) and ending at B 

jf* In consequence of this convention, which is termed the 
^ of signs, the two expressions AB , BA are quantities which 
^ equal m magnitude but opposite in sign, so that BA = ~Jj 

AB+BA = 0 

Now let A , B , C be three points lying on a straight 3 
If C lies between A and B (Fig 38 a\ 


/ V A 

(a) 

c 

B 

B 

c 

A 

(5) a 

B 

C 

C 

B 

A 

(c) c 

A 

B 


B A c 


Fig 38 

we have AB = AC+ CB , 

whence — CB — AC+AB = 0, 

01 BC 4* CA + AB — 0 

Again, if B lies between A and C (Fig 38 4 ), 

AC — AB 4- BC , 
whence BC — AC + AB -=■ 0 , 

01 BC+Cl + AB= 0 

Lastly, if A lies between B and C (Fig 38 c), 

CB = CA + AB , 

whence — CB + C i + AB = 0, 

01 BC + Cl + AB = 0 

Accoidmgly 

If A ,B,C aie time collineai points, then nhafeiei their n 

positions may he, the identity 

BC + C i + AB = 0 

always holds good 

Fiom this identity may be deduced an expiession fc 
distance between two pomtb A and B m teims of the dmt 

E 3 



of these points from an origin 0 chosen arbitrarily on 
straight line which joins them 
For since OA + AB + 50 = 0 , 

AB = OB— OA , 
or again, AB = AO + OB * 

The results (1) and (2) may be extended, they aie in 
particular cases of the following general pioposition 
If A 19 A 29 A n be n colhnear points, then 

A, A 2 +A 2 A Z + + A n ~ x A n + A n A, =z 0 , 

the truth of which follows at once from (3), since the ex] 
saon on the left hand is equal to 

o OA 2 - OA,) + (0A Z - 0A 2 ) + + (OA, - OA n ), 

which vanishes 

Another useful result is that if A , B , C , 5 be four colli 
points, 

BC AD+CA BJD + AB 05=0 
This again follows from (3), sin6e the left-hand side 
= (50-55)XD + + 

= 0 

Many other relations of a similar kind between segn 
might be proved, but they are not necessary for our pur] 
We will give only one more, viz 

If A ,5 , 0, 0 be any four colhnear points , then 

OA 2 BC + OB 2 CA + OC 2 AB = —50 CA AB 
For by (3) the left-hand side is equal to 

(OA 2 —OC 2 )BC + (OB 2 — OC 2 ) CA 

= CA(OA+OC)BC+CB(OB+OC)C 
= BC CA(OA-OB) 

= -BC CA AB 

It may be noticed that this last theoiem is true even if 
not lie on the straight line ABC , but be any point what' 
For if a perpendicular 00' be let fall on ABC , 

OA 2 BC+OB 2 CA+OC 2 AB 
= (00' 2 +0'A 2 )BC+ + 

= O'A? BC+O'B 2 CA+O'C 2 AB 

+ 00' 2 (BC+CA + 

= -BC CA AB, 
by what has just been pioved 
63 Consider now Fig 39 , which represents the proje< 

* MUbius, Barycenti'ische Calcul, § i 
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from a centre S of the points of a straight line a on to ano 
straight line a ! , let ns examine the relation which 
between the lengths of two corresponding segments AB, 


U 



Fig 39 Eg 4a 


From the similar triangles SAJ , A' SI' 

JA JS 1'S 1'A' * 
so from the similar triangles SBJ , B'SI' } 

JB JS 1'S l'B' , 

JA I'A'= JB l'B'— JS T'S, 


le the lectangle JA I' A' has a constant value for all 
of corresponding points A and A ' 

If the constant JS I'S be denoted by L we have 


I'A' = 


k 

JA ’ 



therefore by subti action, 

l'B' —V A 


UJA-JB ) 
JA JB 


But l'B' — I' A '=A 'B', and JA-JB=B1=-AB , 


A'B' 


— k 

~ JA JB 


AB 


If we considei foui points A , B , C , B (Fig 40 ) 1 
straight line a and their foui projections, A', B', C'. 1 
obtain, m a similai mannei, 


* We suppose that in all equations mvolung segments the rule of 
observed See MObils, Baryc Caltul , § I , TottBSEND, Modern Gt 
chapter v 


tw 9 





A'C' = 


A'D' = 


£'D' = 


JA JG 

* c - 

a ' v =tttl ^ 

W-jfTD * D ’ 

whence by division 

A'C' A'D' _ AC AD 
B'C' B'D'- BC BD 

This last equation, which has been proved for the case of 
projection from a centre S, holds also for the case where 
ABGD and A'B'C'D' are the intersections of two transversal 
lines s and / (not lying m the same plane) with four planes 
a , p , y , b which all pass thiough one straight line u , in other 
woids, when A'B'C'D' is a projection of ABCD made from an 
axis u (Art 4) For let the four planes a , ft , y , 8 be cut m 
A", B", C'\ D" respectively by a straight line /' which meets 
9 and / The straight lines A A", BB", CC", DD" are the 
intersections of the planes a , /3 , y , h respectively by the plane 
and therefore meet in a point S, that namely in which 
the plane ss" is cut by the axis u So also A'A'\ B'B'\ C'C'\ 
D'D" are four straight lines lying m the plane s' s" and 
meeting m a point S' of the axis u (that namely m which the 
plane //' is cut by the axis u) Therefore A"B"G"L" is a 
projection of ABCD from centre S and a projection A'B'G'D' 
horn centre S ' . so that 


A"D" 

B"D" 


The numbei 


AC AD 
BC BD : 
AC AD 
BC BD 


A'C' A'D ' 
B'C' B'D' 


is called the anlaimomc ratio of the four collmear points 
/ , B , C , D The result obtained above may theiefoie b( 
expiebsed as follows 

The anharmomc mtio of fom collineai points is unaltered by any 
put) echo n uhateiu * 

* Bappis Mathematicae Collectiones, book vu prop 129 (ed Hultsch, Beilm, 
1S77, \ol 11 p 87O 
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Or again 

Tf two ranges, each of four points, are projective, they hem 
same anharmonic ratio , or, as we may say, are equmnkarmoinc 
64 Dividing one by the other the expressions for A'C' 
B'C ', we have 

A'C' _ AC A£ 

B'C' ~~ BC BJ 

In this equation the right-hand member is the anharm 
ratio of the four points A, B ,C , 1 , consequently the left-h 
member must be the anharmonic ratio of A', B\ C', /' , i 
the anharmonic ratio of four points A', B', C', J', of which ike 
lies at infinity , is merely the simple ratio A'C' B'C' 

This may also be seen by observing that if A' and 
remain fixed while B' moves off to infinity on the line A 
then 

A'JD' 

limiting value of ^7^7 = 1 , 

, . , P A'C' A'D' A'C ' 

limiting value of -^7 jyjjr = 

Similarly, on the same supposition, 

, , , , A'JD' A'C' B'C' 

limitmg value 01 gfjj ' ~WC' ~~ ~A r C' 9 

t e the anharmonic ratio of the four points A', B , JD , C , of % 
the third lies at infinity , is equal to the simple ratio B'C' A'C 
66 From this results the solution of the following 
Prob le m — Gaen thi ee coll inear points A ,B ,C , to find a f 
JD so that the anharmonic ratio of the range 1BCD may 
number A given m sign and magnitude (Fig 41) 

Solution — Draw any transveisal through C, and tak< 
it two points A', B' such that the ^ 
latio CA' CB ' is equal to A 1 , the 
given value of the anhaimomc 
ratio, the two points L' and h' 
lying on the same 01 on opposite 
sides of G accoidmg as A ib positive 
01 negative Join A A \BB\ meeting 
ia S , the straight line through S paiallel to I'B will cut 
m the point D iequue .1 f Foi if it' be the point at mfinit 

* Townsend Modern Geometry, Art 27S 
f Ch\sles, Oeometi le superievt e (Pins, i 8 0 \ P 10 
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A'B', and we consider ABCL as a piojection of A'B'C'l 
(O' coincides with C) from the centre S, then the anharmon 
ratio of ABCL is equal to that of A'B'C'L', that is, to tl 
simple ratio A'C' B'C' or A. 

The above is simply the graphical solution of the equation 
AC AL__ 

BC BL~ X ’ 

AD AC 

or BL~ BC X ~ 1X3 



or m other words of the problem 

Gwen two pomts A and B, to find a point L collinear with the 
such that the ratio of the segments AL, BL to one another may 1 
equal to a number given m sign and magnitude 

As only one such poult 1) can be found, the propose 
problem admits of only one solution, this is also clea 
from the construction given, since only one line can be draw 
through S parallel to A'B' Consequently there cannot t 
two different points 1) and L x such that ABCL and ABC1 
have the same anharmonic ratio Or 

If the groups ABCL, ABCL 1 are eqmanhaimonic, the point 1 
must coincide with L 

66 Theobem (Converse to that of Art 63) If two rang 
ABCL, A'B'C'L', eachoffour points, areequianharmomc, they a 
projective with one another 

For (by Art 44) we can always pass from the tna 
ABC to the triad A' B'C' by a finite number of projections < 
sections , let L" be the point which these operations give £ 
corresponding to L Then the anhaimomc latio of A'B'C'L 
will be equal to that of ABCL, and consequently to that < 
A'B'C'L', whence it follows that 2)" coincides with L', and thi 
the ranges ABCL , A'B'C'L' are piojective with one anothei 

67 It follows then from Arts 63 and 66 that the necessai 
and sufficient condition that two langes ABCL , A'B'C'L 
consisting each of four pomts, should be projective, is tl 
equality (m sign and magnitude) of their anharmonic latios 

The anhaimomc latio of four points ABCL is denoted b 
the symbol ( 1BCL) * , accordingly the proiectivity of tv 
foirns ABCL and -I'll CL' is expiessed by the equation 
[ABCL)- {A'B’C'L’) 

* Mobiis, Barycentrxsche Calcul , § 183 
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From what has been proved it is seen that if two pen 
each consisting of four rays or four planes are cut by any i 
transversals m ABCD and A'VVjy respectively, the equal 
( ABCT) ) — (A'B'C'17) is the necessary and sufficient eondii 
that the two pencils should be projective with one another 
The anharmonic ratio of a penal of four rage a,b ^c y d 
four planes a,/3,y,d may now be defined as the const 
anharmonic ratio of the four points m which the four elenw 
of the pencil are cut by any transversal, and may be dene 
by (abed) or (afiyh) 

This done, we can enunciate the general theorem 
If two one-dimensional geometric forms y consisting each of ^ 
elements , are projective , they are equianharmonic , and if they 


08 Since two harmonic forms are always projecti 
related (Art 51), the preceding theorem leads to the < 
elusion that the anharmonic ratio of four harmonic elem 
is a constant number For if ABCD is a harmonic sys 
BACD is also a harmonic system (Art 53), and the 
Systems ACBB and BCAB are projectively related*, thus 


At 


whence 


i= -l, 


r v t 


(AGBD) = (BCAB), 

AB AB _ BA BB 
CB CB ~ CA CB 
AC AB 
BC BB 

? e (ABCB) = - 1 , 

therefoie the avJmmontc latio of Join ha) monte elements is < 

to - 1 f 

69 The equation (\BCD) = —1, 01 
A(J AD _ 

BC + BD~°’ 

which expies^es thvt the lange ABCD is liumomc, may be put 
two othei leniarhahle foims 

Since AD = CD -CA (Ait 62) and BD = CD-CB, the equ 
(1) gives 

C 1 (CD-CB) + CB(CB-C 4) = 0 

1 i / 1 1 \ 

01 CD~*^CA + CB’’ 

* In Fi^ 30 ACBD may be projected (from A on JSCj into LC^Q, am 
7 CNQ may be projected (from M on AD) into LOAD 
+ Mobitjs, loc ext , p 269 
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f 


% 


i e. CD is the harmonic mean between CA and CB , a formula wl 
determines the point D when A , B ) C are given 
Again, if Q is the middle point of the segment CD, so that we l 
0D = C0=-0C, then 


AO *=00^0 A, AD = OD-OA=-(OC+OA), 
BO = 00 -OB, BD = —(00+ OB) 

Substituting these values m (1) or m 


we have 


AD + BD V) 
OC-OA _ OB-OC 
OC + OA ~ 0B+ 00 5 
00 __ OB 
0A~0C' 


or 0C* = 0A OB, 

ue half ike segment CD is a merni proportional between the dista 
of A mid B from the middle point of CD 
The equation ( 3 ) shows that the segments OA and OB must 1 
the same sign, and that 0 therefore can never he between A and j 

If now a circle be drawn to ] 
throiigh A and B (Fig 42), 0 will 
outside the circle, and OC will be 
length of the tangent from 0 to 
(Euc III 37 ) The cncle on CL 
diameter will therefore cut the i 
circle (and all circles through A anc 
orthogonally Conversely, if two circles cut each other orthogom 
they will cut any diameter of one of them in two pans of harm< 
points f* 




the common base AB\ and di 


70 The same formula (3) g 
the solution of the following ] 
hlem 

Given two collinear segments 
and A'B ' , to determine ano 
segment CD which shall divide < 
of them harmonically (Figs 43, 
Take any point G not lym£ 
the circles GAB , GA' B' meei 


* If through a point 0 any chord be drawn to cut a cncle in P and Q 
rectangle OP OQ is called the potver of the point with regard to the ci 
feTEiNER, CrelWs Journal, vol 1 (Berlin, 1826), Collected Works, vol 1 p 
We may then say that OC 2 is the powei of the point 0 with regard to the c 
111 Fig 42 

f Poncelet, Propi pro j Art 70 
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3.gain in B J oin G H * 9 and produce it to oat the st*** is Q. m > 
from the first circle 

OA OB = OG QH{ lne.nL 3% 

and from the second 

OA ' OB'= OG OE % 

OA OB = OA' OB' 

0 is therefore the middle point of the segment required 
points C and D will be the 
intersections with the axis 
of a circle described from 
the centre 0 with radius 
equal to the length of the 
tangent from 0 to either of 
the circles GAB, G'A r B ' 

The problem admits of a 
real solution when the point 
0 falls outside both the 
segments AB, A r B r , and consequently outside both the circles 
GA'B ' (Figs 43, 44) There is no real solution when the seg 
AB , A'B' overlap (Fig 45) , m this case 0 lies within both seg 

71 Let ABOD be a harmonic 
range, and let A and B (a pair of 
conjugates) approach indefinitely near 
to one another and ultimately coin- 
cide If C lie at an infinite distance, 
then D must coincide with A and B , 
since it must lie midway between these 
two points (Art 59) If 0 lie at a 
finite distance, and assume any position not coinciding with the 
or B, then equation (2) of Art 69 gives CD=-CA-=CB, i e Deo 
w ith A and B 

Again, let A and C (two non conjugate points) coincide, 
(the conjugate of A) lie at an infinite distance In this case 
lie midway between C and D , so that D will coincide with A 
If B lie at a finite distance, and assume any position not com 
with that of 4 or 0 , then equation (1) of Art 69 gives AD = 
the point D coincides with A and 0 So that 4 

If °f f our T oints fonmng a harmonic range , any two comci 
of the other two gjointt will also coincide with them , and the 
is indeterminate 

72 The theoiem of Ait 45 leads to the following result 
foui elements A , B , C , D of a one dimensional geometric for 

* GH is the radical axis of the two circles, and all points on it are c 
nnwpp with regard to the circles 
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anharmomc ratios (A BCD) , [BA DC ) , (CDAB ) , (DC BA) are all equal 
to one another 


I Four elements of such a form can be permuted m twenty-four 
different ways, so as to form the twenty-four different groups 

ABCD , BADC , CDAB , DCBA , 

ABDC , BACD , DCAB , CDBA , 

ACBD , CADB , , DBCA , 

AOD.B , CABD , , 

y ADBC , DACB , J304D , <7&Z)A , 

AZX7JS , DA-SC? , GRAD , R<XDA , 

here arrayed in six lines of four each The four groups m each 
line are projective with one another (Art 45), and have therefore 
the same anharmomc ratio In order to determine the anhaimomc 
ratios of all the twenty-four groups, it is only necessary to consider 
one group m each line , for example, the six groupB m the first 
column These six groups are so related to each other that when 
any one of them is known the other five can be at once determined 

II Consider the two groups ABCD and ABDC } which are derived 
one from the other by interchanging the last two elements Their 
anharmomc ratios 


and 


/ t ~n sy t\\ AC AD 
<■ ABCD > ° r BO BD 

( A 7? T\SV\ AD AC 
( or BD BC 


are one the recipiocal of the other , thus 

(ABCD) (ABDC) = 1 (1) 

Similarly, (ACBD) (ACDB) = 1, (2) 

and (ADBC) (ADCB) = 1 (3) 

III Now if A } B, C, D are four collmeai points, it has been seen 
(Art 62) that the identical relation 

BC AD + CA BD + AB CD = 0 


always holds 

Dividing by BC AD, we have 

AC BD AB CD 

BC AD + CB TD ~ *’ 

AC AD AB AD 


or 

BC BD + CB CD ~ 


that is ( \rts 

63, 67), 



(ABCD) + (ACBD) = 1 

(4) 

Simihily, 

(ABDC) + {ADBC 7; = 1, 

(5) 

and 

{ACDB) + (ADCB) = 1 

(6) 



IV If X denote the anharmome ratio of the group A BCD, 

{A BCD) = \,y 

the formula (1) gives ( ABDC) = | 
and ( 4 ) gives (A CBD) = 1— X< 

then by ( 2 ) {ACBB) = 

and by (6) {ABCB) = 1 — , 

and finally by ( 3 ) or ( 5 ) * 

{ABBC) = — * 

A 

Y The six anharmome ratios may also be expressed m ten 
the angle of intersection 6 of the circles described on the segi 
AB, CDj&s diameters , it being supposed that A and B are sepa 
by C dkm^D It will be found that 

(ABGB) = —tan 2 1 , ’ {ABBO) = -cot 2 1 » 
{ACBB) = sec 2 1 ', {ACDB) = cob 2 |> 

{ABCB) = sin’^j {ABBC) = cosec 2 | + 

YI If m the group ABCD two points A and B coincide, 
AC = !?(?, . 4 D = BD, and therefore 

(4JK7Z)) = (4402?) = 1 

But if X = 1, the othei anharmome ratios become 

(ACAD) = 1-1 = 0, and (ACDA) = oo , 
thus when of four elements two coincide, the anharmome ratios 


the values 1, 0, oo 

If {ABCD) = - 1, i e if the range ABCD is harmonic, the fori 
of (IV) give 

(iCBD) = 2 and (ACDB) = J , 
so that when the anhaimonic ratio of tour points has the value 


these points, taken m another oidei, form a haimomc range 
VII Convei sely, the anhaimomc ratio of a range ABCD, nc 
whose points lies at infinity, cannot have any of the values 0, 
without some two of its points coinciding 


For if in (IV) X = 0, 


— ~ = 0, and eithei AC 01 BB 

BC BD 


vanish , i e either A coincides with C, or B with D 


* Mobius, loc ext , p 249 

't Casey, On Cyclides and SpJiero quaxtics (Pfail Tran* 1 1S71 > P 7 ° 



If X = 1, (ACBD) = 1 — X = 0, so that either A coincides with B, 
or C vith D 2 

And if A = oo, ( ABDG ) = - = 0, so that either A coincides with 
D, or B with G 

VIII By considering the expressions given for the six anharmonic 
ratios m (IV) it is clear that whatever be the relative positions of the 
points A , B , C , D, two of the ratios (and their two reciprocals) are 
always positive and a third (and its reciprocal) negative , and thus we 
see that the anharmonic ratios of four points no two of which coincide 
may have all values positive or negative except -hi, 0, or oo 

73 From the theorems of Arts 63 and 66, which express 
the necessary and sufficient condition that two ranges, each 
consisting of four elements, should be projectively related, we 
conclude that 

If two geometric forme of one dimension are projective , then any 
two corresponding groups of four elements are equianharmomc * 

As a particular case, to any foui harmonic elements of 

the one form coi respond four 
harmonic elements of the other 
(Art 51) 

74 Let A , A' and B, B' be any 
two pairs of corresponding points 
of two projective ranges (Fig 
4 6 ), let / be the point at infinity 
belonging to the first range, and V the point corresponding 
to it m the second range , similaily let /'be the point at 
infinity belonging to the second range, and J its cone- 
bpondent m the first range By Art 73 
(ABIT) = (A'B'l'J ') , 

(BAJ1) = (A'B'l'J') (Art 72) , 
fiom which, since / and J' lie at infinity, 

BJ AJ = A'l' B'l' (Art 64), 
and Ji I'A'=JB 1'B ' , 

i e the product J 4. 1'A ' has a constant value fat all pairs of 
conespondmg poxnU f 

[This proposition has already been proved m Art 63 foi 
the particular case of two ranges m perspective ] 

* Steiner, ^ystemahsche JEntwicJcelung (Berlin, 1832), p 33, § 10, Collected 
Works, ed Weierstra^s (Berlin 1881), vol 1 p 262 

t Steiner, loc cit , p 40 § 12, Collected Works, vol 1 p 267 




75 In two homological figures, four eollme&r por 
four concurrent straight hnes of the one figure form a, 
which is equianharmomc with that consisting of the po 
lmes corresponding to them m the other figure (Art. 7S-] 
0 be the centre of homology, M and M' any pair of 
spondmg points in the two figures, N and N' another ] 
corresponding points lying on the ray OMM', and 
point m which this ray meets the of homology 
the points OMNX , OM'N'X correspond severally ti 
another, 

(OXMN) = (OXM'N'), 

OM ON _ OM ON' 
or MX NX M'X WX ’ 

OM OM' ON ON' 

MX M'X ~ NX N'X’ 

and consequently the anharmomc ratio (0X31 M') is eo 
for all pairs of corresponding points 31 and if' taken on 
OX passing through the centre of homology 
Next let L and L' be another pair of corresponding ] 
and Y the point m which the ray OLL' cuts the a 
homology Since the straight lines LM , L'3I' must ir 
some point ^of the axis XY, it follows that OYLL' is 
jection of 0X3131' from Z as centre, and therefore 
( 0YLL') = (01M21 '), 

consequently the anharmomc ratio (0X3IM / ) is const* 
all pans of corresponding points m the plane 

Consider now a pair of corresponding stiaight lines 
a', the axis of homology s, and the ray o joining the cei 
homology 0 to the point aa! The pencil osaa' is < 
every stiaight lme thiough 0 m a range of four 
analogous to 0X2121' , consequently the anhaimonic 
(osaa') is constant foi all pans of conesponding si 
lines a and a\ and is equal to the anharmomc 
(Oil/ )/') 

This anharmomc latio is called the coefficient or pa 
of the homology It is cleai that two figuies m hoi 
can be constiucted when, m addition to the centie an 
we are given the paiametei of the homology 

76 When the paiametei of the homology is equal t 
all langes and pencils snnilai to 0A1/1/', osaa\ are hai 



this case the homology is called larmomo * or involutona 
*Lnd two corresponding points (or lines) correspond to one 
another doubly, that is to say, eveiy point (or line) has the 
same correspondent whether it be legarded as belonging to 
the first or the second figure (See below, Arts 122, 123 ) 

Harmonic homology presents two cases which deserve special 
notice (i) when the centre of homology is at an infinite distance, m 
the direction perpendicular to the axis of homology, ( 2 ) when the 
of homology is at an infinite distance In the first case we have 
what is called symmetry with respect to an axis , the axis of homology 
(in this case called also the axis of symmetry) bisects orthogonally 
i;he straight line joining any pair of corresponding points, and bisects 
also the angle included by any pair of corresponding straight lines 
Hie seeottd case is called symmetry with respect to a centre The 
centre of homology (m this case called also the centre of symmetry) 
bisects the distance between any pair of corresponding points, and 
two corresponding straight lines are always parallel In each of 
these two cases the two figures are equal and similar (congruent) + , 
oppositely equal in the first case, and directly equal m the second 

77 Considering again the general case of two homological 
figures, let a , b , m , n he four rays of a pencil in the first 
figure, and a ' , l ' , w! , n' the straight lines corresponding to 
them m the second Then 

(mnab ) = (m'n' a' b') 

Now let an arbitrary transveisal he di awn to cut mnab m 
3INAB , and draw the corresponding (or another) tiansveisal 
to cut m'n'a'b' m M'N'A'B' , then 

(MNAB) = (M'N'A'B'), 

MA M'A' __ NA N'A' 

0r MB M'B'~ NB N'B' 

MA M'A' 

Consequently, the ratio depends only on the 

straight lines ah (and a'b'), and not at all on the stiaight lino 
m (or m') 

The latio 31 A NA is equal to that of the distances of the 
points 31 , N fiom the straight line a , which distances we may 
denote by (31, a), (N, a ) , thus 

Bellavitis, Sag g 10 d% Geowietria derwata (Nuov% Saggx of the Academy of 
Padua vol iv 1838), §50 

t Two figures are said to be congruent when the one may be superposed upon 
the other so as exactly to coincide with it 
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(M, b) (M\ IT) ~ consta,nt > 

that is to say * 

In two h ontological figures (or, more generally, %% two progeek 
related figures) the ratio of the distances of a variable point M J 
two fined straight lines a ,b m the first figure bears a constant , 
to the analogous ratio of the distances of the corresponding p 
M from the corresponding straight line* f , V in the other fign 
Suppose l to pass through the centre of homology 0,4 
if and M axe colline&r with 0 and V coincides with b, so i 
(M,b) (M\ V) = OM OM', 

and therefore 


9K (X 9 a) , , 

OM' (WfaT) ~ eonstailt 

If N and N' are another pair of corresponding points 
have then 


OM (M, a) ON (N,a) 

OM' {M% a') ~ ON' (N' 9 a') 

Now suppose the straight line a' to move away inde fim t 
then a becomes the vanishing lme m the first figure , the i 

(AT,0 „ A , , 

will m the hmit become equal to unity, and thus 


(N',a') 


OM x ON , 

OM' ^ ~ ON' ( iY ’ ^ 


= constant , 

m other woids f 

In two homological fgwes 9 the ratio of the distances of any \ 
m the fist figure fiom the centre of homology and pom the zanu 
line respectively , vanes duectly as the distance of the correspo i 
point m the second figure pom the centre of homology 


* Ch\sles, Geometne suptnenre, Art t(i 
t Ch^sles, Section t> coniqutb , Art 267 
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CON STBXJ CTION OF PROJECTIVE FORMS 

78 Let ABC and A'B'C' be two triads of correspondin 
elements of two projective forms of one dimension (Fig 47 
and imag ine any series of operations (of projection and sectioi 

by which we may ha\ 
passed from ABC i 
A'B'C' Then whatev* 
this series be*, it wi 
also lead from any othe 
element L of the fir« 
form to the element 1 
which conesponds to 
in the second For if 
could give, as the resu 
of these operations, a 
element L" different from B\ then the anharmomc ratio 
( ABCB ) and ( A'B'G'B ") would be equal, but by hypothes 
(ABCJD) = (. A'B'C'D '), therefore (. A'B'C'l 7) = (A'B'C'L" 
which is impossible unless L" coincide with JD' (Art 65) 

79 Theorem (conveise to that of Art 73) 

Given two forms of one dimension } if to the elements A ,B , C, JD , 
of the one correspond, respectively the elements A\ B ', C\ L', 
of the other m such a manner that any four elements of the frst for 
are equianharmonic with the four corresponding elements of the secom 
then the two forms are protective 

For every series of operations (of projection or section 
which leads fiom the triad ABC to the triad A'B'C leads c 
the same time from the element JD to another element J)" sue 
that (ABCB) = [A'B'C'L") But (ABCB) = (A'B'C'L') b 
hypothesis , therefore (A'B'C'L') = (A'B'C'L"), and B" mu ( 
coincide with B' (Art 65) And since the same conclusion 

* In Fig 47 the senes of operations is a projection fiom S , a section by u 
a projection from S and a section by u 
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true for any other pair whatever of corresponding el< 
follows that the two forms are projective (Art* 40 )* 

80 From Art 78 the following may be deduced 
ticular case 

If among the element* of two prcgectwe form* of one 
there are two corresponding tnads ABC and A'B'C' wh 
perspective, then the two forms themselves are tn perspcctsv 

(1) If, for example, the forms are two ranges ABC 
A'B'C'D' , then if the three straight lines AlA', 
meet in a point S, the other analogous lines DD\ 
pass through S (Figs 19, 40). 

Suppose, as a particular case, that the points A, A 
(Fig 22), so that the two ranges have a pair of com 
points A and A r united m the point of mterseetaoi 
bases* The tnads ABC , A'B'C' are m perspective, th 
of perspective being the point where BB' and C 
accordingly 

If two protective ranges have a self-corresponding point , 
perspective * ^ 

Conversely it is evident that two ranges^which t 
spective have always a self corresponding point 

(2) Again, if the two forms are two flat pencils a 
a'b'c'd' lying in the same plane , then if the tk 
aa\ W, cc' lie on one straight line s, the analogous pc 
will all lie on the same straight line (Fig 20) If 
lie altogether at infinity, we have the following pro] 

If m two projectile fat pencils , 
three pairs of conesponding rays 
are parallel to one another , then 
every pair of corresponding 0 ays are 
parallel to one another 

The hypothesis is satisfied 
in the paiticulai case where the 
lays a and a' coincide (Fig 48), 
so that the two pencils have a sell conespondmg 
stiaight line which joins then centies , then s is tt 
line joining hU and ct Aceoidmgly 

* In the case of two projective foims we shall in future emp 
self corresponding to denote an element which its such that it coim 
correspondent , thus A or A! above may be called a self corresponds 
two ranges 
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* 

When two protective flat pencils {lying tn the same plane) have a 
* r /, i ray, they are in perspective 

Conversely, two coplanar flat pencils which are m perspective 
have always a self-corresponding ray 


(3) If one of the systems is a range AJBCD and the other 
a flat pencil abed (Fig a 8), the hypothesis amounts to 
assuming that the rays a ,b , c pass respectively through the 
points i, B , <? , then we conclude that also d, will pass 
through D, &c 



81 Two ranges may he superposed one upon the othei, so as 
to Is*© upon the same straight line or base, in which case they 
ma y he said to be collmear For example, if two pencils (in 
the saipe plane) 8 =5 abc and 0 = a'b'c ' (Fig 49) are cut 

by the same transversal, they will 
determine upon it two ranges 
ABC 9 A'B'C' which will be 
projectively related if the two 
pencils are so The question arises 
whether there exist in this case 
any self-corresponding points , t e 
whether two corresponding points of the two ranges coincide 
m any pomt of the transversal 

If, for instance, the transversal s be drawn so as to pass 
through the points aa' and bb\ then A will coincide with A ', 

and B with B ' , m this case 
consequently there are two 
self-corresponding points 
Again, if a range u be 
projected (Fig 50) from two 
centres S and 0 (lying m 
the same plane with u\ 
two flat pencils ale and 
a'b'tf will be formed, which 
have a pair of corresponding rays a , a! united in the line SO 
And if a transversal s be drawn through the point m which 
this line cuts u , we shall obtain two projective ranges ABC , 
A'B'C' lying on a common base and such that they have 
one self-corresponding point AA' 

And lastly we shall see hereafter (Art 109 ) that it is possible 
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for two collinear projective ranges to be such as to h 
self-corresponding point 

So also two flat pencils (in the same plane) may 3 
common centre, in which case they may be termed com 
such pencils are formed when two different ranges as 
jected from the same centre (Fig 51 ). And two \ 
may have a common axis } such pencils 
are formed when we project two dif- 
ferent ranges from the same or 
the same flat pencil from different 
centres Again, if two sheaves are cut 
by the same plane, two plane figures 
are obtained, if, on the other hand, 
two plane figures are projected from 
the same centre, two concentric sheaves are formed 
these cases the forms in question may be said to be 
one upon the other, and the investigation of the 
corresponding elements , when the two forms are prqje 
related, is of great importance The complete invest 
will be given later on, in Chapter XVIII, at present 
only prove the following Theorem 

82 Theorem: Two superposed protective {one-dime 
forms either have at most two self-corresponding elements , 
every element coincides with its correspondent 

For if there could be three self-corresponding el 
A , JB , C suppose , then if D and D' are any other pair 
lesponding points, we should have (Art 7 3) (ABCD)~(A 
and consequently (Art 65) _D would coincide with D f 
then the two forms are identical, they cannot have mo 
two self-corresponding elements 

83 Theorem (converse to that of Art 53) If a one 
sionalform consisting of four elements A ,B , C , 1 ) is project 
a second font deduced fiom it by into changing ivo of the t 
{e g BACI)), then the fonn will be a haimonic one i and 
into changed elements mil be conjugate to each othei 

First Pi oof If ( IBCD) = (BACD), then (Art 72 IV) 

X 2 = i, and since we cannot take X = + 1 (Art 72 
we must have X = — 1 , 1 e the foim is a harmonic one 

Second P 1 oof Suppose, for example, that A Z B Z C Z I) a 







eollmear pbints (Fig $z) Let K , M , Q , D be a projection 
these points on any straight line through D i made from « 
arbitrary centie 1 Since ABCJD is projective with KMQ 
and also (by hyp ) with BAGD , the forms KMQD and BAC 

are projective with one anothi 
And they have a self-cori 
spondmg point B , consequent 
they are in perspective (Art 8 
and KB, MA y QC will meet 
one point AT But this bei 
the case, we have a comph 
quadrangle KIMN \ of which one pair of opposite sides m< 
in A , another such parr m B , while the fifth and sixth sic 
pass respectively through C and D Accordingly (Art < 
ABCB is a harmonic range 

84 Let there be given two piojectively related geomet 
forms of one dimension Any senes of operations which si 
fices to denve three elements of the one from the thiee cor 
spondmg elements of the other will enable us to pass £r< 
the one form to the other (Art 78) , and any two given trig 
of elements are always projective, i e can be derived one fr< 
the other by means of a certain number of piojeetions a 
sections Hence we conclude that 

Given three pairs of corresponding elements of two projective fo'i 
cf one dimension, any number of othei paws of corresponding eleme 
can be constructed 

We proceed to illustrate this by two examples, tak] 
(i) two ranges and (a) two flat pencils , the foims bei 
m each case supposed to lie m one plane 

Given (Fig 53) three pairs of Given (Fig 54) three pt 


corresponding points A and A', 
B and B', C and C', of the pro- 
jectile range* u and v ! , to con- 
st) uct these ranges 

We proceed as in Art 44 On 
the straight line which joins any 
t\\o of the conespondmg points, 
say A and A', take two aibitrary 
points S and S' Join SB , S'B' 
cutting one another m B " and 
SC , S f C' cutting one anothei m 


of corresponding rays a and 
b and b', c and c, of the pro 
tive pencils U and (J f , to c 
struct these pencils 

Through the point of in 
section of any two of the < 
responding rays, say a and 
draw two arbitral y transver 
s and / Join the points sb 
s'b ' by the straight line 6", 
the points sc and s'c' by 
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C " , join B"C ", and let it cut straight hue , and let c 
AA f m A" The operations which straight Line joining tin 
enable us to pass from ABC to b"c" and cut Hie oj 



A'B'C' are i a projection from 
S , 2 a section by ^"(the line on 
which lie the points A ", B", C") , 
3 a projection fiom S', 4 a 
section by v! The same opera 
tions lead from any other given 
point D on u to the correspond 
ing point D' on u, so that the 
lays SD and S'B' must intei sect 
m a point JD" of the fixed straight 
line n" 

In tins mannei a lange 

i"B"C"D" 

is obtained which is m pei spec- 
ie e both with and with u 


which enable us to pass 
to afb'c are i a sect* 
2 a projection from t 
U" where a", b ", c" m< 
section by s', 4 a j 
from U' The same 0 
lead fiom any other gn 
of the pencil U to the co] 
mg raj d' of the pencil V 
the points sd and s' d' mi 
a straight hue d" whi< 
through the fixed point 
In this manner a penc 
1/ "== a"b"c"d" 
is obtained which is m 
ti\e both with L and wit 


In the preceding construction (left), B is any aibitran po 
If D be taken to be the point at infinity on u, then (Fig 
will be paiallel to v , m order tlieiefoie to find the poi 


which corresponds to the point at infinity on u, diaw SI" parallel 
u to cut u" m I", then join S' I", which will cut u ' m the requn 
point 1 ' Similarly, if the ray through S' parallel to v! cuts u" 
J ", and SJ f/ be joined, this will cut u m P, the point on u wh 
corresponds to the point at infinity on u' 


If D be taken at P, the point 
where u and u" meet, then D" 
al c o coincides with P, and the 
point P 7 on u r corresponding to 
the point P on u is found as the 
intersection of S'P with u' 

Similarly, if Q' be the point of 
intersection of u f and u", the 
point on u corresponding to Q' 
on u' is where cuts u 

85 The only condition to 
which the centres S and S' are 
subject is that they are to lie 
upon the straight lme which joins 
a pair of corresponding points, 
m other respects their position is 
arbitrary We may then for in- 
stance take S*tA' and S' at A 
(Fig 55) Then the ray S'P co- 
incides with u, and P'is accord- 
ingly the point of intersection of 
u and u' So too the ray SQ' 
coincides with u, and Q also lies 
at the point me f 

If then we take the points A' 
and A as the centres S and S 
1 espectively, the straight lme u" 
will cut the bases u and u' re- 
spectively m P and Q', the points 
which correspond to the point 
uu' regarded m the first instance 
as the point P' of the line u' and 
m the second instance as the 
point Q of the line u 

Now m the construction of 
the piecedmg Art, the straight 
line u" was found at the locus of 


In the preceding construct 
(right), d is any arbitrary i 
passing through U Ifitbetal 
to be p, the lme joining TJ to l 
then the corresponding ray p ' 
the pencil TJ' is the line join, 
the point TJ' to the point s'p 

Similarly, if be the ] 
TJ'TJ" of the pencil TJ', the ra 
corresponding to it m the per 
TJ is that which joins the poi 
TJ and sq' 

The only condition to wh 
the transversals s and s' are si 
ject is that they are to p 
through the point of intersect] 
of a pair of corresponding ra^ 
m other respects their position 
arbitrary We may then for 
stance take a' for s and a foi 
(Fig 56) Then the point 
coincides with TJ, and p' is 
eordmgly the straight line TJ 
So too the point sq comcn 
with TJ', and q also must be i 
straight line UU ' 

If then we take the rays 
and a as the tiansversals s a 
s' respectively, the point U" v 
be the intersection of the rays 
and q' which conespond to i 
straight lme UU', regarded 
the first instance as the ray p' 
the pencil U\ and m the seco 
instance as the ray q of t 
pencil U 

Now m the construction of t 
preceding Art , the point U" w 

fmrnrl aq 
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S&J 


the points of intersection of pairs 
of corresponding rays of the 
pencils m perspective 
8 {ABCD ) and 8' {A'B'C'D' ) 
The straight line u" obtained by 
the construction of the present Art. 
is in like manner the locus of the 
points of intersection of pairs of 
corresponding rays of the pencils 
A' (A BCD )and A {A'B'C'D' \ 
t e the locus of the points in 
which the pairs of lines A'B and 
AB', A'O and AC', A'B and 
AD', intersect. 


of the ranges in perspective 
8 (abed } and / (fflfJdf 

The point U n obtained b 
construction of the preeeoa 
is in hkft manner the ocb 
perspective of the ranges 
a! {abed ) and a {a'bYd 
te. the point in which tb< 
joining the pairs of ©oarreept 
points afb and ah', </c a i 
ad and a&, meet 



If m place of A' and A any 
other pair of points B' and B , oi 
C' and C, be taken as centres 
of the auxiliary pencils S and S', 
the straight line u" must still 
cut the two bases u and u ' m the 


If m place of a' and 
other pan of rays V and 
and c : he taken as trans 
the point U" must still 
mtei section of p and q , 
point U" remains the sam 


points P and Q' , t e the stiaight 
line u " lemams the same 

If then ABC MN and 
A'B'C ' M'N' are two pi o- 
jective langes (in the same plane), 
eveiy pair of stiaight lines such 
as MN' and M'N mtei sect in 
points lying on a fixed straight 
line This straight line parses 
through those points which cor- 


If then ale mn 
a'b'e ' m'n are two 
ti\e pencils (in the same 
e\eiy straight line which 
pair of points such as ni 
m'n passes through a fixec 
This point is the mtersec 
those rays which corresp 





WUX 


ft! k ** 

S' 

# V 

| respond in each range to the each pencil to the straight ] 

i point of intersection of their bases joining the centres of the pen 

when regarded as a point of the when regarded as a ray of 

other range otller pencil 

f J)/ 80 If the two ranges u and v! If the two pencils U and 
| are in perspective (Fig 57) are in perspective (Fig 59 ) 

J points P and Q' will coincide raysp and q' will coincide v 

t -vnth the point 0 m which the the straight line UU' , and si 

t bases u and u' meet , and since through the point of interseci 

lie straight hne which is the of the rays (ah' , a'b), (ac' , c 

locus of the points (AB', A'B ), (ad', a'd), and through 

(AG\ A'C), (AD', A'D), and point 6f intersection of the i 
the straight hne which is the (ba', b'a ), (be', b'c), (bdf , b'd) 
locus of the points (BA', B'A), pass two different straight li 

(BG', B'O), (BD', B'D), have viz UU' and (ah', a'b), tl 

two points m common, viz 0 and points must coincide This b< 

(AB', A'B), these straight lines so, aa'bb' is a complete qua 
must coincide altogether This lateral, whose diagonals are V 
being so, AA'BB ' is a com- s (the straight line on wl 
plete quadrangle, whose diagonal aa' , bb', intersect), and m 1 
points are 0, 8 (the point where straight line which joins ah' 
AA',BB' } meet), and M (the a'b), consequently (Art 56) 
point of intersection of AB' and points U and U' are harm' 
A 'B) , consequently (Art 57) the conjugates with regard to U" 
straight lines u and u' are har- the point in which s meets C 
monic conjugates with regard to If therefore a range be proje 
the straight lines u" and OS If from two points U and U' by 
therefore two transversals u and rays (a , a'), (b , b'), (c ,c') , 1 

v! cut a flat pencil (a, b, c, )mthe the straight lines which join 
points (A, A'), (j B, B'), (G, G') , pairs of points (ah', a'b), (ac', 

then the points of intersection of ( pc ', b'c ), meet m one and 
the pairs of straight lines AB' and same point U", which lies on 
A B , AC' and A'C , BG' and line UU' , and the point w 
B'C, lie on one and the same the straight line U U' cuts the 
straight line u ", winch passes of the lange is the harmonic 
through the point uu' , and the jugate of U" with lespect t 
stiaight line joining wuf to the and U' 
centie of the pencil is the har- 
monic conjugate of u" with re- 
spect to u and vf 

Fiom this follows the solution From this follows the soli 
of the problem of the problem 

To draw tlic straight line con- To construct the point whe 
necting a given point M with the given straight line m would b 



87] 


CONSTRUCTION OF PROJECTIVE FORKS 


inaccessible point of intersection of tersected by a straight hne { 
two given straight lines u and 1/ which cannot be drawn, but 

is determined by tte p 
through two gwm pomte l 
U' 



Through M (Figs. 57 and 58) On m (Fig 59) take two] 

draw two straight lines to cut u and jom them to 27 t 
m A and B, and vf in B ' and A / straight lines a and b, and 




respectively, jom AA\ BB' meet- 
ing in S Through S draw any 
straight line to cut u m C and 
v! m C / , and join BG\ B'C, 
intei sectmg m The straight 
lme joining J/and N will be the 
line u" required 


by the straight lines V a 
let s be the straight hne j 
the points of intersection 0 
and b ,V On s take any 
point and join it to U , U' 1 
straight lines c , c' respec 
The stiaight line n which 
the points bc / >nd b'c will 
m the point U” requued 


If the stiaight lines u and vf are parallel to one another (Fi 
the piecedmg con^ti uction gi\es the solution of the problem 
two parallel straight lines , to draw through a gnen point a si 
hne parallel to them , making use of the ruler only 


87 If m the theoiem of the If in the theorem of tin 
piecedmg aiticle the flat pencil ceding article the range < 


consist of only three rays, the 
theorem may be enunciated as 
follows, with reference to the 
three pairs of points AA\ BB', 
GO ' 

If a hexagon (six-point) 
AB'C A'BQ' ( Fig 60) has its ver- 
tices of odd order (ist, 3rd, and 5th) 



of only three points, the theorem 
may be enunciated as follows 
with reference to the three pairs 
of rays aa', bi\ cc' 

If a hexagon (six- side) aVcafbc' 
(Fig 61) be such that its sides of 
odd order (ist, 3rd, and 5th) 



on one straight line u, and its ver- 
tices of even order (2nd, 4th, and 
6th) on another straight line u', 
then the three pairs of opposite 
sides (AB / and AB ' , B'C and 
BC\ GA / and C'A ) meet m three 
points lying on one and the same 
straight line v!' * 



meet m one point XI, and its sides 
of even order (2nd, 4th, and 
6th) meet m another point U 
then the three straight lines 
which join the pairs of opposite 
vertices (ah' and alb , b'c and be', 
ca' and c'a) pass through one and 
the same point U" 



Fig 62 *ig 63 

88 Returning to the con- Returning to the construction 
struction of Ait 84 (left), let the of Ait 84 (light), let the stiaight 

* Pappus, loc cit , Book vu prop 139 
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centre S be taken at the point line joining' the points eud 9 * 
where AA / meets BB\ and the taken as the transversal <, 
centre S' at the point where AA' that joining the points m 
meets GO' (Fig 62 ) Then since as the transversal s {F5g 
SB , S'B' meet m J B', and SC, Then since the line joining 
S'C' m C, therefore B'G is the points sb , db' is b, and the 
straight line u" Consequently joining the points sc , dd 
any other pair of corresponding therefore bd is the point 
points JD and D' are constructed Consequently any other pa 
by observing that the straight corresponding rays d and d 
lines SB , S'B ' must meet on B 'C constructed by observing tbs 

points sd , d<{ must be coll 
with bd 

From a consideration of the From a consideration oJ 
figure SS'CDD'JB , which is a figure sdcdd'b , which is a 1 
hexagon, we derive the theorem gon (six - side) we derive 

theorem 

In a hexagon, of which two In a hexagon, of which tun 
sides are segments of the bases of tiees are the centres of two 
two projective ranges, and the four jective 'pencils, and the four * 
others are the straight lines con- are the points of intersectu 
nectmg four pairs of correspond - four pairs of corresponding 
mg points, the straight lines which the three points in which the 
join the three pairs of opposite of opposite sides meet one as 
vertices are concurrent are collinear 

89 If in the problem of Art If the three points ad, l 

84 (left) the three straight lnies m Art 84 (right) lay Oj 
A A ', BB', GO' passed through the same straight line s (if, fc 
same point S (if, for example, A ample, a and a r coincided), 
and A' coincided), then the two the two pencils would be 11 
ranges would be m per^pectrve , spective , we should thei 
we should therefoie only have to onl} have to connect the 
diaw lays thiough S in order to centres of the pencils with 
obtain any number of pans of cor- point of s m older to obtan 
responding points (Fig 19) number of pans of correspo 

ra\s (Fig 20) 

90 If the tv o ranges u and u' (Art 84 , left) nre superpose 
upon the othei, ze if the six gnen points A i'BB'CC' he 0 
same sti uglit line (Fig 64), we fixst pioject u' from an arb] 
centre S' on an aibitiary stiaight line u v and then proceed to 
the construction foi the case of the ranges u~(ABC ) 
w = (. A l B 1 G 1 ), i e to construct with regard to the pans of j 
(A^), {BBJ, (CC^ in the way shown m Art 84 A pair of c 
spondmg points D and D x of the ranges u and u x having been f 



/ o 




the ray S'D X determines upon u' the point D' which corresponds, 
to 1 ) 

The construction is simpler m the case where two corresponding 

points A and A! ' coincide (Fig 65) 
When this is so, if u x he drawn 
through A , the range u x will he m per- 
spective with u , thus, after having 
piojected u ' upon from an arhi-^ 
trary centre S', if S be the point 
where BB' and GC X meet, it is 
only necessary further to project u 
fiom S upon u X) and then u x from 
S' upon u' 

The two collinear ranges u and 
u' have m general two self corre- 
sponding points , one at AA', and 
a second at the point of inter 
section of their common base line 

with the straight line SS' 

If then SS ' passes through the point uu x , the two ranges u and u' 
have only one self-corresponding point If it were desired to con- 
struct upon a given straight line two collinear ranges having 
A and A' for a pair of corresponding points, and a single self-corre 
spondmg point at M (Fig 66), we should proceed as follows Take 




any point S', and draw any straight line u i through M , project 4 ' fiom 
S' on itj , join the point A : so found to A, and let AA X meet S'M 111 S 
Then to find the point on u' which conesponds to any point B on u, 
pioject B from S into B x , and then B x fiom S' into B' } this last is 
the point required 

If the two pencils U , U ' (Art 84 , right) aie concentnc, 1 e the 
six rays aa'bb'cc' pass all through one point, we fiist cut a'b'c ' by 
a tians\ersal and then project the points of intersection from an 
aibitiary centre U x If a x b x c x aie the projecting rays, we have then 
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only to consider the non-concentnc pencils U and U t 
we may cut abc by a transversal in the points ABC, and afb 
another transversal m A'B'G ' and then proceed with the two i 
ABC , A'B'C' in the manner explained above. 

The figures corresponding to these constructions are not | 
the student is left to draw them for himself. He will see tl 
these cases also the constructions admit of considerable aaraphih 
if, among the given rays, there he one which is self-correspondin 
for example, a and a' coalesce and form a single ray, &e. 

91 Consider two projective (homographie) plane figures i 
if, as has already been seen (Art 40), any two corresponding sfc 
lines are the bases of two projective ranges, and any two coarrec 
ing points are the centres of two projective pencils. 

If the two figures have three self-corresponding points lying 
straight line, this straight line s will correspond to itself , for 3 
contain two projective ranges which have three self-correspc 
points, and every point of the straight line 8 will therefore (Ai 
he a self-corresponding point Consequently every pair of correspc 
straight lines of 7r and d will meet m some point on s, and the 
the two figures are m perspective (or in homology m the case 
they are coplanar) 

92 If two projective plane figures which are coplanar have 
self-correspondmg rays all meeting m a point 0 , this point v 
the centre of two corresponding (and therefore projective) ] 
which have thiee self-corresponding rays, therefore (Art 82) 
iay through 0 will be a self-corresponding one Hence it f 
that every pan of corresponding points will he collmear vu 
therefore the two figures aie m homology 

93 If two projectne plane figures winch are coplanar hav 
self-corresponding points A , B , C , D, no thiee of which are col 
then will every point coincide with its correspondent 

For the straight lines AB , AC , AD , BC , BD , CD are al 
coi responding, therefore the points of intersection of AB an 
AC and BD, BC and AD, ie the diagonal points of the quad 
ABCD, are all self coi responding Since the thiee points A , 
(AB) (CD) are self-coi responding, e\eij point on the straigl 
A B coincides with its con e^pondent , and the same maybe prove 
foi the othei five sides of the quadi angle If now a straight 1 
drawn nbitiuily 111 the plane, theie will he six points on it 
die self-coi 1 espondmg, those namely m which it i* cut by tl 
srdes of the qu xdr angle , and theiefore eveiy point on the st 
line is a self-coi 1 espondmg one , which pio\es the proportion 

In a similar manner it may he shown that if two cophtna 
jective figures have four self corresponding straight line* a, b, 



| forming a complete quadrilateral (i e such that no three of them are con- 

1 current), then every straight hue mil coincide? with its correspondent 

j 94 » Theorbo Two plane quadrangles ABCB , A'B'C'B* 

| always projective 

t (1) Suppose the Wo quadrangles to lie m different planes tt , 7/ 

J Jam AA', and on it take an arbitrary point S (different from A'), and 
through A draw an arbitrary plane it" (distinct from tt) , then from 
$ as centre project A' , B' , C' , D' upon tt" and let A", B" , C" , B" 
be their respective projections ( A " therefore coinciding with -4) 

In the plane tt join AB , CD , and let them meet m E , so too m 
t the plane tt" join A"B" , C"B", and let these meet m E" The 

| * straight lines ABE , A"B"E" lie m one plane since they meet each 

[ other m the point A EE A" , therefore BB" and EE" will meet one 

* another in some point S 1 

f Now let a new plane tt'" (distinct from 7r) be drawn through the 

staaght line ABE, and let the points A", B", 0 ", B", E" be pro- 
jected from S x as centre upon tt'" Let A B"', C'" } B"\ E'" 
be their respective projections, where A"', B"' } E'" are collmear ancl 
coincide with A , B , E respectively, and C"\ B"\ E"' are collmear 
also, smee their correspondents C", B ", E" are collmear The straight 
lines CBE , C'"B"'E'" lie in one plane since they meet each othei 
m the point E = E'", therefore CO"' and BB'" will meet one 
another in some point S 2 If now the points A'", B'", C '", B'" be 
projected from S 2 as centre upon the plane tt , their projections will 
evidently be A , B , C , B 

The quadrangle ABCB may therefore be derived from the quad- 
l angle A'B'C'B ' by first projecting the latter from S as centre upon 
the plane tt", then projecting the new quadrangle so formed m the 
plane tt" from 8 1 upon tt"', and lastly projecting the quadrangle so 
formed m the plane tt"' from JS 2 upon tt , that is to say, by means 
of three projections and three sections * 

(2) The case of two quadrangles lying m the same plane reduces 
to the piecedmg one, if we begin by projecting one of the quadrangles 
upon another plane 

(3; If the two quadrangles (lying m different planes) have a pair 
of their veitices coincident, say B and B f , then two projections will 
suffice to enable us to pass fi om the one to the other , or, what 
amounts to the same thing, a third quadrangle can be constructed 
■which is m peispective with each of the given ones ABCB , 
A'B'C'B' 

Foi let there he drawn through B two stiaight lines s and s', one 
m each of the planes, let s cut the sides of the tuangle ABC m 

* Gbassm^nn Die stei eometnschen Gleichungen dritten Grades and die dadurch 
erzeugten Obeiflachen Cielles Journal, vol 49 § 4 (Berlin, *8^5) 
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L ,M ,N respectively, and let d eat the sides of the irauagte A* 
L'i M , N' respectively Then m the plane mf the straight la 
MM\ NN' will form a triangle which is in perspective at m 
ABC and with A'B' O' 

(4) If the quadrangles (still supposed to he in different 
have two pairs of their vertices €~0\ D = D' coincident, 
the straight lines A A', BB' meet one another the qnadranglei 
directly in perspective, the pant of intersection 0 of A A f a 
being the centre of projection , so that wo can pass at once 1 
one quadrangle to the other by on© projection from 0 I £ A 
are not in the same plane, so that they do not meet one anotl 
through CD let an arbitrary plane bo drawn, and in it 
straight line he drawn which meets AB and A'B' If m thus 
line two arbitrary points A ", B" be taken, then A" B"G"D* 
a quadrangle which is in perspective at once with A BCD t 
A'B'C'D' 

95 From the theorem just proved it follows that two p 
plane figures tt and i/ can he constructed when we are gj 
corresponding quadrangles A BCD, A'B'C'D', for the oi 
(projections and sections) which serve to derive A'B'C' 
ABCD will lead from any point or straight line whatever of 
corresponding point or straight line of it' , and vice versa 

Or, again, it may be supposed that two corresponding quad 
are given For if in these two con espondmg pairs of opp< 
tices be taken, we have thus two corresponding quadrangles , 
operations (projections and sectioi $*) which enable us t 
one of these quadrangles from the other will also deuve 
quadrilateral from the other 

96 Two plane figures may also be made projects e m 

manner, leaving out of consi leration the ielati\e politic 
planes m which they lie, we ma\ opeivte on eich of th 
separately* Suppose that we are grven, ‘is conebpondin 
anothei, two complete cjuxdulateialb abed, a'b't'd ' ~\\e 

constiuctmg, on each pan of con i -pm dm _r ‘ndes, such as 
the piojcctive rangeb wlncli aie cletei mined b\ the thiee 
coi responding pomtb ah and a'b' , ac and a c\ ad and a 
done, to exeiy point of un of the four btiaight lines a b, 
conespond x dttcimnnte point of the conespondmg bn 
otliei figuie 

(1) Now let in the fiibt figuie a tiuisxeisal m be draw 
a , b , c , d m i ,B ,C ,D ie<qxcti\el\ , then the points [' l 
which conespond to these m the second figuie will in like in 

on a stmight line m' 

* Staudt Gecm der Lttge, -Vrt 130 



For, considering the triangle abc, cut by the transversals d anc 
the product of the three anharmonic ratios 

a ( bcdm ) , 1 (cadm) , c (abdm) 

is equal to +i (Art 140), hut these anharmonic ratios are e< 
respectively to the following 

a'{b'c'd') A! , b'^'a'd') B' , c'(a'b'd / ) O', 

so that the product of these last three is also equal to + 1 
therefore, since the points a'd', b'd' , c'd' are collmear, the po 
A' y B' y O' are also collmear (Art 140) 

By considering in the same manner the triangle abd 9 cut by 
transversals e and vn, it can be shown that A' } B' y D' are collim 
it follows then that the four points A', B' y C', D' all lie on 
same straight hne the correspondent of m 

This proof holds good also when m passes through one of 
vertices of the quadnlateral abed , if for example m pass thre 
cd, the anharmonic ratios c(abdm), d(abcm) will each be equal to 
the reasoning, however, remains unaltered 

Thus every pair of corresponding vertices of the quadrilate 
abed , afb'c'd ' (for example cd and c'd f ) become the centres of 
projective pencils, m which to c , d, (cd){ab) coi respond c', d\ (cf d'){ 
lespectively, and to any ray cutting a , b m two points P , Q 
responds a ray cutting a V in the two corresponding points P\ < 
(2) The two ranges A BCD , A'B'C'D ' m which the sides of 
quadrilaterals abed , a'b'c'd' are respectively cut by two correspom 
straight lines m , inf are projective 

For, considering the triangle hem, cut by the transversals a an 
the product of the anharmonic ratios of the three ranges 

be , B , ba , bd 

G , cb , ca , cd 

B , C , A , D 

is equal to + 1 And considering in like manner in the othei p 
the triangle b'e f m' y cut by the transversals a' and d', the produ< 
the anharmonic ratios of the three ranges 

&V, V ,v a' y b'd' 

C' , c'6', cV, c'd' 

B' , C' , A' , D' 

is also equal to -f i But the range m which b is cut bj the pe 
cmad is equianharmomc with the range m which b' is cut by 
pencil c'm'a'd ' , le the ranges 

be , B , ba , bd 
b'c' } B' ,b' a' , b'd' 

are equianharmomc , and for a similar i eason the ranges 
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0 , , ca , cd 

G\ <fV, cV, if# 

are equianharmomc Therefore the ranges 

B , C ,A , D 
B\C', A\ &' 

will be eqmanharmomc and therefore projective, whence it 
that the projective ranges m and irf are determined by m 
the pairs of corresponding points lying on a and o', b 
c and cf 

(3) If the straight line m turn round a fixed point M, i 
also will revolve round a fixed point. 

For by hypothesis the points A and 2?, in which m cuts < 
describe two ranges in perspective whose self-corresponding 
ab Similarly the points A\ B' describe two ranges, wind 
respectively projective with the ranges on a , b , are project] 
one another, and which are farther seen to be m pen 
since they have a self-oorrespondmg point cfb' Consequei 
straight line m r will always pass through a fixed point 
correspondent of M , and will therefore trace out a penc 
pencils generated by m and m f are projective, smce t! 
are projective in which they are cut by a pair of corre* 
sides of the quadrilaterals, eg by a and a' To the ray* 
pencil M which pass respectively through the vertices db , 
be ,bd , cd of the quadrilateral abed coi respond the rays of tl 
M ' which pass respectively through the vertices a'b\ a' c', < 
b'd ', <f# of the quadrilateral a'b'c'd' 

This reasoning holds good also when the point M , roun 
m turns, lies upon one of the sides of the quadrilateral, 
example, because we still obtain two ranges in peispective l 
of the othei sides Since c is now a ray of the pencil M, c 
the corresponding ray of the pencil M * , that is to saj , M w 
c' If M be taken at one of the vertices, as cd } then M' will 
with c'd\ &c 

(4) Kow suppose the pencil 1/ to he cut bj a transversal ft 
pencil M' to be cut ba the eoiiespondmg stiaigbt line n' V 
point mn descubes tlie lauge n, the corresponding pomt v 
describe tlie mige a', and these two ranges will be projecti 
thej ue sections of two pi ojectn e pencils AMieu tlie point 
on one ol tlie sides ol the quidnhteiil abed, the point mn 
outlie couesponduig side ot tlit quadnlateial a'b c'd' , then 
two projective langes aie the sune as tho«e which it has 
been shown may be obtained b\ starting flora the pairs of cor 
ing points on a and a', b and V , c and c 



In this manner the two planes become related to one another n 
such a way that there corresponds uniquely to every point m the one i 
point in the other, to every straight line a straight hue, to everj 
range a projective range, to every pencil a projective pencil Th< 
two figures thus obtained are the same as those which can be obtained 
as explained above (Art 95) by means of successive projections anc 
sections, so arranged as to lead from the quadrilateral abed to th< 
quadrilateral afVtfd\ For the two figures 7/ derived from ir bj 
means of these two processes have four self-corresponding straighi 
hues a', b', c', d' forming a quadrilateral, and therefore (Art 93 
every element (point or straight line) of the one must coincide witl 
the corresponding element m the other , 1 e the two figures must b< 
identical 

97 Theorem Any two 'projective plane figures {the straight line 
at injvmty m which are not corresponding lines) can be superposec 
one upon the other so as to become homological 

Let 1 , j r be the vanishing lines of the two figures — 1 e th< 
straight lines in each which correspond respectively to the straigh 
line at infinity m the other In the first place let one of the figure 
be superposed upon the other in such a manner that i and / may b< 
parallel to one another Since to any point M on 1 corresponds j 
point at infinity m the second figure, to the pencil of straight line 
m the first figure which meet m M corresponds in the second figur 
a pencil of parallel rays Through M draw the stiaight line v\ 
parallel to these rays, then m will be parallel to its coi respondent ra' 
Similarly let a second point JV be taken on ^ and through N let th 
straight line n be drawn which is parallel to its coi respondent n' 
let m and n meet m S, and mf and n' in S' If through S a stiaigh 
line l be drawn parallel to 1 , its correspondent l' will pass through S 
and will also be parallel to ^, since the point at infinity on ^ coi re 
sponds to itself The corresponding pencils S and S' are theiefoie sue] 
that three rays l , m ,n of the one are severally paiallel to the tlire 
corresponding rays l ' , m' , n' of the other, and consequently (se 
below, Art 104) the two pencils are equal Now let one of the pluu 
be made to slide upon the other, without rotation, until S' come 
into coincidence with S , then the two pencils will bccono concentnc 
and since they are equal, every lay of the one will coincide with th 
ray corresponding to it in the other This being the case, evci 
pair of corresponding points will be collmear with S, and the tvv 
figures will be homologic il, S being the centre of homology 

98 Suppo t e that in a plane n is given a quadiangle ABCD , an 
in a second plane 1 / a quadulateral a'b'c'd' By means of constiuc 
tions analogous to those explained m Aits 94-96, the points an 
straight lines of the one plane can be put into unique correspondent 
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with those of the other, so that to any range in the first p 
responds in the second plane a pencil projective with the sai 
and to any pencil m the first plane corresponds m the seoonc 
range projective with the said pencil* Two plane figures r 
one another m this ma im er are called corrdatwe or rectproosu 
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89 Two ranges are said to be similat, when to the points 
A,B, CjD , of the one correspond the points A', B', C', D\ 
of the other, in such a way that the ratio of any two corre- 
sponding segments AB and A'B' , A C and A'C', is a constant 

If this constant is unity, the ranges are said to be equal 
Two similar ranges are projective, every anhaimomc ratio 
such as (ABCD) being equal to the corresponding ratio 


(A'B'C'B') For suppose the 
bases of the two ranges to he 
m the same plane (Fig 67) 
and let their point of inter- 
section be denoted by P' when 
considered as a point be- 
longing to u' and by Q when 
considered as a point belong- 
ing to u Let A , A' be any 
pan of coi responding points , P that point of u which corre- 
sponds to P , and Q' that point of u' which corresponds to Q 
Diaw A A" parallel to u', and A' A" parallel to tt 
The triangles PQQ', PAA" have the angles at Q and A 
equal and the sides about these equal angles propoitionals, 
since by hypothesis 



PQ PA PA 
P'Q' " P'A' ~ IF 


Theiefoie the tnangles aie similar, and the angles QPQ' and 
APA" are equal, and consequently the points P, Q', A" are 
colhneai If then the range ABC be projected upon PQ', 

by stiaight lines drawn parallel to u' , we shall obtain the 
ramre A" B" P" f,™ rtiq w hyr TOme ^, n „ 1+ 11TVW1 
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%t by straight lines drawn parallel to tt, the range A' I 
may be derived 

If PQ—P'Q\ i e if the straight hue PQ? makes 
angles with the bases of the given ranges, the rang 
equal 

To the point at infinity of u corresponds the point at i 
of %' 

100 Conversely, if the point* at infinity I and F 
projective ranges u and, n' correspond to each other , the 
will he similar For if (Fig 67 ) u be projected from 
from I (as m Art 85, left), two pencils of parallel rays 
formed, corresponding pairs of which intersect upon 
straight line u" The segments A " B" of will he 
tional to the segments AB of n and also to the segment 
of u' , consequently the segments AB of u will be prop< 
to the segments A'B' of u' 

Otherwise if AA' , BB' , CG' are three pairs of 
spondmg points, and 1 , 1' the points at infinity, we h 
Art 73) 

(ABCI) = (A'B'C'I ) , 

or (by Art 64), since I and 1' are infinitely distant, 

AC _ AJT 
JC ~ B'C'’ 

an equation which shows that corresponding segme 
pioportionai to one another 

Examples If a flat pencil whose centie lies at a finite 
be cut by two parallel straight lines, two similar ranges of po 
be obtained 

Any two sections of a flat pencil composed of parallel 
similai ranges 

In these two examples the ranges aie not onl} projective, 
m peispective m the fiist case the self corresponding pon 
infinity, in the second case it lies (in geneial) at a finite dish 

101 Two flat pencils, whose centres lie at infinity, a 
lectivo and are called similar, when a section of the 
snmlai to a section of the othei When this is the ca 
othei two sections of the pencils will also he similar 
another 

102 Fiom the equality of the anhaimomc ratios n 
elude that two equal ranges aie piojective (Ait 79), ai 
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conversely two projective ranges are equal (Art 73), when the 
corresponding segments which are bounded by the points of 
two corresponding triads ABC and A'B'C' are equal , % e when 
A f C r ^AC> (and consequently B'C ' —BC) 

Examples If a flat pencil consisting of parallel rays be cut by 
two transversals which are equally inclined to the direction of the 
rays, two directly equal ranges of points will be obtained * 

If 4 flat pencil of non-parallel rays be cut by two transversals 
which are parallel to one anothei, and equidistant from the centre of 
the pencil, two oppositely equal ranges will be obtamed * 

103 Two similar ranges lying on the same base, and which have one 
$ 4 f-correspondmg point N at infinity, have also a second such point 
M, which is in general at a finite distance If AA', BB f are two 
pairs of corrt ponding points, 

MA MA'—AB A'B f — a constant 
To find M therefore it is only necessary to divide the segment A A' 
into two parts MA , MA! which bear to one another a given ratio 

This ratio MA MA' is equal (Art 64) to the anharmomc ratio 
( AA 'MN ) If its value is — i, the points AA'MN are harmonic 
(Art 68), x e M is the middle point of AA\ and similarly also that of 
every other corresponding segment BB f , , m other words, the two 
ranges, which in this case are oppositely equal, are composed of pairs 
of points which he on opposite sides of a fixed point M, and at equal 
distances from it 

But if the constant ratio is equal to + i , i e if MA and MA' ai e 
equal in sign and magnitude, the point M will lie at infinity Foi 
since (AA'MN)— i, (NMA'A) = i (Art 45), consequently the 
points M and N coincide 

It follows also from the construction of Ait 90 (Fig 66) that two 

ranges on the same base , which hare 
a single self-correspo'ndmg point lying 
at infinity , are directly equal 

For if in Fig 66 the point M 
move off to infinity, the straight lines 
SS' and A 1 B l become parallel to the 
given straight line u or u on which 
Fig 68 the ranges lie (lug 68), and as 

the triangles SA 1 B l and S , A 1 B l lie 
upon the same base and between the same paiallels, the segments 

* Imagine a moving point P to trace out a range ABC and its correspondent 
P to trace out simultaneously the equal range ABC 1 Then if P and P' 
mo\e m the same direction, the two ranges are said to be directly equal if P 
and P move m oonosite directions the rancreR are H*nrl tn "he nmnn iol a. 1 




100 ] 


PABTIOTLAB OASIS AND EXEBCBS1S. 


Which they intercept upon any parallel to the base are ecfoal 
AB—A'B', or two corresponding segments are equal, oooseq 
AA'=zBB\ z e the segment bounded by a pair of corresponding 
is of constant length We may therefore suppose the two rax 
have been generated by a segment given m sign and magi 
which moves along a given straight line, the one extremity 
the segment describes the one range, and the other exfcrem 
describes the othei range 

Conversely it is evident that if a segment AA\ given in mg 
magnitude, slide along a given straight line, its extremities A i 
will describe two directly equal (and consequently projective) i 
which have a single self-corresponding point, lying at an 1 
distance 

104 Two flat pencils are said to be equal when t 
elements of the one correspond the elements of the ot 
such a way that the angle included between any twc 
of the first pencil is equal in sign and magnitude to the 
included between the two corresponding rays of the sec 

It is evident that two such pencils can always be c 
two transversals m such a way that the resulting rang 
equal , but two equal ranges aie always projective , thi 
also two equal flat pencils are always piojechie 

Conversely, two protective flat pencils abed and abed 

be equal if three rays abc of the one make with each other 
which are equal respectively to those which the three corresi 
rays make with each other 

This theorem may be proved by cutting the two ] 
by two transversals m such a way that the section* 
and A'B'C' of the groups of iajs abc and ab'i may be 
The projective ranges so foimed will be equal (Art 102) 
sequently also the othei conespondmg angles ad and a'l 
the given pencils must be equal to one anothei 

105 Since two equal foims (langes oi flat penci 

always projective with one anothei, it follows that if a 
oi a flat pencil be placed in a diffeient position m 
without altci mg the ielati\e position of its elements, tb 
m its new position will be pioject^e with legard to tin 
foim m its ongmal position ^ / / 

106 Considei two equal pencils abed and ab\A 
same plane or m paiallel planes, and suppose a ra\ 
one nencil to i evolve about the centie and to descnl 
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pm&l, then the corresponding ray of the other pencil v 
describe that other pencil, by revolving about its cent 
This revolution may take place in the same direction 
that of the first ray, or it may be in the opposite directic 
in the first case the pencils are said to be directly equals and 
the second case to be oppositely equal to one another 

In the first case the angles aa\ bV, cc\ are evidently 
equal, m sign as well as in magnitude , consequently a p 
of conesponding rays are either always parallel or ne 
parallel 

In the seeond case two corresponding angles are equal 
magnitude, but of opposite signs If then one of the pern 
be shifted parallel to itself until its centre coincides with tl 
of the other pencil, the two pencils, now concentric, will s 
be projective (Art 105) and will evidently have a parr 
corresponding rays united m each of the bisectors (inter 
and external) of the angle included between two coirespo] 
ing rays a and a' It follows that these rays are also 
bisectors of the angle included between any other pair 
corresponding rays If the first pencil be now replaced m 
original position, so that the two pencils aie no longer c< 
centric, we see that there are m each pencil two rays , each 
which is parallel to its correspondent m the other pencil , and t/ 
two rays are at right angles to each other , since they are para 
to the bisectors of the angle between any pan of conespo 
mg rays 

107 If two flat pencils abed anda'Vc'd' aie pioyective , 
if the angles aa' , bV , cd included by three pairs of conesponding i 
are equal m magnitude and of the same sign, then the angle 
included by any other pair of corresponding rays will have the St 
sign and magnitude 

Foi if we shift the first pencil parallel to itself unti 
becomes concentric with the second, and then turn it about 
common centie through the angle aa! \ the rays a , b , c will cc 
cide with the rays a\ V , d respectively The two pencils, wh 
aie still piojective (Art 105), have then three self-correspo 
mg rays , consequently (Art 82) every othei ray will come 
with its correspondent If now the fiist pencil be moved b 
into its onginal position, the angle dd' will be equal to aa' 

IDft Aq thp flnolp^ an' hh r op 7 nf two direotlv eo 
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pencils are equal to one another, sack pencils, when cancer 
and lying in the same plane, may be generated by theiofea 
of a constant angle act round its vertex 0, supposed fixed, 
one arm a traces out the one pen ci l, while the other an 
traces out the other pencil. 

Conversely, if an angle of constant magnitude turn m 
its vertex, its arms will trace out two (directly) equal 
therefore projective pencils. Evidently these pencils h&v* 
self-corresponding rays. 

A transversal cuttmg these two pencils determines 
itself two collinear ranges having no self-corresponding poi 

What has been said in Arts 104-108 with respect to two pe 
m a plane might be repeated ■without any alteration for the cai 
two axial pencils m space 

109 ( 1 ) Let ABC , A'B'C' be two projective ranges 1 
upon the e ame base, and let them, by means of tbe pencils al 
a'b'c' , be projected from different points TJ,TJ r Let i,/ be i 
rays passing through TJ, U' respectively, which are parallel t< 
given base, and let %\ j be the rays corresponding to tb*™ 
points I'y J m which these last two rays cut the given bas< 
be those points which correspond to the point at infinity (i u 
the base, according as that point is regarded as belonging » 
range ABC or to the range A'B'C' 

The fact that the two corresponding groups of points are 
jectively related gives an equation between the anbarmomc r 
fiom which we deduce (as m Art 74) 

JA I'A' — JB 1'B' — a constant, 
i e the product JA I' A' is constant for every pair of points A, A 

Let 0 be the middle point of the segment JV, and O' the 
coi responding to 0 regatded as a point belonging to the first ran 

Since the equation (1) holds for every pair of conespondmg p 
and therefore also for 0 and O', ve have 

ja i'A' = jo r<y, 

or {OA - OJ) ( OA ' - 01') + OJ (00'— OF) = o, 

or since OF— — OJ, 

OA 0A'~0F(0l-0A'+00') = o 

Let us now enquire whether there aie m this case an} 
corresponding points If such a point exist, let it be denoted b 
then replacing both A and A' in ( 3 ) b} F, we have 
OF" = OF 00' 

We conclude that when OF 00' is positive, te when 0 dot 
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lie between V and O', there are two self-corresponding points F 
F, lying at equal distances on opposite sides of 0 , and dividing 
segment I'O' harmonically (Art 69 ) 

When 0 lies between V and O', there are no such points 
When 0 ' coincides with 0 , there is only one such point, viz 
point 0 itself 

Imagine each of the given ranges to he generated by a p 
moving always m one direction* If the one range is describe! 
the order ABC, the other range will be described m the order A'B 
this order may be the same as the fiist, or may be opposite to it 
If file order of ABC is opposite to that of A'B'C', the same wiJ 
the -case with regard to the order of IJA and that of I'J'A', and a 
with regard to the finite segment JA and the infinite segment J 
§& the? finite segments JA and I' A' have the same sign In 
sequence therefore of equation (2), JO and I'O' have the same s 
so that 0 does not fall between I' and 0 ' (Fig 69 a) , there are tl 
foie two self-corresponding points And these will lie outside 
finite segment JI', smce OE is a mean proportional between 01 ' 
00 ' 

If the order of ABC is the same as that of A'B'C ', we arnve 

similar manner at the 

a ( B. — J 2 — — j; — $ elusion that JA and J 

A { u j o u and again JO and I'O', 

' « ° <?~"i opposite signs In this 

Fig 69 then, self corresponding p< 

exist if 0 does not lie 

tween I ' and O', that is, if 0 ' lies between 0 and I' (Fig 69 b) 
these will lie withm the segment JI' } since OE is a mean proport] 
between OF and 00' 

(3) Suppose that there are two self-corresponding points E 
F (Fig 70), diaw thiough E any straight line, on which take 

points S , S'j and pioject 0 
I the ranges from S and 

V s B other fiom S' The two pe 

a which 1 esult are m perspec 

I ^ — ! g^ >— “ since they have a self-a 

* 1 / spondmg ray SES' , accord] 

1/ the conesponding lays S/ 

"""i S' A', SB and S'B', SI 

Fig 70 S'E' will intersect m p 

lying on a straight lm< 

whicli parses through F 

Let E" be the point where this stiaight line u" meets SS' 
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EFAA' and EFBB' are tlie projections of EE"SS 7 from the c 
A n and B n respectively, therefore EFAA f and EFBB / are prcrj 
with one another , thus the anharmomc ratio of the system eouu 
of any two corresponding points together with the two self- 
sponding points is constant 

In other words two progechve forms winch arc superposed cm 
the other , and which have two sdf corresponding dements , are cm 
of pair 8 of elements which give with two fixed ones a constant i 
mornc ratio * 

(4) Next suppose that there are no self-corresponding pom 
that 0 lies between O' and V (Fig >]i) Draw from 0 a straig 
OU at right angles to the given base and make OU the goo 
mean between 1'0 and 00 f , thus VU Of will be a right angle 
Again, draw through U the straight hue IUJ' parallel to th< 
base, then the angle 1UV will be equal to JUJ\ and the 
OXJO ' will be equal to OI r U and 
therefore to IUI / Thus m the 
two projective pencils which pro- 
ject the two given ranges from U 
the angles IUV , JUJ 0U0 r 
included by three pairs of cor- 
responding rays are all equal , Fl S 7 1 

consequently (Art 107) the angles 

A TJA\ BUB\ are also all equal to them and to one anotl 
are all measured m the same direction t 

Thus two coUmear ranges which hate no self corresponding 
can always be regarded as generated by the intersection of tk 
line with the arms of an angle of constant magnitude which 
always m the same direction , about its veiter 

110 We have seen (Ait 84) the geneial solution of the p 
Given three pans of corresponding elements of two projecti 
dimensional foims, to constiuct any desned numbei of pan^ 
other woids, to construct the element of the one foim wind 
sponds to a given element of the other The solution of the ft 
particular cases is left as an exeicise to the student 

i Suppose the two foims to he two i luges u and u wine 
diffeient bases, and let the sjnen puis of elements he 
(a) Pandit Q md Q f %, 1 and 1', 

* The al)o\e construction g»es the solution of the problem Gnen 
A , A and B B of corresponding points and one of the self correspond] 
E to find the other self corresponding point 
f Chasies Ioc at p 1 19 

t B > P > Q > Q'} 1 j I have tlie same meanm o aa m \rt 84 , A , 

any given points 




(b) P and P' , A and A P and B' , 

(c) J and I J and Jf P and P' , 

* (d) I and If J and Jf A and A / , 

(e) I and I f P and P\ Q and Q' , 

(f) I and F , P and P 7 , A and A ' , 

(g) I and J', 1 and A', B and B ' 

2 Solve problems (d) and (g), supposing the ranges to be collinear 

3 Solve tbe 'problems correlative to (a) and (b) when the two given 
forms are two non concentric pencils 

4 Suppose one o&the pencils to have its centre at infinity 

/ g Suppose both the pencils to have their centres at infinity 

^ HI He may also^prove for himself the following proposition 

If the three vertices A , A\ A" of a variable triangle slide respectively 
<m three fixed straight lines u ) u' } u n which meet in a point , while two 
of its sides A' A"] A" A turn respectively round two fixed points 0 and 
Of then will also the third side AA / always pass th/rough a fixed point 
O'f colliTiear with 0 and O' 

It is only necessary to show that the points A , A A" m moving 
describe three ranges which are two and two m perspective Or the 
theorem of Art 16 may be applied to two positions of the variable 
triangle 

This proposition proved, the following corollary may be at once 
deduced 

If the fowr vertices A , A', A", A'" of a variable quadrangle slide re- 
spectively upon four fixed straight lines 
which all pass through the same point 0 , 
while thee of its sides AAf A' A", A" A'" 
turn respectively round three fixed points 
C B"f Bf then will the fowth side 
A"' A and the diagonals AA'f A' A'" 
pass respectively through three other fixed 
paints C"\ G'f B", which are detei 
mined by the three former ones ft The sia 
fixed points are the vertices of a complete 
quadrilateral , i e they he three by three 
on jour straight lines (Fig 72) 

111 a similar manner may be deduced tlic analogous corollai} 
1 elating to a pol3gon of n veitices 

112 Thlom^i If a triangle circumscribes another triangle 

U ] U 2 U s , there exist an infinite number of ti tangles each of which is 
circumscribed about the former and inscribed in the latter (lug 73) 

The two pencils 

)and 0 , ( F, , Z 7 . , V, ) 




obtained by projecting the range U % TJ % from O t and from < 
evidently in perspective Similarly the pencils 

O l (U v U„U, )ttd 0,{U„V„U, ) 

obtained by projecting the range U 1 U % from O t and from < 
in perspective Therefore the pencils 

^3 ) al *d 0^(17^ U i9 Xf t } 



are projective (Art 41), but the rays 0^* and O t U t ooi 
therefore (Art 62) the pencils are in perspective, and their 
^ponding rays intersect m pairs on U 1 U v 
There are then three pencils 0 13 0 % , O s , 
which are two and two m perspective , 
corresponding rays of the first and 
second, second and third, third and first, 
intersecting in pairs on the straight lines 
U x U 2i U 2 U 33 U Z U X respectively This 
shows that every triad of corresponding 
rays will form a triangle which is cir 
cumscnbed ahont the tnangle O l 0 2 0 3 , 
and inscribed m the triangle 

113 Theorem A variable straight 
line turning about a fix'd point U cuts two fixed straight Iim 
u' in A and A' respectively , if S , S' are two fixed points c 
with mb', and SA , S' A' be joined, the locus of their point of ink 

M will be a straight hne\ ? 

To prove this, we observe that the points A and A ti 
two ranges in perspective with one another, and that conseque 
pencils generated by the moving rays Si , S' A' aie in per 
(Arts 41, 80) 

The demonstration of the correlative theorem is propose 
exeicise to the student 

114 Theorem U , S , S' are th ee codinear pomU , a tra 
turning about U cuts two fixed straight hues u and u' vi A 
respectively, if SA , S' A' be joined, their point of intersects 
descnbe a straight line passing through the point uu + 

The pi oof is analogous to that of the piecedmg theorei 
The proposition just stated may also he enunciated as follov 
If the three sides of a lanable tnangle 4 I'M turn respective 
thee feed colhnea, points U,S,t>', while two of its vertice 
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shde respectively upon two fixed straight lines u , u' } then will the 
third vertex M also describe a straight line * * * § 

In a like manner may be demonstrated the more general theorem 
If a polygon of n sides displaces itself m such a manner that each of 
iU sides passes through one of n fixed collinear points , while n— i 
of its vertices slide each on one of n—i fixed straight lines , then will 
also the remaining vertex , and the point of intersection of any two 
run l onwutne sides, describe straight lines t 

The correlative proposition is indicated m Art 85 
X 15 Problem Given a parallelogram A BCD and a point P in its 
plane, to draw through P a parallel to a given straight line EF also 
lying in the plane, making use of the ruler only 

First Solution, —Let E and F (Fig 74) be the points where the 

given straight line is cut by AB and 

g b AD respectively On AC take any 

point K , 30m EE, meeting CD m 
an< ^ meeting BC m H 
The triangles AEF , CGH are 

homological (Art 18 ), since AC , EG , 

G H FH meet m the same point K , and 

Fig 74 the axis of homology is the straight 

line at infinity, since the sides 
AE , AF of the first triangle are parallel respectively to the cor- 
responding sides CG, CH of the second Therefore also the lemammg 
sides EF and QH are parallel to one another J 

The problem is thus reduced to one already sohed (Art 86), viz 
given two paiallel straight lines EF and GII, to draw through a 
given point P a parallel to them 

Second Solution § — Produce (Fig 75) the sides AB, BC, CD, DA 
q P and a diagonal AC of the 

given pu illelogram to meet 
the given straight line EF 111 
- ^ 1( -spectivel), md 

GX \ E \J H / F join El\ OP Tin ouirli / chaw 

\ 7 Vb any straight line cutlmg LP m 

N \ s / j A' and GP in 6 Y/ , and join II A 

7^ FC' , if these meet 111 Q, then 

Tig 7 0 will PQ be the requned sti light 

line 

hoi if B f denote the point whcie EP cuts FQ, md D ' the point 

* This is one of Euclid s porisms See Pappus, loc cit preface to book VII 

t I his is one of the porisms of Pappus loc cit , preface to book VII 

+ Poncltet Pi opnetts pi ojectives Art 198 

§ LvuBERr, Frcie Perspective (Zur ch, 1774), vol ii p 169 
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where GP cuts HQ, the p&raUelograms A BOD A* 3*0 

homological, EF being the a™ of homology The point J 
sponds to the pomt of intersection of AB and €?A and tto 
to that of BO and AD, therefore PQ corresponds to the to 
fimty m the first figure; accordingly it is the vanishing to 
second figure, and consequently PQ is parallel to BF (Art 18 
110 Problem Gwen d c&rde and tie ombre , to Arena a 


dicvlar to a given sbra&gM kne, making use of the ftder only. 
Draw two diameters AC , BD of the circle (Fig 76 ) , th 
ABCD is then a rectangle Accordingly, if any pomt K be i 
the circumference, then by means of the last 


proposition (Art 115) a parallel KL ean be 
drawn to tbe given straight line EF If 
the pomt L where this parallel again meets 
the circumference he joined to the other 
extremity M of the diameter through if, 
then evidently LM will be perpendicular 
to KL, and therefore also to the given 



straight line Fig *r6 

117 Problem Given a segment AC and 
its 'point of bisection B , to divide BC into n equal parts , mi 


of the ruler only 

Construct a quadrilateral ULDN (Fig 77) of which one 
opposite sides DL , NU meet in A, the other pair LTJ , DN 1 
of which one diagonal DU passes through B, the other dia£ 
will be parallel to AC (Art 59), and will be bisected in A 



Now conshuct a second qnidnhtenl YMEO which sati 
same conditions as the fust, and nliich moreover has 1 
extiemity and A for middle point of that diagonal whic 
to AC To do tins it is only nccessaiy to join A If and B.\ 
m L, and to join CE, this last will cut LD produced in a 





if 
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such that NO—MN—LM Now construct a third quadrilateral 
analogous to the first two, and which has N for an extremity and 0 
for middle point of that diagonal which is parallel to AC If P is 
the other extremity of this diagonal, then OP—NO~MN=LM 
Proceed in a similar manner, until the number of the equal segments 
LM , MN , NO , OP, is equal to n 
If PQ is the segment last obtained, jom LB , meeting QG m Z 
the straight lines which join Z to the points if, N, 0 , P, will 
divide BC into n equal parts * 

118 The following problems, to be solved by aid of the ruler only, 
are left as exercises to the student 

Given two parallel straight lines AB and u, to bisect the seg- 
ment AB (Art 59) 

Given a segment AB and its point of bisection C , to draw through 
a given point a parallel to A B (Ait 59) 

Given a circle and its centre , to bisect a given angle (Art 60) 
Given two adjacent equal angles A OC, COB , to draw a straight 
line through 0 at right angles to OC (Art 60) 

119 Theobem If two triangles ABC , A'B'C ' lying m different 
planes <r , </, are m perspective , and if the plane of one of them be made 
to turn round oV, then the point 0 m which the lays A A', BB' } CC / 
meet will change its position , and will describe a circle lying m a 
plane perpendicular to the line o-</ + 

Let D , E , F (Fig 78 ) be the points of the straight line era' 
m which the pairs of corresponding sidesPtf and B'C', CM and C'A',AB 
and A'B' meet respectively (Art 18) First consider the planes of the 

triangles to have any given definite posi- 
tion, and let 0 be the centre of piojec 
k tion for that position Through 0 draw 
OG , OH , OK paiallel respectively to the 
6 sides of the triangle A'B'C' , as these 
paiallels lie m the same plane (parallel 
,u to & ') they will meet the plane o* m three 

| points G 9 II , K of the line 7 to- 
F]g -g Now suppose the plane a' together 

with the triangle A'B'C' to turn round 
the line (to 7 The linge BCDG is in perspective with the range 
B'CDG' (where G' denotes the point at infinity on B'C'), there- 
fore the anlin momc ratio (BCDG) is equal to the anharmomc ratio 
(B'C'DG'), i e to the simple ratio B'D C'D (Ait 04), which is 

* The=e and other problems, to he solved by aid of the ruler only, will be found 
m the work of Lambert quoted above 

t Chasles, loe cit , Arts 368, 369 This proposition has alieady been pioved 
a difierent method in Ait 22 
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constant Since then B, G, D are fixed pamta, G must a 
fixed and invariable point (Art. 65\ Fr can the fnnnUr \ 
OBG , B' BD 

OG B'D BG BD, 

% e OG is constant. He point O therefore moves on a gphei 
centre is G and whose radius is the constant value just found 
In a similar manner it may he shown that 0 moves upon 
two other spheres having their centres at H K respective 
Since then the point 0 must lie simultaneously on several 
its locus must he a circle, whose plane is perpendic ular to 
of centres of the spheres, and whose centre lies upon this earn 
This line GHK is the line of intersection of the planes 
and is consequently parallel to ©■</ (since *r and </ are parallel 
it is the vanishing line ©€ the figure <r, regarded as the pe 
image of the figure </ (Art. 13) 

120 Theorem Two concentric protective pencils lymg vn 
plane , which have no self-corresponding rays , may be regard 
perspective image of two directly equal pencils * 

Let 0 be the common centre of the two pencils Cut t 
transversal 8, thus forming two collmear projective rangef 
and A'B'C' which have no self-corresponding points Drai 
s any plane </, we can determine m this plane (Art 109) 
such that the segments A A', BB CC', subtend at it a 
angle, thus if the two ranges be projected from U as ce 
directly equal pencils will be obtained Now let the eye be 
any point of the straight line 0 U, and let the given penci 
jected from this point as centre on to the plane </ In thi 
new pencils will be formed , and these aie precisely the tw 
equal pencils mentioned in the enunciation 


* Chasles, loc ext Art 180 
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INVOLUTION 
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lyi. Consider two projective flat pencils (Fig 79) having 
common centre 0 , let them be cut in corresponding points 
* the transversals u and u', thus giving two projective rang 
ABO and A'B'C' , and let %" 
the straight lme on which the pa 
of lines AB ' and A'B , (Art 85 , le 

mtersect Through 0 draw any 1 
(not a self-corresponding ray) , it v 
cut u and u' in two non-correspondi 
points A and B' and will meet u" 
a pomt of the line A'B To the ray < 
of the first pencil corresponds accordingly the ray OA' of i 
second, and to the ray OB' of the second pencil correspoi 
the lay OB of the first In other woids, to the ray OA or C 
correspond two different rays OA' , OB according as the fi 
ray is regarded as belonging to the first pencil or to 
second For the line A'B must cut AB' on u'\ and cam 
pass through 0 so long as this point does not lie on u" 
see then that 

In two superposed projective forme* ( of one dimension) tt 
cone^ond^ m general , to any given element two different eleme 
accoiding as the gnen element is regarded as one belonging to 
fa st 07 to the second form 

We say in general \ because m what precedes it has b< 
assumed that 0 does not lie upon u" 


* We say two forms, because the reasoning which we have made use of m 
case of two concentric flat pencils may equally well be applied in. the case of 
collmear ranges, and of two axial pencils having a common axis The ^.ame r« 
may be amved at by cutting the two flat pencils by a transversal, and by 

i Affinor tlipm ■frnm n n+ Itt n a f 1o ft ai< nlana 
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122 But m the case -where 0 he& upon *" (Kg 1 
ray be drawn through 0 to cut * and i*' m .d and B 
tavely, then mil also A'B pass through 0, m other w 
the ray OA or OB' corresponds 
the same ray OA' or OB 
This property may be expressed 
by saying that the two rapt 
correspond doubly to ogio another , 
or we may say tkat the two rays 
are conjugate to one another 

Now suppose, reciprocally, 
that two concentric projective 
flat pencils have a pair of rays 
which correspond doubly to one another Gut th 
by two transversals u and u\ and let A and 1? de 
points where these transversals intersect one of t 
rays, then A' and B will denote the points wh 
intersect the other given ray The straight line 
locus of the points of intersection of the pairs of 1 
as MN\ M'N , formed by joining crosswise any fr 
corresponding points of the langes u , u' (Art 85), 
through 0, since the lines AB\A'B meet in that ] 
now there be drawn through 0 any other ray, cu 
transversals say in C and J)\ then will C'D also pas 
0, t e the rays OCX) 7 and ODC' also correspond < 
each other We conclude that 

When two superposed projective forms of one dimensio 
that any one element has the sa?ne correspondent , to 
form it be regarded as belonging , then eiery element po 
pi operty 

123 This particular case of two superposed projec 
of one dimension is called Iniolution * We spe 
involution of points, of iajs, oi of planes, accordi 
elements are points of a range, lajs of a flat pencil, 
of an axial pencil 

In an iniolution , then, the elements aie conjugc 
anothei m pans, i t each element has its conju 
whichever of the two foims a given element be con 

* Desargues, JBi ouillon jprojet (Tune attemte mix evtnemeufb des re 
cone ctiec un plan (Pans, 1639) edition Poidra (Pans, 1S64 , vol 
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belong, the element which corresponds to it is the same, viz 
its conjugate It follows from this that it is not necessary to 
legard the two forms as distinct, but that an involution may be 
considered as a set of elements which are conjugate to one another m 
pairs 

When AA', BB\ GG\ are said to form an involution, it is 
to be understood that A and A 7 , B and B\ G and C\ are pairs 
of conjugate elements , moreover, any element and its con- 
jugate may be mteichanged, so that AA' BB' CG 7 and 
A! A B'B C'C are projective forms 

124 Since an involution is only a particulai case of two 
superposed projective forms, eve?y section and every projection of 
an involution gives another involution * 

Two conjugate elements of the given involution give rise to 
two conjugate elements of the new involution It follows 
(Art 18) that the figure homological with an involution is 
also an involution 

125 When two colhnear projective ranges foim an involu- 
tion, there corresponds to each point (and consequently also to 
the pomt at infinity I or J 7 ) a single point {!' or J) , i e the 
two vanishing points coincide m a single point Let this point, 
the conjugate of the point at infinity, be denoted by 0 The 
equation (1) of Art 109 then becomes 

OA OA! = constant 

In other words, an involution of points consists of pairs of 
pomts A, A 7 which possess the property that the lectangle 
contained by their distances fiom a fixed point 0, lying on 
the base, is constant f This point 0 is called the cent ) e of the 
involution 

The self-correspondmg elements of two forms m involution 
aie called the double elements of the involution In the case of 
the involution of points AA\ BB\ we have 

OA OA' = OB OB' = = constant 

If this constant is positive, i e if 0 does not lie between tw o 
conjugate points, theie are two double points F and 1\ such 
that 

OB 2 = OF 2 = OA OA 7 = OB OB' = 

* Desargues, loo cit , p 147 
4. n, a 
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0 therefore lies midway between E and F, and the se 
EF divides harmonically each of the segments AA\ J 
(Art 69 [3]) Accordingly 

If an involution has two double dements, these separed 
monically any pair of conjuge&e dements , or An mwbtiom i 
up of pairs of elements which are harmonically <xm$ugede mih 
to two fixed elements 

If, on the other hand, the constant is negative, * e if 
between two conjugate points, there are no double pond 
this case there are two conjugate points situated at 
distances from 0 and on opposite sides of it, sod 
OE = — OE', and 

OE 2 = OW 2 — — OE OE' — - OA OA f 


If the constant is zero, there is only one double po 
but in this case there is no involution properly so 
For since the rectangle OA OA' vanishes, one out of 
pair of conjugate points must coincide with 0 

126 The proposition that if an involution has two 
elements, these separate harmonically any pair of eoi 
elements, may also be proved thus 

Let E and i^be the double elements, A and A' an} 
conjugate elements , smce the systems EFAA ', EFA A b 
jective, therefore (Art 83) each of them is harmonic 
The following is a third proof 

Consider EAA' and EA'A as two projective rang 
project them respectively from two points S and S e< 
with E (Fig 8i) The projecting pencils S(MA 
S' (EA'A ) are in perspective (since 
they have a self- corresponding ray 
m SS'E) , therefore the straight line 
which joins the point of mteisection 
of SA and S' A' to that of Si' and 
S' A will contain the points of inter- 
section of all p^n*s of coi responding 
ravs, and will consequently meet 
the common base of the two ranges at the second 
point 1< But from the figure we see that je fiav 
complete quadrilateral, one diagonal of which, ^l,i 
the other two m E and F, consequently (Art 56) LtJ. 
harmonic range 
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The proposition itself is a particular case of that pioved m 
Art 109 (3) From this -we conclude that the parrs of elements 
(points of a range, rays or planes of a pencil) 'which, with two 
fixed elements, give a constant anharmomc ratio, form two 
superposed projective forms, which become an involution m the 
case where the anharmomc ratio has the value — i (Art 68) 

127 Ay, involution is determined ly two pairs of conjugate 
element* 

For let A, A' and B, B'be the given pairs If any element 0 
]^e taken, its conjugate is determinate, and can be found as in 
Art 84, by constructing so that the form A' A B'C' ahq.il be 
projective with AA'BC We then say that the six elements 
AA\ BB', CC‘ are m involution , i e they are three pairs of an 
involution 

Suppose that the involution with which we have to deal is 
an involution of points Take any point G (Fig 8 a) outside 
the base, and describe circles round GAA' and GBB' , if H is 
the second point in which these circles meet, join GH, and let 
it cut the base m 0 Since GEAA' he on a cn cle, 

OG OH = OA OA', 
and since GHBB' lie on a circle, 

OG OH = OB OB', 

OA 04'= OB OB' 

0 is therefore the ceptre of the involution determined by the 



pairs of points A, A' and B, B' If any other cncle be drawn 
thiough G and H, and cut the base in C and O', we have 
OG OII=OC OC', 

OC OC'= OA OA' = OB OB', 
and C , C' are theiefore a pair of conjugate points of the invo- 
lution In othei woids, the circle which passes throup-h two 
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conjugate points C , C' or D , J5' and through one of the p 
® , H always passes through the other Accordingly 

The pairs of conjugate points of the involution are the pm 
intersection of the base with a senes cf circles passing throng 
points G and E 

128 From what precedes it is evident that if the mvoh 
has double points, these will he the points of contact o 
base with the two circles which can be drawn to pass tfar 
G and H and to touch the base It has already been 
(Art 125 ) that these points are harmonically conjugate 
regard to A and A\ and also 
with regard to B and B r Con- 
sequently (Art 70 ) the involution 
has double points when one of the 
pairs AA\ BB' lies entirely within 
or entirely without the other , le 
when the segments AA' and BB' 
do not overlap (Fig 82) , and the 
involution has no double points 
when one pair is alternate to the other f 1 e when the segme 
and BB' overlap (Fig 83)* 

In the first case, the involution (as already seen) cons: 
an infinite number of pairs of points which are harmon 
conjugate with regard to a pair of fixed points 

In the second case, on the other hand, the involute 
tiaced out on the base by 
the arms of a right angle 
which revobes about its 
vertex For since (Fig 
84) the segments A A' and 
BB' overlap, the circles 
described on A A' and BB' 
respectively as diameteis 84. 

will intersect m tw 0 points 

G and 1 £ which lie symmetucally with xegai d to the 
L 11 being peipendiculai to the base, which bisects it 
the centie ol the involution It follows that 

* involution of the kind uhieh has double points 1^ often called a hy} 
involution , one of the kind which has no double points being called an 
involution 





OG 2 —OH 2 —AO OA'=BO OB', 
and that all other circles passing through G and B i 
cutting the base m the other pairs CC\ JDI)', of the mv< 
tion will have their centres also on the base, and will h 
CC\ BIf , as diameters If then we project any of 

segments AA ', BB\ CC\ from G (or H) as centre, we s] 
obtam m each case a right angle AGA',BGB', CGC' 
(or AHA\B'HB\CHC\ ) 

We conclude that when an involution of points A A', BB 
has no double points, % e when the rectangle OA OA' is ec 
to a negative constant— /i 2 , each of the segments AA',BB 
subtends a right angle at every point on the circumferenc 
a circle of radius k ) whose centre is at 0 and whose plan* 
perpendicular to the base of the involution 

This last proposition is a particular case of that of Art 109 
If then an angle of constant magnitude revolve m its plane abou 
vertex, its arms will determine on a fixed transversal two projec 
ranges, which are m involution m the case where the angle is a r 
angle 

129 Consider an involution of parallel rays , these meet map 
at infinity, and the stiaight line at infinity is a ray of the mvolui 
The ray conjugate to it contains the centre of the involution of pc 
which would be obtained by cutting the pencil by any transversal 
may therefore be called the central ray of the given involution 
leciprocally, we project an involution of pomts by means of par 
rays, these lays will form a new involution, whose central ray p c 
through the centre of the given involution 

When one involution is derived from another involution by m 
of projections or sections (Art 124), the double elements of the 
always give rise to the double elements of the second 

130 Since in an involution any group of elements is projective 
the group of conjugate elements, it follows that if any foui point 
the involution be taken, their anharmomc ratio will be equal to 
of their four conjugates In the involution A A', BB' } CC', 
gioups of points ABA'C ' and A'B'AC, for example, will be piojecl 
theiefore 

AA' AC_'_A'A A/C 
BA' BC' ~ B'A B'C * 

whence 

AB' BC' CA'+A'B B'C C'A=o 
Conversely, if this rel ition hold among the segments determine* 
six collmear points AA'BB'CC', these will be three conjugate pai 



an involution For the given relation shows that the mhm 
ratios (ABA'C') and (A'B'AC) are equal to one another, t h e | 
ABA'C ' and A'B'A G are therefore projective. Bat A and A' 
spond doubly to each other, therefore (Art. 122) AA\ BB\ 0 \ 
three conjugate pairs of an involution. 

131 Theorem The three pairs Corrblattvb Tbbobxm, 

of opposite sides of a complete straight Imes which conme 
quadrangle cure cut by any tram- point with the three pours of 
versal m three pairs of conjugate site vertices of a complete q 
jmnts of an involution * lateral are three pairs of cm 

rays of an iiwolution. 

Let QRST (Fig 85) be a Let qrst (Fig 86) be 

complete quadrangle, of which the plete quadrilateral, of whi 
pairs of opposite sides RT and pairs of opposite vertices ri 
QS, ST and QR, QT and RS are st and qr, qt and rs are pr 
cut by any transversal m A and from any centre by the rayi 
A', B and B\ C and C' respec- o', b and b', c and d' reepec 
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tively If P is the point of Let p be the straight lm 
intersection of QS and RT, then joins the points qs and 5 
ATPR is a projection of AC A'B' pencils atpr and aca'b' an 
from Q as centre, and ATPR is spective (their correspond 
also a projection of ABl'C' fiom intersect in pans on q) , s 
S as centre, tlierefoie the gionp atpr and aba'c' are m ] 
A C A 'B ' is projective with A BA ' C' } tive (their conespondm 
and theiefore (Art 45 ) with intersect m pairs on s) 
A'G'AB And since A and A' pencil atpr is therefore 0 
correspond doubly to one anothei projective with each 

111 the piojective groups ACA'B' pencils aca'b' and aba 


* Desargues, loc oil , p 17 1 



and A'C'AB, it follows (Art 122) 
that AA / , BB', CO ' are three con- 
jugate pairs of an involution 


The theorem just proved may 
also be stated in the following 
form 

If a ccmpkte quadrangle move 
m such a way that Jive oj its sides 
pass each through one of jive fixed 
coBmear points , then its sixth 
side will also pass through a fixed 
point collmear with the other five , 
and forming an involution with 
them 


therefore aca'b' is proactive with 
aba'c' or (Art 45) with a'c'ab 
And since a and a f correspond 
doubly to one another in the 
pencils aca'b' and a'c'ab, it follows 
(Art 122) that aa',bb',cc ' are 
three pairs of conjugate rays of 
an involution 

The theorem just proved may 
also be stated in the following 
form 

If a complete quadrilateral 
move m such a way that five of its 
vertices slide each on one of five 
fixed concurrent straight lines, then 
its sixth vertex will also move on a 
fixed straight line, concurrent with 
the other five, and forming an in- 
volution with them 


132 By combining the preceding theorem (left) with that of Art 
130, we see that 

If a transversal be cut by the three pairs of opposite sides of a com- 
plete quadrangle in A and A', B and B', C and C' respectively, these 
determine upon it segments which are connected by the relation 

AB ' BC ' CA'+A'B B'C C'A = o* 

133 In the theorem of Art 131 (light) let U and U' , V and V', 
W and W ' denote respectively the opposite veitices rt and qs, st and 
qr, qt and rs of the quadulateral qrst, and let AA', BB', CC ' denote 
respectively the points of intersection of the lays aa', bb', cc' with an 
aibitraiy transveisal "With the help of Art 124 the following 
proposition may he enunciated 

If the thee pairs UU', VV', WW' of opposite vertices of a complete 
quadrilateral be projected from any centre upon any straight line, the 
six points AA', BB', CC' so obtained will form an involution 

Suppose now, as a particular case of this, that the centre of pro- 
jection G is taken at one of the two points of intersection of the cncles 
described on UU', VV ' respectively as diameters Then AG A' and 
BGB' aie right angles, and therefore also (Art 128) CGC' is a right 
ingle, therefoie the circle oji WW' as diameter will also pass through 
G Hence the three cncles which have foi diameters the thiee 
diagonals of a complete quadrilateial pass all through the same two 


* Pappus, loc ext , book VII prop 130 



points, that is, they have the same radical axis. The oeni 
these circles lie in a straight line , hence 

The middle joints of the three diagonals of a complete quadrt 
are collmear * 

134 The proposition of Art The proposition of Art 
131 (left) leads immediately to the (right) leads immediately tc 
Construction for the sixth point Comtmckon for the stx 
C' of an involution of which five cf of cm involution of wh* 
points A , A', B , B', C are given, rags a y af,b ,b',c are given 
Tor draw through C (Tig 85 ) For take on c (Fig 86 ) aa 
an arbitrary straight line, on trary point, through whiel 
which take any two points Q and any two straight lines q 
T, and join AT, BT , A'Q , B r Q , and join the point ta to q 
if AT, B'Q meet in R , and BT, the point tb to qaf , if the 
A'Q in S, the straight line RS lines be called r , s reepe< 
will cut the base of the involu- then the straight line 00 m 
tion in the required point C' the centre of the pencil vs 

point r$*is the required raj 

If, m the preceding problem (left), the point C lies at mfii 
conjugate is the centre 0 of the involution. In order then 
the centre of an imolutwn of which two 
pairs AA f , BB r of conjugate points are 
given, we construct (Fig 87 ) a complete 
quadrangle QSTR of which one pair of 
opposite sides pass respectively through A 
and A’, another such pair thi ough B andi?', 
and which has a fifth side parallel to the 
base , the sixth side will then pass through 

the centre 0 8 7 

The sixth point C' which, together with 
five given points AA'BB'C, forms an involution, is completel 
mined by the construction , theie is only one point C which j 
the property on which the construction depends (Art 1-7} 
may be otherwise seen b} legal ding C as given y e € 
UA'BC)=U'AB'C') between anliaimonic ratios, tor it is 
(Art 65) that theie is oulj one point C' ^hich satisfies this ec 

135 The theorem conveise to that of Art 131 is t 

7/ a tiansveisal cut the sides of a tnangle ESQ (Fig 
thee points A', B', C ' ninth, when taken together uith thr 
points A , B , C tying on the same transi end, form thee « 

* CHASLiS, toe at , Arts 344 345. Gauss, Collected ork=, vol iv 




pairs oj an mvuoMwn, wow wo wtzo *o/u,iy/u, uae* jzjl , OJ 3 , yo meet 
m the same point 

To proye it, let RA , SB meet in T \ and let TQ meet the 
transversal in C x Applying the theorem of Art 131 (left) to 
the quadrangle QRST, we have 

(AA'BC,) = (A'AB'C') 

But by hypothesis 

(AA'BC) = (A'AB'C'), 

(AA'BC,) = (AA'BC ) , 

consequently (Art 54) C x coincides with C, t e QC passes 
through T 

The correlative theorem is 

If a povnt S be joined to the vertices of a triangle rsg (Fig 86) by 
three rays a!, b\ c' which , when taken together with three other rays 
a ,b , c passing also through S, form three conjugate pairs of an 
involution , , then the points ra 3 qb , sc lie on the same straight line t 
130 Take again the figure of the complete quadrangle 
Q RST whose three pairs of opposite sides are cut by a trans- 
versal m A and A\ B and B\ C and C' Let (Fig 88) SQ and 
RT meet in R', QB and ST in RS and QT an Q' 



Consider the triangle BSQ , on each of its sides we have a 
group ot four points, viz 

SQR'A', QRS'B\ RSQ'C' 

The projections of these from T on the tiansversal are 
BCAA\ CABB\ ABCC' 

The product of the anharmomc ratios of these last three 
groups is 

/BA BA\,CB CB\,AC AC' 


or 


CA' AW B(f 
BA' CB ' AC'* 
which (Art 130) is equal to — i Therefore 

If any transversal meet the skies (fa triangle, and tfnor&m 
any point as centre each vertex be projected upon the side oppm 
the groups of four pounds thmobiamed on each ftke sides f ike i 
will be such that the product of their a&harmomc ratios ts equal 
Conversely, if three paws <f points £' A', S'B', QIC' Jh 
one on each of the sides fa triangle RSQ, such that the pro 
the anharmonic ratios (SQR'A!), ( QRS'B), ( RSQ'C ') ts equal 
then, f the straight lines RR', 88', QQ' are concurrent, tkt 
A', B', C' will be collmear , and conversely, if the points A ' 
are collmear, the straight tunes RR', SS', QQ' mil be concur 
137 Suppose now the transversal to he aliogefc 
infinity , then the anharmonic ratios (SQR'A'), ( QRS'l 
(RSQ'C') become (Art 64) respectively equal to SR' 
QS' ’ RS', and RQ' SQ' , so that the preceding prop 
reduces to the following* 

If the straight lines connecting the three vertices f a 
RSQ with any given point T meet the respectively opposi 
m R', S', Q', the segments which they determine on & 
connected by the relation 

SR' QS' RQ ' _ 

QR' US' SQ' 

and conversely 

If on the sides SQ , QR , RS respectively of a trian£ 
points R', S', Q' be taken such that the above relation ho 
will the straight lines RR', SS' , QQ' meet m one point T 
138 Repeating this last theorem for two points T' 
we obtain the following 

If the two sets of three straight lines winch connect the u 
a triangle RSQ with any two given points T' and T" 
i espectively opposite sides m R' , S', Q and R , S , Q , 
the product of the anharmonic ratios (SQR'R"), ( QRS ' 
(RSQ' Q") be equal to + 1 

[For each of the expressions 

SR' QS' RQ' SR" QS" RQ" 

~QR' RS' SQ' ’ QR" RS" 6Q" 

* Ceva’s theorem See his book, Be lineis recti * se invictm secanti 
construct to (Mediolam 1678), 1 2 Cf Mobil*, Baryc Cah § 198 



IS equal to — i , and the required result follows on dividing 
one of them by the other ] 

189 Considering again the triangle QRS (Fig 88), and 
taking the transversal to be entirely arbitrary, let ST , QT be 
taken so as to be parallel to QR , RS respectively Then the 
figure QRST becomes a parallelogram, the points S' and Q' 
pass to infinity, and R' (bemg the point of intersection of the 
diagonals QS , RT) becomes the middle point of SQ Conse- 
quently (Art 64) the anharmonic ratios ( SQR'A '), (QRS'B'), 
{RSQ' C') become equal respectively to — ( QA' SA'),{RB' QB'), 
and (SC' RC’) Thus* 

If a transversal cut the sides of a triangle RSQ m A ' , B ' , C' 
respectively, it determines upon them segments which are connected 
by the relation 

QA' RB' SC' _ 

SA' QB' RC' ~ 1 ’ 

and conversely 

If on the sides SQ , QR , RS respectively of a triangle points 
A ' , B', C' he taken such that the above relation holds , then will 
these three points be collmear 

140 Repeating the last theorem of the preceding Article for 
two transversals, we obtain the following 

If the sides of a triangle RSQ are cut by two transversals m 
A ' , B ' , C' and m A” , B " , C" respectively , the product of the 
anhaimomc ratios (SQA'A"), ( QRB'B "), and (RSC'C") will be 
equal to -f I 

[For each of the expressions 

QA' RB' SC' QA" RB" SC" 

SA' QB' RC' ’ SA" QB" RC" 
is equal to i , dividing one by the other, the required lesult 
follows ] 

Reciprocally, ?f on the sides of a tmangle RSQ thiee pan 9 of 
points A'A" , B'B" , C'C" be taken such that the pioduct of the 
anhaimomc latios ( SQA'A "), (QRB'B"), (RSC'C") may he equal to 
•f i , then , f the points A ', B', C' are collmear , the points A", B ", C" 
mil also be colhneai , and if the lines RA ', SB', QC' aie condiment, 
the lines RA " , SB" , QC" will also be concurrent 

141 It has been shown (Art 122) that if two piojectivc langts 
* rheoiem of Mlnelaus , Sphaenca, m i Cf MObius loc ext 



(ABC ) and (A'B'C* \ lying in the same plane, are projected 
the point of intersection of a pair of lines such as AB f *-**3 A r B? 
and A'G, or BC f and B f C , the projecting rays form an involu 
The theorems correlative to this are as follows 

Given two protective, but not concentric, fiat pencils (dbc ) 
(afb'cf ) lying in the same plane , if they be cot by the straight 
which joins a pair of points snch as dV and cfb 7 acf and </c, c 
and Vo , the points so obtained form an involution. 

Given two projective axial pencils (afiy ) and (</#Y ) * 
axes meet one another , if they be cat by the plane which is d 
mined by passing through a pair of lines such as and «y 
ay, or 0/ and tfy , the rays so obtained form an involution. 

Given two projective fiat pencils (abc ) and (cfVV ) whid 
concentric, but he in different planes , if they be projected froi 
point of intersection of a pair of planes such as ah' and db, ac 
o!c , or bet and Vc > the projecting planes form an involution 
142 Particular Cases. All points of a straight line which 
pairs at equal distances on opposite sides of a fixed pomton th^ 
form an involution, since every pair is divided hanrrtSmSBy h 
fixed point and the point at infinity 

Conversely, if the point at infinity is one of the double points 
involution of points, then the other double point bisects the dif 
between any point and its conjugate If in such an n_ 
segments AA' , BB / formed by any two pairs of conjugate p 
a common middle point, then will this point bisect also the bo { 
CC ' formed by any other pair of conjugates 

All rectilineal angles which have a common vertex, lie m the 
plane, and have the same fixed straight line as a bisector, form 
volution, since the arms of every angle are harmonically conj 
with regai d to the common bisectoi and the ray perpendicula 
through the common vertex 

Conversely, if the double rays of a pencil in involution mcl 
right angle, then any ray and its conjugate make equal angle 
either of the double rays If in such an involution the angles me 
by two pairs of conjugate rajs aa' and IV have common bise 
these will be the bisectors also of the angle included bj any othe 
of conjugate raj s cc' 

All dihedral angles which have a common edge and winch na 
same fixed phne as a bisector, foim an involution, for ** 
eveiy angle aie harmonically conjugate with regard to the fixed 
and the plane di iwn perpendicular to it through the common ec 

Conversely, if the double planes of an axial pencil m involfltn 
at right angles to one another, then any plane and its conjugate 
equal angles with either of the double planes 





CHAPTER XIII 


I? 


RRO/ECTIVE FORMS IN RELATION TO THE CIRCLE 

143 Consider (Fig 89) two directly equal pencils abed 
and a'b'c'd' m a plane, having their centres at 0 and O' 
respectively The angle contained by a pair of corresponding 
rays aa\bl\cc\ is constant (Art 106), the locus of the inter- 
section of pairs of corresponding rays 
is therefore (Euc III 2 , 1 ) a circle 
passing through 0 and O' The 
tangent to this circle at 0 makes 
with 00' an angle equal to any of 
the angles OAO ', OBO\ OCO', &c , 
but this is just the angle which O'O 
considered as a ray of the second 
pencil should make with the ray 
corresponding to it m the first pencil , 
therefore to O'O or q f considered as 

a ray of the second pencil corresponds in the first pencil the 
tangent q to the circle at 0 

Imagine the circumference of the cncle to be described by a 
moving pomt A , the rays AO, AO' or a, a! will trace out the 
two pencils As A approaches 0, the ray AO' will approach 
00' or q' and the ray AO will approach q , and m the limit 
when A is indefinitely near to 0, the ray A 0 will coincide with 
q or the tangent at 0 This agrees with the definition of the 
tangent at 0, as the stiaight line which joins two indefinitely 
near points of the circumference 

Similarly, to the ray 00' 01 p considered as belonging to the 
first pencil conesponds the ray p' of the second pencil, the 
tangent to the circle at 0' 

144 Conversely, if any number of points A, B, 0, D , on a 
cncle be joined to two points 0 and 0' lying on tho same 




circle, the pencils 0 (J, B, C, 2>, ) and O' (A, B, C 9 D,. 
formed will be directly equal, since the angle AOB is eqp 
AO'B 3 AOC to AO% BOG to BO'C, &c. Bat two 
pencils are always projective with one another (Art. 104 
then the points A, B> 0, remain fixed, while the eenoi 
the pencil moves and assumes different positions on th 
cumference of the circle, the pencils so formed are all eqi 
one another, and consequently all projective with one an* 
The tangent at 0 is by definition the straight line which 
0 to the point indefinitely near to it on the circle. It f< 
that in the projective pencils 0(A,B,C 9 ) and O' (A, B 9 
the ray of the first which corresponds to the ray O'O * 
second is the tangent at 0 

145 It has been seen (Art. 73 ) that in two projective 
four harmonic elements of the one correspond to four har 
elements of the other If then the four rays 0 {A, B 9 
form a harmonic pencil, the same is the case with reg 
the four rays 0' (, A , B 3 C, j D), whatever be the position 
point O' on the circle By taking 0' indefinitely neaa 
we see that the pencil composed of the tangent at 
the chords AB , AC , AD will also be harmonic , so ag£ 
pencil composed of the chord BA, the tangent at -B, a 
chords BC , BB will be harmonic, &c. 

When this is the case, the four points A 9 B 9 C 9 B cf ik 
are said to be harmonic * 

140 The tangents to a cucle 
determine upon any pair of fixed 
tangents two ranges which are 
piojective with one another 
Let M (Fig 90 ) be the 
centie of the circle, PQ and 
P'Q' a pair of fixed tangents, 
and A A' a variable tangent 
The part A A' of the vanable 
tangent intei cepted between 
the fixed tangents subtends 
a constant angle at If, for if Q, P\ T are the po 
contact of the tangents respectively, 

* Stein e it loc at, p 157, § 43 Collected Works, vol 1 . P 34 






angle AMA i= Murj.j. 

= £ QMT+iTMP' 

= * QMP'* 

Accordingly, as the tangent A A' moves, the rays MA, MA' 
Will generate two projeetive pencils (Art 108), and the points 
A, A' will trace out two projective ranges 
Smee the angle AMA' is equal to the half of QMP', it is 
tespal to either of the angles QMQ PMP' (denoting by P and 
same pomt, accoidmg as it is regarded as belonging to 
-Wthe&st or to the second tangent) Consequently Q and Q', 
and P r are pairs of corresponding points of the two pro- 
* ranges , t e the points of contact of the two fixed 

if ^fiifilgcnts correspond respectively to the point of intersection 


Imagine the circle to be genei ated, as an envelope, by the 
motion of the variable tangent , the points A, A ' will trace out 
the two projective ranges As the variable tangent approaches 
the position PQ, the point A f approaches Q\ and A ap- 
proaches the point which corresponds to Q viz Q , and in the 
limit when the variable tangent is indefinitely neai to PQ, the 
point A will he mdefimtely near to Q or the point of contact 
of the tangent PQ The point of contact of a tangent must 
therefore be regarded as the point of intersection of the 
tangent with an mdefimtely near tangent 

147 The preceding proposition shows that foui tangents 
a, b, c, d to a circle are cut by a fifth m foui points //, B , C , 1) 
whose anharmonic ratio is constant whatevox be the position 
of the fifth tangent 

This tangent may be taken indefinitely nun to one of the 
four fixed tangents, to a for example , m tins c isc A will be 
the pomt of contact of a, and B, C, 1 ) the points of inter section 
ab, ac , ad respectively 

As a particular case, if a 9 b,c,d meet the tangc nt PQ m foui 
haimomc points, they will meet every tanguit m foui hai- 
momc points The gioup constituted by tin pomt ol contact 
of a and the points of intersection ab, a ( , ad will also be lnu- 
momc In this case, the four tangents a> b , ( , d an said to be 
harmonic f 

* PoNCErET, Projpr proj , Ait 462 

1 * Steiner, loc cit , p 157, § 43 , Collected WorlcH, vol 1 p 31*5 


148 The range determined upon any given tangent io c 
any number of fixed tangents is prcg ective mth the pencil ^ 
joining their points of contact to any arbtrary point on Ik 
Let A, B, C, X (Fig 91 ) be points on the en 
a, b, c 3 x the tangents at these points respectively 
points A\ B\ C\ in 
which the tangent x is cut 
by the tangents a , b, d, 
be joined to the centre of 
the circle, the joining lines 
will be perpendicular re- 
spectively to the chords 
XA, XB, XC, and will 
therefore (Art 108) form 
a pencil equal to the pencil X (A> B , C , ) The range 

is therefore projective with the pencil X (A, B , C> ) 
Corollary If four points on a circle are harmom 
tangents also at these points are harmonic , and conversed 
For if, in what precedes, X (ABCJD) is a harmon 
A'B'C'D' will be a harmonic range , and conversely 



CHAPTER XIV 


projective forms in relation to the conic sections 


149 Let the figures be constructed which are homological 
with those of Arts 144, 146, 148 To the points and tangents 
of the circle will conespond the points and tangents of a conic 
section (Art 23) A tangent to a conic is therefore a straight 
line which meets the curve in two points which are inde- 
finitely near to one another , a point on the curve is the 
point of intersection of two tangents which are indefinitely 
near to one another To two equal and therefore projective 
pencils will correspond two projective pencils, and to two 
projective ranges will correspond two projective ranges , for 
two pencils or ranges which correspond to one another in two 
homological figures aie in perspective We deduce therefore 
' the following propositions 

/■%/ 5 > (i) If any number of points A, B, C, B , on a come are joined 

to two fieced points 0 and 0 ' lying on the same conic (Fig 92 ), the 

pencils 0 (A y B , C , By ) and 
O' (A, By Gy By ) so formed 
are projective with one another 
To the ray 00 ' of the fiist 
\ venal corresponds the tangent at 
O', and to the ray O' 0 of the 
second pencil con esponds the 
tangent at 0 

( 2 ) Any mimbei of tangents aybyCydy to a conic determine on a 
pan of fixed tangents 0 and 0 ' (Fig 93 ) two projective ranges To 
the point 00 ' or Q of the first range con esponds the point of contact 
Q' of o\ and to the same point o'o 01 P' of the second range com - 
spends the point of contact P of 0 * 



* Steiner, loc at , p 139, § 38 , Collected Works vol 1 pp 332, 333 



(3) The range which a variable tangent to a comei^mmm 
a fixed tangent u pryectm wtih the penal formed by gam 



point of contact of the variable tangent to any fixed point 
conic (Fig 94) 

150 We proceed now to the theorems com 
of Art 149 The proofs here 
given are due to M Ed Dewulf 
I If two (non-concentnc) pencils 
lying tn the same plane are pro- 
jective with one another {but not 
m perspective)^ the locus of the 
points of intersection of pairs of 
corresponding rays is a conic 
passing through the centres of the 
two pencils , and the tangents to 
the locus at these points are the rays which correspond tn i 
pencils respectively to the straight line which joins the two cen 
Let 0 and A (Fig 95 ) be the respective centres of id 
pencils, and let 0M X and AM U 0M 2 and AM 2i 0M ?i and A 
be pairs of coirespondmg lays The locus of the poin 
will pass through 0 , since this point is the 
section of the ray AO of the pencil A with the correspo 
ray of the pencil 0 Similarly A will be a point 0 
locus 
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tangent to the envelope But this construction is precisely 
the same as that made use of in Art 23 (Fig 13 ) in order to 
* draw the curve homological with a circle, taking a given tan- 
gent to the circle as axis of homology, any given point 0 as 
centre of homology, and s', s" as a pair of corresponding 
straight lmes The envelope of the lines MM? is therefore a 
come section 

The theorems (I) and (II) of the present Article are correlative 
(Art 33), since the figure formed by the points of intersection 
of corresponding rays of two projective pencils is correlative 
to that formed by the straight lines joining corresponding 
points of two projective ranges Thus m two figures which are 
correlative to one another ( according to the law of duality m a 
plane), to points lying on a conic in one correspond tangents to a 
conic m the other 

15L Having regard to Arts 73 and 79, the propositions of 
Arts, 149, 150 may be enunciated as follows 

The anharmonic ratio of the four straight lines which connect 
four fixed points on a conic with a variable point on the same is 
constant 

The anharmonic ratio of the four points in which four fixed tan- 
gents to a conic are cut by a variable tangent to the same is 
constant * 

The anharmonic ratio of four points A, B, C, D lying on a conic is 
the anharmonic ratio of the pencil 0 (A, B , 0, D) formed by joining 
them to any point 0 on the conic The anharmonic ratio of four 
tangents a, b, c, d to a conic is that of the four points o(a, b , c, d ), 
where 0 is an arbitrary tangent to the conic 

If this anharmonic ratio is equal to — 1 , the group of four points 
or tangents is termed hammonic 

The anharmonic ratio of four tangents to a conic is equal to that 
of their points of contact f 

Consequently the tangents at four harmonic points are harmonic, 
and vice versa 

The locus of a point such that the rays joining it to four given 
points ABCJD form a pencil having a given anharmonic ratio is a 
conic passing through the given points 

* Steiner, loc cit , p 156, § 43, Collected Works, vol 1 p 344 

+ CHART p Qnv\Jr p vo A r*f 
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lO THE CONIC SECTIONS. 


The tangent to the locus at one of these points, at j 
example, is the straight line which forms with AB> AC , j. 
pencil whose anharmomc ratio is equal to the given cna 
The curve enveloped by a straight Ime which u ml by fmr ± 
straight lines m four points whose anharmomc mho §9 gwm 
conic touching the given straight lines „ 

The point of contact of one of these straight lines, t 
example, forms with the points ab t ae^ada, range whose m 
monic ratio is equal to the given one* 


152 Through five given points Given fm sfrmgSt 
0 , O', A ,B } Ctn a plane (Fig 92), 0 , o', a, b, c m a plane (f%; 

no three of winch he m a straight no three of wkwk meet m a j 
line , a conic can be described, a come can be described to 
For we have only to construct the them. For we have only to 


two projective pencils which have 
their centres at two of the given 
points, 0 and O' for example, and 
m which three pairs of corre- 
sponding rays OA and O'A, OB 
and O'B , OC and O'O intersect 
m the three other points Any 
other pair OD and O'D of corre- 
sponding rays will give a new 
point D of the curve 

To construct the tangent at any 
one of the given points, at 0 for 
example, we have only to deter- 
mine that ray of the pencil 0 
which corresponds to the ray 0 ' 0 
of the pencil 0 ' 

Through five given points only 
one conic can be drawn, for if 
there could he two such, they 
would have an infinite number of 
other points m common (the 
mtei sections of all the pairs of 
coi responding rays of the pio- 
jective pencils) , winch is impos- 
sible 


struct the two projective r 
which are determined upon t 
the given knee, 0 and </ fo 
ample, by the three others a 
and of which three pairs ol 
responding points oa and c 
and o'b, oc and o'c are 
The straight line d whic 
any other pair of corresp 
points of the two ranges wii 
new tangent to the curve 
To construct the point oi 
tact of any one of the 
straight lines, that of 0 f< 
ample, we have only to dete 
that point of the range 0 
corresponds to the point o'o 
range 0' 

Only one conic can be dra 
touch five given straight 
for if there could be two 
they would have an infinite 
bei of common tangents (a 
straight lines which join p 
corresponding points of th< 
jective ranges) , which 1. 
possible 


* Steiner, loc cit , pp 156 * § 43 


Collected Works, vol 1 pp 344 







From this we see also that 

Through four given, points can There can he drawn an infinite 
be drawn an infinite number of number of conics to touch four 
conies , and two such conics have given straight lines , and two such 
£ 0 common points beyond these comes have no common tangents 
f our beyond these four 

153 The theorems of Art 8 8 may now be enunciated, in the 
following manner 

If a hexagon ab'ca'bc' is circum- If a hexagon AB'OA'BC' is in- 

scribed to a conic (Figs. 9 7 and 61), scribed m a conic (Figs 98 and 60), 
the straight lines p, q, r which join the three pairs of opposite sides 
the three pairs of opposite vertices intersect one another m three 
are concurrent colhnear points P, Q, JR, 



Fig 97 


Fig 98 



This is known as Bbianchon's This is known as Pascal’s 
theorem * theorem + 

These results are of such importance in the theoiy of conics 
that they deserve independent proofs 

The ranges a(ba'b'c') and The pencils A (BA'B'C') and 
c(ba'b'c') are projective (Art C (BA'B'C') are piojective (Art 
149), the pencils formed by join- 149), the ranges in which they 
mg them to the points (6a'), (6c 7 ) cut BA', BC' respectively are 
respectively are therefore projec- therefore projective If AC r , A' B 
tLve If the line joining (ac'), (a'b) cut m II and BC', A'C in K, 
be denoted by h, and that joining ranges m question are ( BA'RII ) 
(be'), ( afe ) by h, the pencils in and ( BKPC ') Since they have 

* This theorem was published for the first time by Brianchon m 1806, and 
repeated m his Mimone sur les lignes du second ordre (Pans 1817 p 34) 
t This theorem was given m Pascal s JEssai mr les Comques , a small work ot 
six pages 8vo , published m 1640, when its author was only sixteen years old 
It was republished in the CEuvres de Pascal (The Hague, 1779) and again 
by H Weissenborn, in the preface to his book Die Projection in der Ebene 
(Berlin, 1862) 
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question are (ba'rti) and (bkpc'). the point B in common, tfa 
Since they have the ray b m com- in perspective, thesrefcae 4 'j 
mon, they are in perspective , MG' are concurrent, that is 
therefore (a'^), (rp), (Ac') are col- fi ape eolhnear 
linear, that is # tp, r are con- 
current 

154 Pascal’s theorem has reference to six points of a t 
Bnanchon’s theorem to six tangents , these six points or 
gents may he chosen arbitrarily from among all the pom 
the cuive and all the tangents to it Now a conic is i 
mined by fire points or five tangents , m other words 
points or five tangents may be chosen at will from amoi 
the points or hnes of the plane, but as soon as these 
elements have been fixed, the come is determined. Pa 
theorem then expresses the condition which six points 
plane must satisfy if they he on a come , and Bnanc 
theorem expresses similarly the condition which six sfcr 
lines lying m a plane must satisfy if they are all tangei 
a come And the condition in each case is both neoe 
and sufficient 

That it is necessary is seen from the theorems th 
For six points on a come, taken in any order, maj 
garded as the vertices of an inscribed hexagon*, bi 
Pascal’s theorem is true for every inscribed hexagon, th 
pairs of opposite sides must meet in three eolhnear pon 
whatever order the six points be taken 

The condition is also sufficient For suppose (Pig 9^ 
the hexagon AB'CA'BC\ formed by taking the six point 
certain order, possesses the pioperty that the pairs of op] 
sides BC ' and B'C, CA' and C'A, AB' and A' B intersect m 
collmear points P, Q, R Through the five points AB'i 
one conic (and one only) can be drawn, if 2 be the 
where this conic cuts AC' again, then AB'CA'BI is a 
scribed hexagon, and its pans of opposite sides B'C anc 
XA (or C'A) and Cl\ A'B and AB' will meet m three coll 
points But the second and thud of these points are 


* It is perhaps hardly necessary to remind the reader that the hexag 
which P vscal s and Bnanchon a theorems refer ai e not hexagons m Eoc i 
—t e the, aie not necessanly convex (non reentrant) figures 



B , therefore BX must meet B'C at the point of intersection of 
B'C and QB, i e at P Both BC' and BX thus pass through 
P, and they must therefore coincide Since then the point X 
lies not only on AC' but also on BC\ it must coincide with 
the point C' itself 

The condition is therefore sufficient, and it has already 
been shown to be necessary 

By taking the six points m all the different orders possible, 
sixty* simple hexagons can be made From the reasomng 
above, it follows that if any one of these hexagons possesses 
the property that its three pairs of opposite sides intersect in 
three collinear points, the six points will lie on a come, and 
consequently all the other hexagons will possess the same 
property f 

By analogous considerations having refeience to Bnanchon’s 
theorem, properties correlative to those just established may 
be shown to be true of a system of six straight lmes t 

155 Consider the two triangles which are formed, one by 
the first, third, and fifth sides, the other by the second, fourth, 
and sixth sides, of the inscribed hexagon AB'C A 'BC' (Fig 98) 
Let PC" and B'C, CA ' and C'A, AB' and A'B be taken as corre- 
sponding sides of the triangles By Pascal’s theorem these 
sides intersect m pans in three collmeai points , and there- 
fore (Art 17) the two triangles are homological Pascal’s 
theorem may therefore be enunciated as follows 

Tf two triangles are in homology , the points of intersection of the 
sides of the one with the non-corresponding sides of the other he 
on a conic 

Similarly, m a circumscribed hexagon ab'ca'bt' (Fig 97) let 
the vertices of even order and those of odd order respectively 
be regai ded as the angular points of two tuangles, and let 
be and b c , ca and c a , ah' and a'b be taken to be corresponding 
vertices By Brianchon’s theorem these veitices lie two and 
two on three straight lines which meet m a point , therefore 


* In general, a complete n gon includes in itself \ (w- 1) (>-2) 1 Blmp l e 

n gons 1 

+ Steineb loc ext, p 311, \ 60, No ,4, Collected Woiks, vol 1 p 450 
J A system of six points on a conic thus determines sixty different lines such as 
PQR m Fig 98, or Pascal lines as they have been called So too a system of six 
tangents to a come determines sixty different Bnanchon paints 
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(Art 16) the two triangles are homolopeal. Roane 
theorem may therefore be enunciated as follows* 

If two triangle* are m homology, ike straight 1 mm fomm 
angular point* cf the one to the non-corresponding angular 
of the other all touch a come 

The two theorems may be included under the one enuBCM 
If two triangle* are in homology, the points cf intersection < 
sides of the one with the non-correspondmg sides of the other 
a conic, and the straight line* joining the angular points cf t 
to the non-corresponding angular point* of the other all touch a 
conic * 

166 Returning to Fig 98 , let the points A, B\ C, A* , 
regarded as fixed, and C f as variable , Pascal’s theorem 
then be presented m the following form 

If a triangle C'PQ move m such a way that its sides PQ 
C'P turn romd three fixed points R, A, B respectively , u>h 
of its vertices P , Q shde along two fixed straight lines Cl 
1 espectively ? then the remaining vertex C f wiU describe a conic 
passes through the following five points, viz the two gw ~ 
and IB, the point of intersection C of the gnen straight 
point of intersection B r of the straight line* AR and CB , 
point of intersection A' of the straight line* BR and CA f 

So also Brianchon’s theorem may be expressed 
following form 

If a triangle c'pq (Fig 99) move in such a way that its 

m> q<f, dlde alon i three fi xecl dral 9 u hnes r > 1 respe 

while two of its sides p , q turn round two fixed 
points ch r , ca' respectively , then the remaining 
side c will envelope a conic which touches the 
following five stiaight lines , viz the two guen 
straight lines a and b , the stiaight line c which 
joins the fixed points , the straight line V which 
joins the points ar and cV , and the stiaight 
line a' which joins the points b and ca! 

157 ( 1 ) If m the theoiems of Art 152 
(right) one of the tangents is supposed Fig 95 

to & lie at infinity, the conic becomes a 
paiabola (Art 23) Thus a parabola is determined by four tc 



* MObius, loc cit , Art 278 

Tins theorem was given by Maclaubin, m 1721 


cf Phil Trans oj t 





-v ov i 52 } nght) only one parabola can be drawn to touch four given 

s 4 straight lines, and no two parallel tangents can be drawn to a parabola 

>; ( 2 ) If the same supposition is made m theorem (2) of Art 

1S geen that the pomts at infinity on the t-wo tangents 
I o and o' are corresponding points of the projective ranges 

r determined on these tangents, for the straight line -which 

i joins them is a tangent to the curve It follows (Art 100) 

that 

The tangents to a parabola meet two fixed tangents to the same m 
pomts forming two similar ranges, or 

Two fixed tangents to a parabola are cut proportionally by the 
gther tangents *, 

(3) Let A and A', B and B', C and C', be the pomts in 
which the various tangents to the parabola meet the two 
fixed tang ents (Fig ioo), and let P and Q' be the respective 
pomts of contact of the latter The pomt of intersection of 




the two fixed tangents will be denoted by Q or P' according 
as it is legarded as a point of the fiist or of the second tan- 
gent We have then 

AB _ AC _ _ EC _ _ AP_ _ AQ _ _ PQ 
A'B'~ A'C'~ ~B'0'~ ~A'P'~ A'Q'~ ~P'Q' 

(4) Conveisely, given two straight lines m a plane, on which la 
two similar ranges [which are not m perspective ), the stiaighl Inns 
connecting pans of co> responding points will envelope a parabola which 

bociety of London for 1735, and Chasles, Apeigu hidortqtie mi l online <t It 
develops ernent des mithodea en G-domitne (Brussels, 1837 , second edition, Pans 
1875) If -B at infinity, the theorem becomes identical with lemma 20 
book 1 of Newton a Puncipia 

* 4.POLLONII PEliGAEI ComcOTUlU lib 111 4I 



AW, J to the conic ] 

touches the given straight, lvng& at the _pomtg wh$ct correspowd 
the two ranges respectively to their point of vnierseckm 

For the points at infinity on the given straight lines tsi 
corresponding points (Art $9), the straight line which jo 
them will be a tangent to the envelope , thus the env el op 
a conic (Art 150 (II)) which has the line at infinity' fix 
tangent, i e it is a parabola 

158 In theorem I of Art 150 (Fig 95) suppose 
point A lies at infinity, or, in other words, that the penoa 
consists of parallel rays. To the straight line OA y considers 
a ray a! of the pencil 0 (viz that ray which is parallel to 
rays of the other pencil), corresponds that ray a of the pe 
A which is the tangent at the point A This ray a may b 
a finite, or it may be at an infinite distance 

In the first case (Fig 101) the straight line at infinii 
a ray j of the pencil A , and to it corresponds in the pen< 
a iay/ different fiom d and consequently not passing thrc 
A , the conic will therefore he a hyperbola (Art 23) ha 
A( = aa') and jf for its points at infinity , the str* 1 ^ 4 - 1 
is one asymptote and / is parallel to the other 




In the second case (Fig 102) the line at infinity i 
tangent at A to the conic, which is theiefore a parabola 
159 If m this same theorem of Art 150 the points ± 
0 are supposed both to lie at infinity (Fig 103), the two 
jective pencils will each consist of parallel mys , and 
the conic which these pencils generate must pass throu 
and 0 it is a hypeibola (Art 23 ) The asjmptotes 0 
hypeibola aie the tangents to the curve at its infinitely di 
points* , they will therefoie be the lays a and d of the 
* Desargues, loc ext } p 210, Newton Pnncxpxa lib 1 Dron 2" 



mojmrrrtM mtsatB in the conic sections. 


«sifl m&emd p«ae 3 which correspond to the straight lme at 
ItidSxtity conssdsped as a ray of the second and first pencil 
j* 

% By the general theorem of Art. 

1 49, the asymptotes of a hyperbola 
jL are cut by the other tangents m 
/fj/ points forming two projective ranges, 

r m ir m which the points of contact 

t - » > (winch are m this case at infinity) 

jjs^, correspond respectively to the point 

of intersection Q of the asymptotes. 
Pit, The equation of Arts. 74 and 109(1), 

VIZ. 

JM W= constant 

■ lllte && 

i v 4-j *- JSM.QJM?= oonstaat, 

jrnnl jf a» p«a»tB of intersection of any tangent 
viHk. Umi *cgtapM?iSB\ We conclude therefore that 

38* agpaiMnfe tahci son ddemsmed by any tangent to a hyperbola 
iH tar tap mgmfMm {measured from the pomt of intersection of 
li* asymptotes), care such that the rectangle contained by them is 


This may be stated in a different form as follows 
The triangle formed by any tangent to a hyperbola and the 
asymptote* has a constant area * 

160 Again, let the theorem of Art 149 be applied to the 
case of two fixed parallel tangents which are cut by a variable 
tangent m M and M ' In the projective ranges thus generated 
the points which correspond respectively to the infinitely 
distant point of intersection of the two fixed tangents are 
their points of contact , if these be denoted by J and we 
have by Art 74 the equation 

JM I'M' — constant 

Therefore, the segment s tchich a variable tangent to a conic cuts off 
from tiro fixed parallel tangents {measured from the points of contact 
of these latter) are such that the rectangle contained by them is 
constant f 


* Apillomls he ci/,iii 43 
f II id ill 42 



CHAPTER XV 


CONSTBUCTIONS AHD EXEBCISES 

161 By help of Pascal’s and Bnanchons theorems may 


solved the following problems 

Gwen five tangents a , Vy c , o', 
b, to a conic , to draw from any 
given pomt H, lying on one of 
these tangents a, another tangent 
to the cwrve (Fig 104) 



Fig 104 


If c' be the required tangent, 
ab'ca'bc' is a hexagon to which 
Brianchon's theorem applies Let 
r be the diagonal connecting one 
pair ab' and a f b of opposite vei- 
tices, and let q be the diagonal 
connecting another such pan ca' 
and c'a (where c'a is the gi\en 
point II ) , then the diagonal which 
connects the lemaimng pair be' 
and b'c must jiass through the 

J-l~ — 4-1 a nlwn rr\ + 


Given jvoe points A , B f , G , 
B on a comcy to find the pom 
intersection of the curve with 
given straight line r drawn thrc 
one of these points A (Fig io* 



If C' be the required p< 
AB'tA'BO ' is a hexagon 
which Pascal's theorem app 
Let R be the point of intersec 
of one pair AB' and A' B of 0] 
site sides, and let Q be the p 
of intersection of another 1 
pair CA' and r, then QR n 
pass through the point of m 
section of the remaining 
BC ' and B'C If then PI 

n. ar\ it Will CUt the gl 
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!nte joining the points qr and b'c, straight line r in the required 
thp straight line which joins pb point C' 

* the re- 


tons 
u. one 
epeat- 
> con- 
ber of 
may he 

is theorem therefore 
struct, by means of its 
conic which is deter- 
jiven tangents * 


By assuming different positions 
for the given straight line r, all 
passing through one of the given 
points on the conic, and repeating 
m each case the above construc- 
tion, any desired number of points 
on the conic may he found 
Pascal s theorem therefore serves 
to construct, by means of its 
points, the come which is deter- 
mined by five given points + 


sate eases of the problem of Art 101 (right) 
the point B to lie at infinity , the problem then 
ollowing 

rxmts A, B', C s A' on a hyjperlola and the direction 
a x to find the second point of intersection C' of the 
th a given straight line r drawn through A (Fig 106) 

Solution This is deduced from that of 
the general problem by taking the point 
B to lie at infinity m the given direction 
We draw through A' a straight line m in 
this direction , if then AB f meets m m R, 
and A'C meets r in Q we jom QR meeting 
B'C in P, and draw through P a parallel 
to m , this parallel will cut r m the l en- 
quired point C' 

II Suppose the point A to lie at in- 
finity , the problem is then 

Gnen four points B\ C 3 A\ B on a hyper- 
bola and the direction of one asymptote , to find the point of inter- 
section of the curie with a given straight line r drawn parallel to 
this asymjjtote (Fig 107) 

Solution Draw thiough B ' a straight line parallel to the 
gi\en dnection If this line meet A'B m R, and if A'C meet? 



* BrIA1sCHO> loc City p 3S Poncelet, loc cit , Art 209 
f Newion, Pnnupia , prop 22 Maclaubin, De Itnearum geometncai um pi 0 
pnetatibus geneialilus (London 1 748 s , § 44 
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in Q 3 join QR cutting B'G m P Then if BP he joined, 
•will cut r in the required point C' 

HI Suppose the two points A ' and B both to lie at infest 
The problem then becomes 

Given three points A , B\ C on a hyperbola and the directions 
both asymptotes , to find, the second point of intersection of ike cm 
with a given straight line r drawn through A (Kg 108). 



Ei g 107 Fig 10 8 


Solution Through the point Q, where the given straig 
line r meets a straight line drawn through G paialle] 
direction of the first asymptote, draw a parallel to An 
P be the point where this parallel cuts B C , then a paaau 
through P to the second asymptote will cut r m the requir 
point O' 

IV If the two points A and B ' both lie at infinity, t 
problem is 

Given three points C , A ' , B of a hyperbola and the directions 
both asymptotes , to find the point of 
intersection of the curie with a gnen 
straight line r drawn parallel to one of 
the asymptotes (fig 109) 

Solution Through < 2 , the point of 
intersection of r and CA\ draw a 
parallel to A'B , let P be the point 
where this parallel meets the stiaight 
lme dravn through C paiallel to the Fig 109 

othei asymptote Then if BP be 
joined, it will cut r m the requned point C ; 

V If, lastly, the points B\ C , A\ B are finite and tl 
straight lme AC 7 lies at infinity, the problem becomes tl 
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Gwen, four pomts B\ C, A\ B of a hyperbola and the direction 
f me asymptote, to find the direction of the other asymptote 
S% no) 

SoMm Through the point R, m which A'£ meets the 

straight line drawn through 
B' in the given direction, 
draw a parallel to CA' , let 
P be the point where this 
parallel cuts B'C Then if 
BP be joined, it will be 
parallel to the required di- 
rection. 

It will be a useful exercise 
or the student to deduce the constructions for these particular 
$ases from the general construction , m order to do this it is 
>nlj necessary to remember that to join a finite point to a 
poant lying at infinity in a given direction we merely draw 
imeugh the former point a parallel to the given direction 
W& Particular eases of the problem of Art 161 (left) 
t q**™™^* nJ + 0 ^0 &t infi nity , then the problem 



, a', l to a coniCy to draw the tangent 
nem , to a, for example (Fig hi) 
i yh. the pomt a'c a straight line q 
parallel to a , join ab' and a'b 
by the straight line r, and jom 
the points qr and l r c by the 
straight line p Then if through 
the point pb a parallel be drawn 
to a , it will be the required 
tangent 

From a given point m the 
plane of a conic two tangents 
at most can be drawn to the 
urve (Art 23) , so that fiom a pomt lying on a given tangent 
►nly one other tangent can be drawn If then the conic is a 
>arabola, it cannot ha\e a pair of parallel tangents (This 
Las already been seen m Art 157 ( 1 ) ) 

II Suppose the stiaight line b to he at infinity, the 
>roblem is then 
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Given four tangents a,V \c, a? to a parabola, to draw from a git 
point H lying on one of them , a, another tangent to ike curve (Fi 
lid) 

Solution Through the point 
ab' draw a straight line r 
parallel to a , join the points 
H and a'c by the straight line 
q, and the points qr and Vc by 
the straight line/? The straight 
line drawn through H parallel 
to p will be the required tan- 
gent 

III If the straight line a 
lies at infinity, we have the problem 

Gwen four tangents b', c, a', b to a parabola, to draw the tangi 
which is parallel to a given straight line (Fig 113) 

Solution Through a'b draw 
the straight line r parallel to 
V , and through a'c draw the 
straight line q parallel to the 
given direction , join the 
points qr, b'c by the straight 
line p The straight line 
thiough pb parallel to the 
given direction is the tangent 
required 

IV If in problem II the point E assume different positio 
on a, or if m III the given straight line assume differe 
directions, we arrive at the solution of the problem 

To construct by means of its tangents the parabola which is dett 
mined by four given tangents 




CHAPTER XYI 


DEDUCTIONS FROM THE THEOREMS OF PASCAL 
AND BRIANCHON 

■*^4 . We have already given some propositions and con- 
iiong{Arts, 161-163) which follow immediately from the 
mm of Pascal and Bnanchon, by supposing some of 
elements to pass to infinity Other corollaries may be 
oed by assuming two of the six points or six tangents to 
[>&dh indefinitely near to one another * 

AB'GA'BC' are six points on a conic, Pascal’s theorem 
that the pencils A[A!B r CG ) and B(A'B'CC') y for 
example, are projective with one another To the ray AB of 
the first pencil corresponds m the second the tangent at B, so 
that we may say that the group of four lines 
AA\AB\AC>AB 
is projective with the gioup 

BA' , BB', BG , tangent at B 

Eut this amounts evidently to saying that the point C\ which 
was at first taken to have any arbitrary position on the curve, 

has come to be indefinitely near to 
the point B Instead then of the 
inscribed hexagon we have now the 
figure made up of the inscribed 
pentagon AB'GA'B and the tan- 
gents at the vertex B (Fig 114), 
and Pascal’s theorem becomes the 
following 

If a pentagon is insci ibecl m a conic , 
Ike 'points of intersection B, Q of two 
pairs of non-consecutue <tides ( iB' and A'B , AB and CA'), and the 



* Cab>ot, lot , at , pp 455, 456 
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jmnt P where the fifth tide (. B'C ) meets the tangent id the oppc* 
vertex (B), are colhnear 

This corollary may also he deduced from the construction (Art i 
right) for two projective pencils Three pairs of corresponding re 
are here given, viz A A' and BA ' AO and BO , AB' and BB f 1 
cut the two pencils by the transversals OA / , (^'respectively, if 
be the point of intersection of A'B and AB\ then any pair of con 
sponding rays of the two pencils must cut the transversals CA\ C 
respectively m two points which are collmear with R In ord 
then to obtain that ray of the second pencil which corresponds 
AB, viz the tangent at B, we join R to the point of intersection Q 
T CA f and AB, and join QR meeting OB' m P, then BP is ti 
£ required ray b But this construction agrees exactly with the core 
lary enunciated above 

165 By help of this corollary the two following problems can 1 

t solved 

(1) Given five points A, B f , 0 , A', B of a conic, to draw the tang& 
at one of them B (Fig 114) 

Solution J om Q, the point of intersection of AB and CA', to j 
the point of intersection of A B' and A'B , if P is the point whei 
QR meets B'G, then BP will be the required tangent * 

Particular cases 

* Given four points of a hyperbola and the direction of one asym 
to diaw the tangent at one of the given points (This is obu 
by taking one of the points A , B', C , A ' to he at infinity) 

Given four points of a hyperbola and the direction of one asympoo 
to draw that asymptote (B at infinity ) 

Given three points of a hyperbola and the directions of bot 
asymptotes, to draw the tangent at one of the given points (Two c 
} the four points A , B ' , 0 , A' at infinity ) 

Given three points of a hyperbola and tlie directions of botl 
asymptotes, to draw one of the asymptotes {B and one of the othe 
points at infinity ) 

(2) Given four points A B, A', 0 of a conic and the tangent a 
one of them B, to construct the come by points , for example , to fine 
the point of the curve which lies on a given stiaight line r drawn 
through A (Fig 1 14) 

Solution Let R he the point where A'B meets r , and Q the 
point wheie LB meets CA' , and let QR cut the given tangent m P 
The point B' wheie CP cuts the given stiaight line r will he the one 
required 

By supposing one 01 more of the elements of the figure to lie at 


* Maclaurin loc Ctt 6 ao 
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lies 


infinity, eg one of the points A, A f , G , 01 two of these points, or 
the point A and the line r , or the point B , or the point B and one 
of the other points , or the point B and the given tangent , we obtain 
the following particular cases 

To construct hy points a hypeibola, having given 

three points of the curve, the tangent at one of these points, and 
the direction of one asymptote , 

or two points, the tangent at one of them, and the directions of 
both asymptotes, 

or three points and an asymptote , 

or* two points, one asymptote, and the direction of the other 
asymptote 

Given three points of a hyperbola, the tangent at one of them, 
and the direction of an asymptote, to find the direction of the other 
asymptote. 

To construct by points a parabola, having given three points of 
the curve (lying at a finite distance) and the direction of the point at 
infinity on it. 

166 Eetuming to the hexagon AB'CA' BC' inscribed in a 
conic, let not only C ' be taken in- 
definitely near to B , but also C 
indefinitely near to B' The figure 
will then be that of an inscribed 
quadrangle AB'A B togethei with the 
tangents at B and B' (Fig 115), and 
Pascal's theorem becomes the follow- 
ing 

If a quadrangle is inscribed m a 
conic, the 'points of intersection of the 
two pairs of opposite sides , and the point 
of intersection of the tangents at a pan 
of opposite vertices , are three collinear 
points 

This property coincides with one alieady obtained elsewhere (Art 
85 , right) For considering the piojective pencils of which BA and B'A, 
BA / and B'A', are corresponding rays, it is seen that the stiaight 
line which joins the point of mtei section Q of BA and B'A ' to the 
point of intersection R of B'A and BA' must pass through the point 
of intersection P of the la^s which coriespond 111 the two pencils 
respecti\ely to the straight line joining their centies B and B' 

167 By help of the foregoing coiollaiy the following problems can 
be solved 
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jT-i 1 ) Gnen f 0 ™ punt* A , B' } A', Bofa come and the tangmt BP 
at one of them B, to draw the tangent at another of the * points j B / 
(Fig 1 1 5) 

Solution Let AB and A'B' meet m Q, and AB ' and A'B in B; 
and let QB meet tlie given tangent in P Then B'P will be flie 
required tangent* 

By supposing one of the given points, or the given tangent, to 
lie at infinity, the solutions of the follow ing particular cases are 
obtained 

s To draw the tangent at a given point of a parabola, having given 
in addition two other points on the curve, the tangent at one of them, 
and the direction of one asymptote , or , one other point, the tangent 
at this, and the directions of both asymptotes , or, one other point, 
one asymptote, and the direction of the other asymptote 
U To diaw the asymptote of a hyperbola when its direction is known, 
having given m addition three points on the curve and the tangent at 
one of them, or, two points on the curve, the tangent at one of them, 
and the direction of the second asymptote, or, two points on the 
curve and the second asymptote 

To draw the tangent at a given point of a parabola, having given 
two other finite points on the curve, and the direction of the mint at 
- infinity on it 

( 2 ) To construct a conic by points , having given three points A, B,& 
^on the curve and the tangents BP , B'P at two of them , % e to 
deteimiue, for example, the point A' m which an arbitrary straight 
hne r drawn through B is cut by the conic (Fig 116) 

Solution Join the point of intei section P of the given tangents 
to the point B wheie r cuts AB' , and let 
PB cut AB m Q If B'Q he joined, it will 
cut r in the required pomt A' 

By supposing one of the points A, B , B' 
or one of the lines BP, B'P, r to lie at 
infinity, we shall obtain the solutions of 
the following particulai cases 

To constiuct by points a hyperbola, 
having given two points on the curve, the 
tangents at these, and the direction of one 
asymptote , or, one point on the cuive, 
the tangent time, one asymptote and the 
direction of the second a^mptote, oi , one pomt on the cur\e and 
both asymptotes 

I To construct by points a parabola, having given two points on the 
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curve, the tangent at one of them, and the direction of the point at 
infinity on the curve 

168 The tangents at the other vertices A and A' of the 
quadrangle ABA' IB' (Fig i x 6) will also intersect on the straight 
line joining the points (. AB , A'B') and (AB\ A'B) Hence the 
theorem of Art, 1 66 may be enunciated in the following, its 
complete form 

If a quadrangle u inscribed m a conic, the points of intersection 
rf Me tm pairs of opposite sides, and the points of intersection of 
M$ tangents at the two pairs of opposite vertices , are four colhnear 


If two opposite vertices of the quadrangle he taken to he at 
mfimty, this becomes the following 

If on a chord of a hyperbola, as diagonal, a parallelogram be 
constructed so as to have its sides parallel to the asymptotes, the 
other diagonal will pass through the point of intersection of the 
asymptotes. 

169 Theobem The complete quadrilateral formed by foui 
tangents to a conic, and the complete quadrangle formed by their four 
points of contact, have the same diagonal triangle 

In the last two figures write C,JD, B, G m place of 



Fig ii 7 

A',B',B, Q respectively In the insciibed quadiangle ABCB 
fFiff ii 7 ) the point of intersection of the tangents at A and C 
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that of the tangents at B and B, the point of intersection, of 
sides AD, BC , and that of the sides AB, OB all lie on one sfcr&a 
line EG If the same points A, B , C , B are taken in a diflea 
order, two other insciibed quadrangles ACBB and AC SB 
obtained, to each of which the theorem of Art. 168 may 
applied Takmg the quadrangle ACBB , it is seen that 
point of intersection of the tangents at A and B that of 
tangents at C and B, the point of intersection of the si 
AB, CB, and that of the sides AC , BB all lie on one strai 
line FG So too the quadrangle ACBB gives four poi 
lying on one straight bne EF , viz. the points of interned 
of the tangents at A and B } of the tangents at C and B, of 
sides AB, CB , and of the sides AC , BB * 

The three straight lines EG, GF, FE thus obtained are 
sides of the diagonal triangle EFG (Art 36, [2] ) of the comp 
quadrangle whose vertices are the points A,B,C,B , 
since the same straight lines contain also the points in wl 
intersect two and two the tangents a, b, c, d at these poi 
they are also the diagonals of the complete quadnlat 
formed by these four tangents The theorem is the™ 
proved 

170 In the complete quadrilateral abed the diagona 
whose extremities are the points ac, Id, cuts the other 
diagonals g and e m E and G respectively , these two po 
are therefore harmonically conjugate with regard to ae anc 
(Art 66) The correlative theorem is The two opposite s 
of the complete quadrangle ABCB which meet m F are 1 
momcally conjugate with regard to the straight hues wl 
connect jFwith the two other diagonal points E and G (Art 
Summing up the precedmg, we may enunciate the follow 
proposition (Fig 117) 

If at the vertices of a ( simple ) quadrangle ABCB , inscribed 
conic , tangents a,b,c 3 d be drawn, so as to form a ( simple ) qua 
lateral circumsc 1 tied to the conic , then this quadrilateral possesses 
following proprer ties mill regard to the quad) angle (1) thediago 
of the tuo pass through one point {F) and form a harmonic pern 
(2) the points of intersection of the pairs of opposite sides of the 
he on one straight line {EG) and form a harmonic range , (3) 


* Mvclalbik, loc at , § s o Carnot, loc cit , pp 4^3, 4^4. 
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diagonals of the quadrilateral pass through the ^omte of intersection 
of the paws of opposite sides of the quadrangle* 

17L By help of the theorem of Art 169, when we are given fonr 
tangents a , b , c , d to a conic and the point of contact A of one of 
them, we can at once find the points of contact of the three others , 
and when we are given four points A , B , G , D on a conic and the 
tangent a at one of them, we can draw the tangents at the three 
other points t 

Sdutem. Draw the diagonal Draw the diagonal triangle 
triangle MFG of the complete MFG of the complete qnadrangle 
quadrilateral abed, then AG, ABCD , then the straight lines 
AF, AM wall cut b t c, d respec- joining ag, af ae to B , C , D re- 
tivefy in the required points of spectively will be the required 
contact B,CjJ) tangents 

172 The -theorem of Art 169 may be enunciated with re- 
gard to ihe (simple) quadrilateral formed by the four straight 
Enee cl, b, c, d , it then takes the following form, under which 
it m seen to be already included in the theorem of Art 1 70 J 

In a qimdrilateral circumscribed to a come , the straight lines 
which join the points of contact of the pairs of opposite sides pass 
through the point of intersection of the diagonals (Fig 118 ) 

This property coincides with one already proved with regard 
to two projective ranges (Art 85, left) For 
consider the projective ranges on a and c as 
bases, in which ab and cb , ad and cd , are 

corresponding points, the stiaight lines which 
connect the pairs of points ah and cd, cb and 
ad respectively, must intersect on the straight 
line which connects the points corresponding 
in the two ranges respectively to ac , hut this 
is the straight line joining the points of contact 
of a and c 

If the conic is a hyperbola, and we consider 
Fjg u 8 the quadrilateral which is formed by tbe asymp- 

totes and any pair of tangents, the foregoing 
theorem expresses that the diagonals of such a quadrilateral are 
parallel to the chord which joins the points of contact of the two 
tangents § 

* Chasles, Sections comques, Art 121 
+ Maclaurin, loc c\t, §§ 38, 39 
X Newton, loc cit , Cor 11 to lemma xxiv 
§ Apollonius, loc at , m 44 




175] 


OF PASCAL AID ERIA3SOHOH 


173 The theorem of Art 172 gives the solution of the problem 
To construct a conic by tangents , having given three tangents a, 
and the points of contact A and 0 of two of them , to cbraw, 
example, through a given point H lying on a a second fomgrent to 
curve (Fig 118) 

Solution J om the point ah to the point of intersection of AC 
H (be) j the joining line will meet c in a point which when joine 
E gives the required tangent d. 

If one of the points A , C or one of the given tangents be suppe 
to lie at infinity, the solution of the following particular case 
obtained 

To construct by tangents a hyperbola, having given one asympl 
two tangents to the curve, and the point of contact of one of th 
or, both asymptotes and one tangent 

To construct by tangents a parabola, having given 
infinity on the curve, two tangents, and the point of cont 
them , or, two tangents and the points of contact of both 
Given four tangents to a conic and the point of contact 
them, to find the points of contact of the others 


174 If m Pascal’s theorem the points A\ B', C' b< 
lie indefinitely near to \ B, C E 

respectively, the figure TOcomes 
that of an inscribed triangle 
ABC together with the tangents 
at its vertices (Fig 119), and 
the theoiem reduces to the 
following 

In a triangle inscribed m a conic, I 

the tangents at the vertices meet the 

respectively opposite sides m three Fig 119 

collmear points 


175 This gives the solution of the problem 

Given three points A, B, C of a conic and the tangents at tu 
them A and B , to draw the tangent at the third point C (Fig 119) 

Solution Let P, Q be the points where the given tangent 
A , B cut BC , CA respectively , if PQ cut AB m R, then CR is 
tangent required 

The following are particular cases 

Given two points on a hypeibola, the tangents at these po 
and the direction of one asymptote, to construct the asymj 
itself 

Given one asymptote of a hyperbola, one point on the curve 
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tangent at tins point, and the direction of the second asymptote, to 
construct this second asymptote 

Given both asymptotes of a hyperbola and one point on the curve, 
to draw the tangent at this point 

(From the solution of this problem, it follows that the segment 
determined on any tangent by the asymptotes is bisected at the point 
of contact ) 

1 Given two points on a parabola, the direction of the point at 
* infinity on the curve, and the tangent at one of the given points, to 
draw the tangent at the other given point 

ft 176 The inscribed triangle ABC and the triangle DBF 
■* formed by the tangents (Fig 119) possess the property that 
their respective sides BC and EF, CA and ED, AB and BE 
intersect in pairs in three collmear points The triangles are 
therefore homological, and consequently (Art 18 ) the straight 
hues AD, BE, CF which connect their respective vertices pass 
through one point 0 Thus we have the proposition 

In $ triangle circumscribed to a conic , the straight lines which join 
the vertices to the pounds of contact of the respectively opposite sides 
are concurrent 


177 By help of this proposition the following problem can be 
solved 

Given three tangents to a conic and the points of contact of two of 
them , to determine the point of contact of the third 

Solution Let DEF (Fig 119) be the triangle formed by the 
thiee tangents, and let A , B be the points of contact of EF, FD re- 
spectively It AD and BE intersect m 0 , then FO will cut the 
tangent BE m the requned point of contact G 
Particular cates 

Given one asymptote of a hyperbola, two tangents, and tbe point 
of contact of one of them, to determine the point of contact of the 
other 

Given both asymptotes of a hyperbola, and one tangent, to deter- 
mine the point of contact of the latter 

Given two tangents to a parabola and their points of contact, to 
determine the direction of the point at infinity on the curve 

Given two tangents to a parabola, the point of contact of one of 
them, and the direction of tbe point at infinity on the cuive, to deter- 
mine the point of contact of the other given tangent 

178 As a particular case of the theoiem of Ait 176 , considei a 
parabola and tbe circumscribing triangle formed by the tangents at 
any two points A, B, and the straight line at infinity, which is also 
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a tangent If the tangents at A B meet m O (Fig I2< 
straight line joining (7 to the middle point D of the chord AB 
parallel to the direction in 
which lies the point at infinity 
on the curve 

Again, if any point M he 
taken on AB S and parallels 
MP , MQ he drawn to BO , AO 
respectively to meet AO , BO 
m P i Q , and if MR he drawn 
parallel to DO to meet PQ m 
R , then PQ will he a tangent 
to the parabola, and R its point of contact 

179 Just as from Pascal’s theorem a series of s 
theorems have been derived, relating to the inscribed 
tagon, quadrangle, and triangle, so also from Brian 
theorem can be deduced a senes of correlative the 
relating to the circumscnbed pentagon, quadrilateral 
triangle 

Suppose e g that two of the six tangents a , b\ c, a!, b , c 
form the circumscribed hexagon (Art 153, left), b and 
example, he indefinitely near to one another Smce a ta 
intersects a tangent indefinitely 
near to it in its pomt of contact 
(Arts 146, 149), the hexagon will 
be replaced by the figure made up 
of the circumscnbed pentagon 
ab' ca'b together with the pomt of 
contact of the side b (Fig 121 ) 

Brianchon’s theorem will then become the following 

If* 'pentagon is circumscribed to a conic, the two diagonals 
connect any two pans of opposite vertices, and the straight Inu 
mg the fifth zertex to the point of contact of the opposite sidt 
in the same point 

This theorem expresses a property of projective ranges whic 
already (Ait 85, left) been noticed 

Foi consider the two projective ranges detei mined by the 
tangents on a and b as bases Three pans of coi responding 
are given, nz those determined by a! , b f , and c Project th< 
range fiom the point ca f and the second from cb , this give 
pencils in perspective of which coriesponding pairs of rays int 




v 

Fig 120. 
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on the straight line r winch joins the points oft', 6a' In order 
then to ohtam that point of the second range which corresponds to 
the point ab of the first, viz the point of contact of the tangent b , we 
draw the straight line q which joins the points ca! and ab, and then 
the straight line p which joins cV and qr , then pb is the point 
required. But this construction agrees exactly with the theorem in 
question. 

ISO By means of the property of the circumscribed pentagon 
jest established the following pioblems can he solved 

(I). G%vm five tangents to a come , to determine the point of contact 
of am/ me of them * 

X JPmtimLar case Given four tangents to a parabola, to determine 
f their points of contact, and also the direction of the point at infinity 
o«a the curve. 

^2)u To construct by tangents a come , having given four tangents 
point of contact of one of them 

WdrtmMm* cases. 

®> construct by tangents a hyperbola of which three tangents and 
one asymptote are given. 

To construct by tangents a parabola, having given three tangents 
and the direction of the point at infinity on the curve, or three 
tangents and the point of contact of one of them 

18L Tfee corollaries of Brianchon s theorem which relate to the 
circumscribed quadrilateral and triangle have already been given 
(they are the propositions of Arts 172 and 176) , they are correlative 
to the theorems of Arts 166 and 174, just as those of Arts 164 and 
179 are correlative to one another 

It will he a very useful exercise for the student to solve for himself 
the problems enunciated in the present chapter the constructions all 
depend upon two fundamental ones, correlative to one another, and 
following immediately from Pascal’s and Bnanchon’s theorems 

182 The corollaries to the theorems of Pascal and Brianchon show 
that just as a conic is uniquely determined by five points or five 
tangents, so also it is uniquely determined by four points and the 
tangent at one of them, by four tangents and the point of contact of 
one of them, by three points and the tangents at two of them, or 
by three tangents and the points of contact of two of them It 
follows that 

(1) An infinite number of conics can be drawn to pass through 
three given points and to touch a given straight line at one of these 
pomts , or to pass through two given points and to touch at them 
two given stiaight lines, but no two of these conics can have another 
point in common 


* Maclaurin, loc cit , § 41 
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(2) An infinite number of conics can be drawn to touch a give. 
i straight line at a given point, and to touch two other given sfcraagh 
lines , or to touch two given straight lines at two given points , bu 
no two of these conics can have another tangent in common* 

If then two comes touch a given straight hnA at the same porn 
(t.e if the comes touch one another at this point), they cannot haw 
in addition more than two common tangents or two co mmon points 
and if two comes touch two given straight lines at two given point 
(• 6 if two comes touch one another at two points) they cannot haw 
any other common point or tangent. 

ThuB if two comes touch a straight line a at a point A , this porn 
is equivalent to two points of intersection, said the straight line a u 
equivalent to two common tangents. 


V, 
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te3 Theorem* Any transversal 
vAa&wr meets a come and the op- 
ntdes of an inscribed quad- 
mayh m three corrugate pairs of 
pok» is of cm t nwkcttwn. 

13 ns is known as Des argues' 
i* — * 

122) be a 
in a conic, 


CJORRELATIYE THEOREM The 
tangents from an arbitrary point to 
a conic and the straight lines which 
join the same point to the opposite 
vertices of any circumscribed quad- 
rilateral form three conjugate pairs 
of rays of an involution 

Let qrst (Fig 123) be a quad- 
rilateral circumscribed about a 



and let s be an) transversal cut conic , from any point S let 
tmsr the conic m P and P\ and tangents p , p' be dnwn to the 
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quadrangle m A , A\ B, B' re- 
spectively 

The two pencils which join 
the points P, B, P\ T of the 
conic to Q and S respectively are 
projective with one another (Art 
149), and the same is therefore 
true of the groups of points in 
which these pencils are cut by 
the transversal That is, the 
group of points PBP'A is pro- 
jective with the group PA'P'B', 
and therefore (Art 45) with 
P'B'PA' > consequently (Art 
123) the three pairs of points * 
PP' AA\ BB' 
are m involution 

184 This theorem, like that 
of Pascal (Art 153, right), enables 
us to construct by points a conic 
of which five points P, Q , P, S, T 
are given Foi if (Eig 122) an 
arbitrary transversal s be drawn 
through P, cutting QT , BS, QR, 
2'S in A, A\ B , B / respectively, 
and if (as in Art 134) the point 
P' be found, conjugate to P in 
the involution determined by the 
pairs of points A , A' and B , B ' , 
then will P / be another point on 
the conic to be constructed 

185 The pair of points C , C' 
m which the transversal cuts the 
diagonals Q8 and BT of the 
mscubed quadi angle belong also 
(Art 131, left) to the involution 
determined by the points A , A / 
and B , B f 

Moreovei, since the points 
A A / nrwl B B / suffice to deter 


a, a', by V be drawn which joii 
S to the vertices qt y rs y qr } is o 
the quadrilateral respectively 

The two groups of points n 
which q and. s are cut by 
tangents p, r, p', t are pi ?e 
jective with one another (Art 
149), and the same is therefor 
true of the pencils formed b 
joining these points to S Tfe 
is, the group of rays pbp'et 
projective with the group pafp*% 
and therefore (Art 45) wd 
p'Vpa ' , consequently (Art, 12, 
the three pairs of rays 
pp', aa'y W 
are m involution 

This theorem, like that 
Bnanchon (Art 153, left), e 
ahles us to construct by tangei 
a conic of which five tangei 
p, q, r, 8, t are given. For 
(Fig 123) an arbitrary point 
be taken on p, and this Dornt 
jomed to the points qt, 
respectively by the rays c 
and if (Art 134) the ray p 
constructed, conjugate to p m 1 
involution determined by the pa 
of rays a, a ' and 6, V , then r 
p f be another tangent to the co 
to be constructed 

The pair of lays c, c' wh 
connect S with the points 
intersection qs and rt of 
opposite sides of the cnci 
scubed quadrilateral belong 
(Art 131, right) to the mv< 
tion detei mined by the rays a 
and b , V 

Moreover, since the lays a 
and b , b' suffice to determine 
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P, P' are a conjugate pair of 
tius involution for every conic, 
whatever be its nature, which 
circumscribes the quadrangle 
QBST 

Thus 

Any tramversed meets the comes 
mrmmsertbed about a gwen quad- 
rmfie «t pairs of points forming 
cm fovookcteon. 

If tfee involution has double 
points, each of these is equivalent 
fe two points of intersection P 
dK$3, P / lying indefinitely near to 
on$e anther , and will therefore 
be the point of contact of the 
tafiGsversal with some come cir- 
cumsmbmg the quadrangle 

There are therefore either two 
conics which pass through four 
given points Q, R, S, T and 
touch a given straight line s 
(not passing through any of the 
given points), or there is no 
conic which satisfies these con- 
ditions 

180 If, fiom among the six 
points AA\ BB', PP f of an 
involution, five are given, the 
sixth is determined (Art 134) If 
then m Fig 122 it is supposed 
that the conic is given, and that 
the quadi angle vanes m such a 
way that the points A , A' } B 
remain fixed, then also the point 
B ' will remain mvaiiable, con- 
sequently 

If a variable quadrangle move 
in such a way a 6 to remain 
always inscribed in a gnen conic , 
while three of its sideb turn each 
lound one of three fixed colhnear 
points then the fouith side will 


pse 

conjugate pair of this involution 
for every come, whatever be its 
nature, which is inscribed in the 
quadzslateral qrst 

Thaos 

The paws of temgensts drawn 
from any pomt to the comes 
inscribed in a given quadrilateral 
form an involution. 

If the involution has double 
rays, each of these is equivalent 
to two tangents p and p' lying 
indefinitely near to one another , 
and will therefore be the tangent 
at S to some come inscribed in 
the quadrilateral 

There are therefore either two 
conics which touch four given 
straight lines q , r , $ , t and pass 
through a given point S (not 
lying on any of the given lines), 
or theze is no conic which satis- 
fies these conditions 

If, from among the six rays 
aa\ bb\ pp f of an involution, 
five are given, the sixth is deter- 
mined (Art 134) If then in 
Fig 123 it is supposed that the 
conic is given, and that the 
quadrilateral vanes m such a 
way that the rays a , a ' b remain 
fixed, then also the ray V will 
1 emam invariable , consequently 

If a variable quadrilateral move 
m such a way as to 7 emam always 
cucumscnbed to a given conic , 
while three of its vertices slide 
each along one of tin ee fixed con- 
current straight lines , then the 
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colhnear with the three given fourth fixed straight Tme, conm 
ones rent with the three given ones. 


187 The theorem of the preceding Art (left) may be 63 
tended to the case of any inscribed polygon having an eve 
number of sides Suppose such a polygon to have %n side 
and to move in such a way that an—i of these pass respe 
tively through as many fixed pomts all lying on a straigi 
line s (Fig 3 24) Draw the 
diagonals connecting the 
first of its vertices with the 
4 th , 6 th , 8 th , 2 (n — i ) th 

vertex, thus dividing the 
polygon into 71 — 1 simple 
quadrangles In the first 
of these quadrangles the first 
three sides (which are the 



Fig 124. 


first three sides of the polygon) pass respectively thron 
three fixed points on s , therefore also the fourth side (whicl 
the first diagonal of the polygon) will pass through a fixed po 
on s In the second quadrangle the first three sides (the fi 
diagonal and the fourth and fifth side of the polygon) p 
respectively through three fixed pomts on s , therefore 
fourth side (the second diagonal of the polygon) will p 
through a fixed point on s Continuing m the same mam 
we arrive at the last quadrangle and find that tne fouith s 
of this ( 1 e the 2 71 th side of the polygon) passes througl 
fixed point on s We may therefore enunciate the gene 
theoiem 

If a variable polygon of an even numbei of sides move m sue 
way as to remain always inscribed m a gu en conic , while all its s 
but one pass respectively through as many fixed points lying 0 
straight line , then the last side also uill pass though a fixed pi 


colhnear with the otheis * 

If tangents can be di awn to the conic from the fixed p< 
round which the last side turns, and if each of these tang* 
is considered as a position of the last side, the two veit 
which lie on this side will coincide and the polygon will 1 
only 2 n — x vertices The point of contact of each of the 
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augents will therefore be one position of one of the vertices 
►fa polygon of ctn—x sides inscribed in the conic so that its 
ides pass respectively through the % n— i given coliinear 
Knnts. 

188 The solution of the correlative theorem is left as an 
\ xemse to the student the enunciation is as follows 
If a variable polygon of an even number (2 n) of side* moves so as la 
emam always circumscribed to a given conic ) while all its vertices 

but one slide along as many fixed 
straight lines radiating from a centre , 
then the last vertex also will slide 
along a fixed straight line passing 
through the same centre (Fig 
125 ) 

If the straight line on whieh 
this last vertex slides cut the 
conic in two points, and if the 
tangents at these be drawn, each 
of them will be one position of 
a side of a polygon of %n— 1 
sides circumscribed about the 
conic so that its vertices he each 
on one of the 2w — x given con- 



Fig 125 

urrent straight lines 


189 If m Fig 122 it be sup- 
posed that the points S and T lie 
ndefimtely near to one another on 
he conic, or m other words that 
ST is the tangent at S , then the 
quadrangle QRST reduces to the 
nscnbed triangle QR& and the 
angent at S (Fig 126), so that 
Desaigues theorem becomes the 
ollowmg 

If a triangle QRS is inscribed 
n a conic , and if a transversal s 
neet two of its sides in A and A \ 
he third side and the tangent at 
he on n<st te veitPY in 7 ? nr)r? 72 / 


If m Fig 123 the tangents 
8 and t be supposed to he indefi- 
nitely near to one another, so that 
st becomes the point of contact of 
the tangent 8 , then the quadri- 
lateral qrst reduces to the circum- 
scribed triangle qrs and the point 
of contact of s (Fig 127), so that 
the theorem correlative to that of 
Desai gues becomes the following 
If a triangle qrs is circum- 
scribed about a conic } and if from 
any point S there be drawn the 
straight lines a , a ' to two of its 

WPi heps flip atnrnonhi IrnneQ h A f in 



desaegttes’ theobem 


153 


Ifcl] 

these three pairs of points are m 
involution 

190 This theorem gives a 
solution of the problem Gn enfive 



points P , P', Q , B , S on a conic , 
to draw the tangent at any one of 
them S 

For if A , A', B (Fig 126) are the 
points in which the straight line 
PP f cuts the straight lines QS, SB, 
BQ respectively, we construct (as 
in Art 134) the point B ' conjugate 
to B in the involution determined 
by the two pairs of points A , A f 
and P , P / , then B'S will be the 
required tangent 

191 If m Fig 126 it be now 
supposed in addition that the 
points Q and B also lie inde- 
finitely near to one another on 
the conic, 1 e that QB is the 
tangent at Q, then the inscribed 
quadi angle QBST is replaced by 
the two tangents at Q and S and 
their chord of contact QS counted 
twice (Fig 128) 

Cl J.1- 


contact of the opposite side, md 
the tangents p , p' to the come, 
them these three pairs of rays an 
m involution 

This theorem gives a solution oi 
the problem Given five tangent* 



p, P\ r,s to a come, to find tt 
point of contact of any one t 
them 8 

For if a, a', l (Fig 127) are th 
rays joining the point pp' to tt 
points qs,sr , rq respectively, w 
construct (as m Art 134) the ra 
V conjugate to b in the mvoli 
tion determined by the two pan 
of rays a , a! and p , p r , then h 
will be the required point of coi 
tact 

If in Fig 127 it be now su] 
posed in addition that the tai 
gents q and r lie indefinitely ne< 
to one another 1 e that qr is tl 
point of contact of the tangent 
then the cncumscnbed quadr 
lateial qrst is replaced by tl 
points of contact of the tangen 
q and s and the point of mterse 
tion qs of these tangents count 
twice (Fig 129) 

Q rtn 4-V»£» Tv 
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$Jso coincide in one point, winch. 
m consequently one of the double 
points of the involution deter- 
mined by the pairs of conjugate 


c 



points P, P 7 and B, B f In this 
ease* then, Desargues’ theorem 
becomes the following 

If a transversal cut two tan- 
gents to a come m B and B\ their 
rhnrd of contact in A , and the 
in P and P\ then the 
porno jl is a double point of the 
involution determined by the pairs 
of points P , P r and B , B ' 


Or, differently stated 
If a variable conic j)ass through 
two gaen joints P and P r and 
touch tvjo given straight lines , the 
chord which joins the joints of 
contact of these two straight lines 
will always pass through a fixed 
point on PP 7 

If the tangents QU, SU vary 
at the same time with the conic, 
while the nomts P P' B B' re- 


pRl 

rays a and af will also coincide 
in a single ray a, which is conse- 
quently one of the double rays of 
the involution determined by the 



pants of conjugate rays p, p and 
b , V The theorem correlative to 
that of Desargues then becomes 
the following 

If a given point S be joined to 
two points on a conic by the 
straight lines b , b\ and to the 
point of intersection of the tan- 
gents at these points by the straight 
line a > and if from the same 
point S there be drawn the two tan- 
gents p , p / to the conic , then a is 
a double ray of the involution de- 
termined by the pairs of rays j ) , p ' 
and b , V 

Or, differently stated 

If a variable conic touch two 
given straight lines p and p' and 
pass through two given points , the 
tangents at these two points will 
always intei sect on a straight line 
passing through pp' 

If the points of contact of q and 
s vary at the same time with the 

rnnip while the afraiorht lines 
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QS must still always pass through 
one or other of the double points 
of the involution determined by 
the pairs of points P,P / and By B' 
If then four colhnear points P, P\ 
B, B' are given and any conic is 
drawn through P and P', and 
then the pairs of tangents from 
B and B' to this conic, then if 
each tangent from B is taken to- 
gether with each tangent from 
B\ four chords of contact will be 
obtained, which intersect one 
another, two and two in the double 
points of the involution determined 
by P, P'an&ByB'* 

192 From the theorem of the 
last Article (left) is derived a 
solution of the problem Given 
four points PyP'yQ , S on a conic 
and the tangent at one of them Q, 
to draw the tangent at any other 
of the given points S (Fig 128) 

For if Ay B are the points in 
which PP f cuts QS and the given 
tangent respectively, and we con- 
struct the point B' conjugate to 
B m the involution determined 
by the pair of points P, P f and 
the double point A, then the 
straight line SB / will be the tan- 
gent required 


lie on one or other of the double 
rays of the invohttKm determined 
by the pairs of x&jsp, $/*&&&,¥ 
If then four concurrent straight 
lines p ypfy h , V are given and any 
conic is drawn touching p and j/, 
and then the two pairs of tan- 
gents to this come at the points 
where it is cut by b and ¥, 
then if the tangents at the two 
points on b are combined with 
the tangents at the two points on 
b'y each with each, four points ot 
intersection will he obtained, 
which he two and two on the 
double rays of the involution de- 
termined by p , p' and b , ¥ 

From the theorem of the la si 
Article (right) is derived a solu 
tion of the problem Given fowl 
tangents jp , p',q , s to a conic ana 
the point of contact of one of thm< 
q, to determine the point of contact 
of any other of the given tangenti 
s (Fig 129) 

F01 if a , l are the rays whicl: 
connect pp r with qs and with the 
given point of contact respec 
tively, and we construct the raj 
¥ conjugate to b in the mvolu 
tion determined by the pair o 
rays p ,p' and the double ray a 
then sV will be the requirec 
point of contact . 


193 Consider again the theorem of Art 191, and suppose tha 
the conic is a hjperbola, and that its asymptotes are the tangent 
given (Fig 130) The chord of contact QS lies m this case entnel 
at infinity, so that the involution ( PP BB\ ) has one doubl 
point at infinity, and tbeiefore (Arts 59, 125) the other double pom 
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v the common point of bisection of the segments PP\ BB\ We 
mclnde that 

If a hyperbola and its asymptotes be cut by a transversal, the seg- 
ments intercepted by ike curve and by the asymptotes respectively have 
te same middle pomt 



Fig 130 


From this it follows that 

PB = B'P' and PB' = BP ' *, 

dhdh. gives a rnle for the construction of a hyperbola when the two 
symptotes and a point on the curve are given + 

194. Consider once more the Consider once more the theorem 
heorem of Art 191 (left), and of Art 191 (right), and suppose 
appose now that the points P now that the tangents p and pi lie 
nd P' are indefinitely near to one indefinitely near to one another, 

e let the transversal 1 e let the pomt S he on the 

nt to the conic (Fig conic itself (Fig 132) The tan- 

) -lib pomt of contact P will gent to the conic at 8 will be the 



Fig 13 1 

e the second double point of the 
lvolution determined by the pair 
f points B ,B / and the double 
ointd, consequently (Art 125) 
* and A are harmonic conjugates 



Fig 132 

second double ray of the involu- 
tion determined by the pair of 
rays b y b' and the double ray a , 
consequently (Art 125) p and a 
are harmonic conjugates with 
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^rth regard to B and B' , and 
we conclude that 
4 In a triangle JJBB ' circum- 
scribed to a conic , any side BB' 
divided harmonically by its 
point of contact P and the pomt 
where it meets the chord QS joimng 
the points of contact of the other 
two sides 

195 From A a second tangent 
can be drawn to the come , let its 
■point of contact be 0 Since the 
fourpoints P,A,B,B', which have 
been shown to beliarmomc, are 
respectively the point of contact 
of the tangent AB, and the three 
points where this tangent cuts 
three other tangents OA , QB, SB ' 
respectively, it follows that the 
tangents AB , OA , QB , SB' will 
be cut by every other tangent in 
four harmonic pomts (Art 149) , 
i e they are four harmomc tan- 
gents (Art 151) And since the 
chord of contact QS of the con- 
jugate tangents QB , SB' passes 
through A the point of intersec- 
tion of the tangents at P and 0 , 
we have the theorem 

If the chord of contact of one 
pair of tangents to a conic pass 
through the point of intersection of 
another pair of tanqents } then each 
pair is harmonically conjugate 
with regard to the other 
An d conversely 

If four tangents to a conic are 
harmonic , the chord of contact of 
each pair of conjugate tangents 
2 )asses through the point of inter- 
section of the other pair 


157 

regard to b and V , and we con- 
clude that 

In a triangle ubhf inscribed tn 
a come, any two sides b and V 
are hcrrmovqie conjugates wzth re- 
gard to the tangent p atthe vertex. 

t i which they meet and the straight 
ne joining this vertex to the pomt 
of intersection of the tangents q 
and s at the other two vertices. 

The straight hue a cuts the 
come in a second pomt, let the 
tangent at this he o Since the 
four rays p , a , 6, V, which have 
been shown to he harmonic, are 
respectively the tangent at S } and 
the straight lines which join S to 
three other points on the come 
(the points of contact of o , q, and 
s) it follows that the straight 
lines connecting these fonr pomts 
with any other pomt on the conic 
will form a harmomc pencil ( 

149) , i e the four pomts 
harmonic (Art 151) And ^ 
the point of intersection of 
tangents q and s lies on the chord 
of contact of the tangents p and o. 
we have the theorem 

If the point of intersection of 
the tangents at one pair of points 
on a conic lie on the chord join- 
ing another such pair of points , 
then eadi pair is harmonically 
conjugate vnth regai d to the other 
And conversely 

If four pomts on a come are 
haimomc , the point of intersection 
of the tangents at each pan of con- 
jugate points lies on the chord 
joining the other pair 
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by virtue of the property already established (Arts 148, 149) that 
the tangents at four harmonic points on a conic are themselves har- 
monic, and conversely We may then enunciate as follows 
If a pair of tcmgmts to a conic meet in a point lying on the chord 
of contact of another paw, then also the second pair will meet m a 
point lying on the chord of contact of the first , and the four tangents 
[and likewise thevr points of contact) wiU form a harmonic system * 
Thus m F*g. 1 3. i QS passes through A, the point of intersection of 
BA and OA, apd similarly OP passes through U the point of inter- 
section of QB jaad SB' , and' the pencil U (QSPA) is harmonic, and 
Kfeewuse the pencil A (OPQU) 

In Fig 132 the point qs lies on a, the chord of contact of 0 and p, 
pd similarly the point op lies on the straight line u which joins the 
g^lpts of contact of q and a, and the range u (< qsap ) is harmonic, and 
i»iWg««<W4)also. 

107 Example Suppose the come to be a hyperbola (Fig 133) 
Its asymptotes are a pair of tangents whose 
chord of contact QS is the straight line at 
infinity , consequently the chord joining the 
points of contact of a pair of parallel tangents 
will pass through the point of intersection JJ 
of the asymptotes , and conversely, if through 
U a transversal he drawn, the tangents at the 
points P and 0 , where it cuts the curve, will 
Pjg IJ3 be parallel The point TJ will he midway 

between P and 0 , since m general JJVPO 
(Fig 1 31) is a harmonic range, and m this case V lies at in- 
finity 

Any tangent to the curve cuts the asymptotes m two points B and 
B r which are harmonically con3Ugate with regard to the point of con- 
tact P and the point where the tangent meets the chord of contact of 
the asymptotes, hut this last lies at infinity, therefore P is the 
middle point of BB ' Thus 

The part of a tangent to a hyperbola which is intercepted between 
the asymptotes is bisected at its point of contact t 
This proposition is a particular case of that of Art 193 
198 Theorem J If a quadrangle is inscribed in a conic, the 
rectangle contained by the distances of any point on the curve from 
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* De la Hire, loc cit, book 1 prop 30 Steiner loc at, p 159, § 43, 
Collected Works, vol 1 p 346 
f Apollonius loc 319 

t To this Chasles has given the name of Pappus’ theorem, since it corresponds 
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one pair of opposite sides is to the rectangle contemned by its distances 
from the other pair m a constant ratio 

In Fig 122 , the pairs of points P and P', A and A', B and B J 
being, by Desargues* theorem, in involution, the anharmome ratios 
{PP'AB) and {P'PA'B’) aye equal to one another, or 

PA PB _P’A' P'B' 

P'A p'b-’pT PW 
PB f PA ' 

~ P’B' P'A' 

But PA P’A is equal to the ratio of the distances (measured m 
any the same direction) of the points P and P’ from the str aig ht line 
QT, and the other ratios m the foregoing equation may be interpreted 
similarly , we have therefore 

(iL (*) -(*0 (A1 

{Ay {By -(By (Ay 9 

or W (A') _ (A)' (Ay 

(B) (50 “(5)' (j B'f 

where (-4), (A’), {. B ), (B') denote the distances of the point P from 
the sides QT } RjS, QR , ST respectively of the inscribed quadrangle 
QRST, and {A)\ (A’/, {By, {By denote similarly the distances oi 
the point P' from these sides respectively (These distances may lx 
measured either perpendicularly or obliquely, so long as they are 
measured parallel to one another ) The ratio 

(J) (jO 

(5) (50 

is therefore constant for all points P on the come , which proves the 
theorem 

199 Theorem If a quadrilateral is circumscribed about a conic 
the rectangle contained by the distances of one pair of opposite vertices 
from any tangent is to the rectangle contained by the distances of tin 
other pair from the same tangent m a constant ratio * 

In Fig 123 let the vertices qr , qt , st , sr of the cncumscnbec 
quadrilateral qrst be denoted by R, T , P 13 R l respectively, let th< 
points where the tangents p , p’ meet the side q be called P, P 
respectively t, and let the points where these same tangents meet th< 
side s be called P 19 P/ le^pectively Since by the theorem corre 
lative to that of De^argues, the pairs of ra}s p and p f , a and a y 
b and are in involution, the anharmonic ratios {bap]/) an< 
{b'a’]/p) are equal to one anothei Hence by tlieoiem ( 2 ) c 
Art 149, 


* CHA«sTrs ^potions comoues Art 2 6 
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{RTPP') = (AAA'Pj) 

= (A 2’1-Pi AO by Art 45 , 

bp RP'_RtP , AP/ 

2T PP'~ T X P X T X P X ' 

whence ££ 

rp AP, PP' A Pi' 

Bat -BP PP m equal te tie ratio of the distances (measured m 
the same direction) of the points P and P from the straight hue 
p; so atoe P 1 P 1 PjPj is tie ratio of the distances of the points T t 
aad from the same straight line p The foregoing equation 
therefore expresses that the ratio 

RP P.P, 

PP R 1 P 1 

is constant for every tangent p to the conic 5 whieh proves the 
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SELE-OOERESPONDING ELEMENTS AND DOUBLE ELEMENTS. 

200 Consider two projective flat pencils, concentric or no 
concentric Through their common centre or through th< 
two centies 0 and O f draw a conic or a circle, and let tit 
cut the rays of the first pencil in A , B , (7, and those of t 
second in A' 3 B' 3 C\ Project these two senes of porn 
from two new points O l3 0/ (or from the same point) lyi 
on the conic, the two projecting pencils 0 1 (ABC ) a 
0-[{A'B'G ' , ) are by Art 149 projective with the two giv 
pencils 0(ABC ) and 0'(A'B'C' ) respectively , and i 

therefore projective with one another 

The two senes of points ABC and A'B'C' are said i 
two projective ranges on the conic * 

I Now project these two ranges (Fig 134) from two 0 
coi responding points, say from A! and A The project 
pencils 

A'(A 3 B 3 C, ) and A{A\B\C\ ) 

will be projective with one another , and since they have i 
self-coi responding ray AA\ they are 
m perspective Corresponding pairs 
of rays will therefoie (Art 80) intei - 
sect on a fixed straight line, so that 
AB ' and A'B , AC ' and A'C, AD' and 
A '!) , will meet on one straight line s 

If any point be taken on s , the stiaight 
lines joining it to A and A ' will cut 
the come again m another pair of conesponding points 
the ranges ABC I) and A'B'C'D' 

★ "Rn’t t avttt^ Cannon d? (rfiniMPti in tlprn nfn fNnnvi *1^11 A ptmu! f ‘ rn1 
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If instea d of A' and A any other pair of corresponding 
points had been taken as centres of projection, say B' and B, 
the same straight line s would have been arrived at For 
ffinftA JJS'CA'BC' is a hexagon inscribed in a conic, it follows 
by Pascal’s theorem that the point of intersection of B'C and 
BO' must lie on the straight line which joins the point of 
intersection of A'B and AB' io that of A'C and AG' (Art 153 , 
right). 

It Any pomt M in which the come and the straight line s 
intersect is a self-corresponding point of the two ranges 
ABC and A' B’C’ For if M , M' be corresponding points 


A 



Hg 135 Fig 136 

of the two ranges, it has been seen that A'M, AM ' must 
intersect on s , if then M lie on s, M' must coincide with M , 
1 e a pair of corresponding points of the two ranges are 
united at M 

The two ranges will therefore have two se/f-co? responding points, 
or only one , or none at all, according as 
the straight line s cuts the conic m two 
points (Fig 135), touches it (Fig 136), or 
does not cut it (Fig 137) 

III From what precedes it is clear 
that two projective ranges of points on 
a conic are determined by thee pairs of 
corresponding points A and A B and B', 
C and C r For in order to find other 
8 pairs of corresponding points, and the 
self- con espondmg points (when such 
exist), we have only to construct the 
straight line s which passes through the points of intersection 
of the three pairs of opposite sides of the hexagon AB r CA' BC' 
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bo the points ■where $ cuts the come, .and any number of pa 
of corresponding points cm be constructed fey help of i 
property that any pair D and D' are such that the hues A 
and AD' (ot B'D and BD', or C'D and CIV) intersect on s l 

201 Instead of projective ranges of 'points on a come we n 
consider projectwe senes of tangents to the same Let o, <f be i 
projective ranges of points (either collinear or lying on different stra^ 
lines as bases) Describe a conic to touch o and o', and draw to t 
conic, from each pair of corresponding points A and A', B and 
G and O', the tangents a and cf, b and b' } c and <f, If r 
these two senes of tangents are cut by two other tangents o 2 and 
two new ranges of points will be obtained, which are projective w 
the given ranges respectively (Art. 149), and are therefore project 
with one another 

Two senes of tangents to a come are said to be projective with 
another when they are cut by any other tangent to tbe curve m 1 
projective ranges 

I Suppose the first senes of tangents to be cut by tbe tangent 
and tbe second by tbe tangent a The two projective ranges 
formed are in perspective, since they have the self-correspond 
pomt aa' , the straight lines which join the pairs of correspond 
points a'b and ab f , a'c and ac ', will therefore pass through 
pomt 3 This pomt does not change if another pair of tange 
b' and b are taken as transveisals , for by Bnanchons theorem 
straight lines which join the three pairs of opposite vertices a'b 
ah', a'c and ac', b'c and be' of the circumscribed hexagon ab'c a 
must meet m a pomt (Art 153, left) 

II If tbe pomt S is such that tangents can be drawn from i1 
the come, each of them will be a self corresponding line of the \ 
piojective series of tangents abc and a'b'c' 

[The proof of this is analogous to that of the corresponding prope 
of two projective ranges of points on a conic (Art 200, II)] 

III Two projective series of tangents to a conic are determn 

by three pairs of corresponding lines a and a', b and b', c and 
For m order to find other pairs of corresponding lines, and the s 
corresponding lines (when such exist), we have only to construct 
pomt of intersection S of the diagonals which join two and two 
opposite vertices of the circumscribed hexagon ab'c a'bc ' The s< 

corresponding lines will be the tangents from S to the conic, and e 
pair of coi responding lines d and d ' may be constiucted by means 
the property that the points a'd and ad' (or b'd and bd ', oi c'd « 
cd ' ) aie collinear with S 
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IV A range of points A y B y Gy on a conic and a senes of tangents 
b, c, to the same are said to be projective with one another, 
ben the pencil formed by joining A, 3, G, to any point on the 
me is projective with the range determined by a, 6, c, on any 
Dgent to the come 

A range of points A } B y C> on a conic, or a senes of tangents 
\ Cy to the same, is said to be projective with a range of points 
l a straight line, or a pencil (flat or axial), when this last-mentioned 
nge or pencil is projective with the pencil formed by joining 
&0 to any point on the conic or with the range determined by 
b 3 Cy On any tangent to the come 

T These definitions premised, we may now include under the 
He of (me^mevisional geometric form not only the range of 
J&s&ar points, the flat pencil, and lie axial pencil, but also 
se range- -of points on a conic and the senes of tangents to a 
wm* , and with regard to these we may enunciate the general 
is$Greaa Two one-dxmemzonal forms which cure each projective 
ith a third {also of one dimension) are projective with one another 
l Art. 41) 

YI IVom these definitions it follows also that theorem (3) of 
rt 149 may he enunciated m the following manner' 

Any senes of tangents to a conic is projective with the range formed 
/ their points of contact 

VII Let A, By G, and A', B\ G\ be two projective ranges of 
Dints on a conic, and let a, b, c, and a', b\ c', be the tangents 
these points The series of tangents a, b, c, and a', 6', c', 
e projective with the series of points of contact A t B } G, and 
', B\ G'y respectively, and are theiefore projective with one 
lother Let s be the straight line on which the pairs of straight lines 
ich as AB ' and A'B, AG ' and A'G, BC' and B'G intersect , and 
t S he the point m which meet the straight lines joining pairs of 
nnts such as ah ' and a'6, ac r and a'c, be' and b'c , If s cuts the 

me m two points M and N, these must be the self-corresponding 
unts of the ranges ABC and A'B'G f , the tangents m and n 
M and N respectively must therefore be the self corresponding 
les of the piojective series abc and a'b'c , consequently the 
raight lines m and n will meet m S 

YIII From the foiegoing it follows that for the consideration of a 

* The introduction of these new one dimensional forms enables us now to add 
the opeiations previously made use of (section by a transversal straight lme 
d projection by strai 0 ht lines radiating from a point) two others, viz section of 
lat pencil by a conic passing through the centre of the pencil, and projection of 
ange of colhnear points by means of the tangents to a conic which touches the 
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senes of tangents can always be substituted that of their points of 
contact, and wee versa 

202 Instead of considering any two projective pencils as 

in Art 200, take an involution of straight lines radiating 
from a point 0 Suppose these to be cut by a conic passing 
through 0 in the pairs of points A and A', B and B\ C and 
C , , and let these points be jomed to any other point O x on 

the conic Since by hypothesis (Arts 122, 123) the pencils 
0 (AA'BC ) and 0 (A'AB'C / ) are projective with one 
another, the pencils O x (AA'BC ) and 0 1 (A'AB'C / ) are 
so too (Art 149) , and therefore the rays issuing from O t 
form an involution also In this case we say that ike two 
projective ranges of points ABC and A'B'C' on the conic form 
an involution , or that there is on the conic an involution formed by 
the pairs of conjugate points AA' , BB', CC\ * 

I Similarly, if there is given an involution of points on a straight 
line o and if from the pairs of conjugate points there be drawn 
tangents a and a\ b and V, c and </, to a conic touching o, these 
will be cut by any other tangent to the conic in an involution of 
pomts , m this case we say that aa', bb', ce , form an znvolution of 
tangents to the come (cf Art 201) 

II If several pairs of tangents aa', bb ', ee to a conic torm 
an involution, their pomts of contact A A', BB', CCf, form an 
involution also, and conversely (Art 201, VI) 

203 Of the six points A , B', C , A', B , C' on a come 

considered m Art 200, let C' lie indefinitely near to A , and 
C indefinitely near to A ' The projective ranges ( ABC ) or 
(ABA' ) and (A'B'C' ) oi (A'B'A ) will then form an 

involution (AA', BB', ) and the inscribed hexagon is replaced 
by the figure made up of the inscribed quadrangle AB'A'B and 
the tangents at the opposite vertices A and A' (Figs 115, 138) 
We conclude that 

An involution of points on a conic is determined by iuo pairs 
AA', BB' 

I In order to find othei pairs of conjugate points it is onl} 
necessary to eonstiuct the straight line s which joins the point 
of intersection of AB' and A'B to that of AB and l'B\ 1 e to 

* Staudt Beitunje ziu Geonuhie det Lage (Nuraberg, 18^6-57-60 , ^rts 70 
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b»w the straight line joining the points of intersection of the 
>airs of opposite sides of the inscribed quadrangle AB'A'B 

The points where s cuts the conic 
are the double points Pairs of 
conjugate points will be constructed 
by remembering that any pair C 
and (f are such that the straight 
lines AC and A'C' (or AC ' and A'C^ 
or BC and B'C\ or B'G and BC) 
intersect on s 

H. The tangents at a pair of 
conjugate points* such as A and A\ 
B and B\ ^ likewise intersect on 
the straight line s (Art 166) 

HL Since the pairs of sides BC 
and B r C\ CA and C f A\ AB and 
A r ^ of the triangles ABC , A'B'C' 
intersect in three points lying on 
% straight line s, the triangles are homologieal (Art. 17) * and 
the straight lines AA\ BB\ CC / will meet in one point 8 But 
AA' and BB' suffice to determine this point * accordingly 

Any pair of conjugate points of the involution are collmear with a 
fixed point 8 , or 

Every straight line drawn through 8 to cut the conic determines 
w it a pair of conjugate points of the involution 

IV It has been seen that if s cuts the conic in two points 
M and If 9 these are the double points of the involution The 
angents at M and N will therefore meet in 8 

V Conversely, the pairs of points m which a conic is cut 6y 
l he rays of a j^ncil whose centre 8 does not lie on the curve form 
in involution 

For if A and A', B and .5' are the points of intersection 
>f the curve with two of the rays, these two pairs AA' 
md BB' deteimme an involution such that the straight 
me joining any pair of <k)i responding points always passes 
through a fixed point, viz 8 If the involution has double 
joints, these aie the intersections of the come with the 

* The triangles A'BC and AB C , AB'C and A BC\ ABC ' and A B'C are 
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straight line s which joins the point of intersection @SJ 3 and 
A'B ' to that of AB' and A'B 

YI If from different points of a straight line $ pairs of tangqgife 
a and a , b and b', c and c', be drawn to the conic, these frrm an 
involution For if A and A', B and B', G and O', are the points d 
contact of the tangents a and a', b and b\ e and o', nespeefrvefy, aed 
S is the point of intersection of the chords A A' and BB 7 , then m the 
involution determined by the pairs A , A' and B , B f the straight hue 
joining any other pair of conjugate points will pass through S The 
point C and its conjugate he therefore on a straight line paasang 
through 8, and the tangents at these points must meet on the 
straight line joining the points aa' and W, u on s, the conjugate 
of G is therefore G' Hus shows that A and A', B and B\ C and O 
form a range of points m involution, and that consequently a and «' 
b and b', c and c' form a senes of tangents in involution. 

YII If M and N are the double points of an involution 
A A ', BB', CO', of points on a conic, it has been seen thal 
AB, A'B', MN are three concurrent straight lines (the same u 
the case with regard to AB', A'B , MN) In consequence then o; 
theorem V, above, we conclude that 

If A A' and BB r are two fairs of conjugate elements of m 
tion, and MN the double elements , then MN, AB, and A\ 
similarly MN, AB' , and A'B) are three pairs of conjugate elt 
of another involution 

VUE The straight line s cuts the conic (see below, Ar 
254 ) when the point S lies outside the conic (Fig 138), that is 



when the aics A A ' and BB' do not overlap one another , wher 
these axes oveilap, the point S lies within the conic and the 

— TrY n 
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amve again at the property already proved m Art 128, viz. 
that 

An involution has two double elements when any two pairs of 
conjugate elements are such that they do not overlap , and it has no 
double dements when they are such that they do overlap 

In no ease can an involution, properly so called, have only 
one double element For if s were a tangent to the conic, 
S would he its point of contact, and of every pair of conjugate 
points one would coincide with 8 (cf Art 125) 

204u If ( MNAB ) and (MNA'B' ) are two projective 
ranges of points on a conic, M and N will he the self-corre- 
sponding points, and the straight line MN will pass through 
the point of intersection of AB' and 
A'B (Art/ 200 ) Now let B ' be sup- 
posed to he indefinitely near to A 
and similarly B to A\ so that the 
straight lines AB' and A'B become 
m the limit the tangents at A and 
A' respectively (Fig 140 ) Since now 
MNAA' and MNA'A are groups of 
corresponding points of two projective 
ranges, the two pencils mnaa' and 
mna! a formed by joining them to any 
pomt 0 on the conic will be projective , and therefore mnaa! 
is a harmonic pencil (Art 83) We thus arrive again at the 
second theorem of Art 195 (right ) , viz 

If four points A, A' on a conic aie harmonic , the tangents 

at one pair of conjugate points , say A and A', intersect on the chord 
MN joining the other pan , 
and its conelative (Art 195, left), 

If jour tangents to a conic are harmonic , the point of into section 
of one pair of conjugates lies on the chord of contact of the othei 
pair 

From the foimei of these it follows that if through the 
pomt of intei section S of the tangents at M and N straight 
lmes be diawn cutting the conic m A and A\ B and B\ C and 
lespectively, any of these pans of points will be hai- 
momcally conjugate with regaid to M and N The tangents 
at A and A\ £ and B\ C and C\ will theiefoie intersect m 
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In other words 

If from any point there be drawn to a come two fanyen&s a 
a secant , the two points of contact and 
the two points of intersection form a 
harmonic system 

The points (AA ') , (BB'), (CG’\ 
form an mvolution of which M and 
N are the double pomts (Art 203, 

III, IV) We therefore arrive again 
at the property of an mvolution 
that if it has two double elements these are separated harmoi 
cally by any pair of conjugate elements (Art. 125) 

205 Suppose now that the conic is a circle (Fig ill) From t 
similar triangles SAM, SMA', \ 

AM MA f SM SA r , ] 



and from the similar triangles SAN, SNA' 
AN NA f SN SA' 


A ^=^^eSM = SN), 


or 


AM A'N = AN A'M 


But by Ptolemy's theorem (Euc vi D), 

A A' MN = AM A'N + AN A'M 
If then M, N, A, A' are four harmonic points on a circle, 

\AA' MN = AM A'N — AN A'M 

200 The pioperties established m Ait 200 and the followi 
Articles lead at once to the solution of the important problem 
To construct the self corresponding elements of two mperposed pr 
jective forms , and the double elements of an involution 

I Let two concentric projective pencils be given } which are deU 
mined by three pairs of corresponding rays 
(Fig 142), it is required to construct their 
self-corresponding rays 

Through the common centie 0 describe 
any cncle, cutting the thiee given pans 
of rays in A and A', B and B\ G and G' 
respectively Let AB' y A'B meet m A, 
and i G\ A'G m Q , if the straight line QR 
cut the cncle in two points M and N , 
then 0M % ON will be the lequired self- 
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XL Let A amd A\ B and B\ C and C' (Fig 143) be three paws 
of cort espondmg points of two ccBmear ranges , it is required to 
construct the sdf-correspondmg points. 



Describe any circle touching the common base o of the two ranges, 
and to this circle draw from the given points the tangents a and a', 
b and b', c and c' Let r be the straight line which joins the points 
ab ' a'b , and q that which joins the points ad, a' c If the point qr 
hes outside the circle and from it the tangents m and n be drawn to 
the circle, then the points om, on m which these meet the base will 
be the required self corresponding points of the two ranges 



O therm* w (V^ce t a a\ 


Fig 144 
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0 From 0 project the given points upon fee o£ 

circle, and let A x and Af> B l and Bf 0 1 and Of be fee pa^ 
tions of A and A', B and B\ 0 and G' respectively. SomAJBfyA 
meeting m R, and Af Jf, AfO x 
meeting m Q (or B x Of, BfG x meet- 
ing in F) If fee straight line PQR 
cut the circle in two points M 19 N x , 
and these he projected from fee 
point 0 back upon the given base o, 
then their projections M , N will 
be the required self-corresponding 
points of fee given ranges * * 

III In (I) let the two pencils 
be m involution (Fig 145), <md let 
it be required to find the double rays 

Two pairs of conjugate rays suffice now to determine fee p 
cils Draw through fee centre 0 any circle cutting fee gi 
rays m A and A', B and B / respectively Let AB' , A'B meet 
R , and AB , A'B f m Q , if the straight lme QR cut fee crrck 
two points M and N, then OM , ON will be fee required double 1 
of the involution 

IV Let A and A', B and B f be two given pairs of conjugates oj 




involution of points on a straight line , it is required to find 
double points (Fig 146) 

Draw any circle in the plane and take on it any point 0 ri 
0 project the given points upon the circumference of the circle, 1 
let A x and Af, B x end Bf be the pi ejections of A and A' ,B and 
respectively Let AJBf , AfB x meet m R , and A X B X , A x B x in Q 
QR cuts the circle m M x , N 19 and these points be projected iron 
back upon the given straight line, then their projections M , 1 
be the lequired double points 

n/» nti rm 6R and t*7 a SS 1*7 and 46 Collected ’W orks, \o 
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Otherwise 

Descnbe a circle touching the base AB (Fig 147), and draw to 
this cirde from the points A and A\ B and B' y the tangents a and a', 



Kg 147 


b and V, reflectively Let r he the straight line which joins the 
points ah', afb, and q that which joins the points ah, a'b' If the point 
qr lies outside the circle, the tangents m and n from this point to the 
circle will cut the base line of the involution m the lequned double 
/ points 

207 Theorem A pencil in involution is either such that every 
ray is at right angles to its conjugate, or else it contains one and 
only one pair of conjugate rays including a right angle 

Consider again Art 206 , III , if the point of intersection S 
of the stiaight lines AA\ BB\ is the centre of the circle 
(Fig 148) then AA\ BB\ aie all diameters, and therefore 


c 



Fig I48 Fig j^g 


each ray OA , OB , will be at light angles to its conjugate 
OA , OB , In this case then the m volution is formed by a 
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But if S is not the centre of the circle (Fig 149), drai 
the diameter through it , if 0 and C' are the extremity 1 
this diameter, the rays OC, OC' will include a right angl 
But these will be the only pair of conjugate rays wibSs 
possess this property, since through S only one diameter ca 
be drawn 

208 This proposition is only a particular case of ifc 
following one 

Two superposed involutions [or such as are contamed m ike mn 
one-dimensional form) have always a pair of conjugate elements t 
common , except m the case where the involutions have doub 
elements and the double elements of the one overlap those of the othe 

Take two involutions of rays having a common centre i 
and let a circle drawn through 0 cut the pairs of coi 
jugate rays of the first involution in the pairs of porn 
(A A', BB', ) and those of the second in (G G\ EE ' , ) L 

S be the point of intersection of AA',BB\ and T that 
GG',EE ' If the straight line ST cut the circle in tv 
points E and E', these will be a conjugate pair of each involi 
tion, since they are collmear with S and with T also Let 1 
now exa min e m what cases ST will cut the circle 




In the first place, it will certainly do so if one at least of tl 
points S , T lies within the circle (Art 203, VIII), 1 e if one * 
least of the involutions has no double elements (Figs 150, 151 
Secondly, if both the points S, T lie outside the circle, 1 e 
both the involutions have double elements, then the straigl 
lme ST may 01 may not cut the circle If 031 , ON are tl 
double elements of the first involution, OH, OF those of tl 
second, the lays OE , Ofc'must be harmonically conjugate bol 
with regai d to 031 \ ON and with regard to Ol\OY , but (Ai 

0 i u « r^o-iv nf plprnpnts whic 
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at the same time harmonically conjugate with legard to 
1 of the two pairs OM , ON and OU 9 07 , it is necessary and 
LCient that these two pairs should not overlap If then 
te pairs do not overlap, ST will cut the circle (Fig 15a) , 



Fi g 152 


153 


reas if they do overlap, ST will not cut the circle (Fig 
) The two involutions have theiefore a common pair of 
ugate elements in all cases except this last viz when they 
1 have double elements and these overlap 

n Figs 150, 151 and 152, are shown cases of two involutions 
ng a common pair of conjugate elements E and E' , Fig 153 
ae other hand illustrates the case where no such pair exists ] 

)9 The preceding problem, viz that of determining the common 
of conjugate elements of two involutions superposed one upon 
>ther, depends upon the following, viz to determine (in a range, 
pencil, or on a conic) a pair of elements which are harmonically 
igate with regard to each of two given ])ans This problem has 
dy been solved, for the case of a lange, m Art 70 , the following 
other solution 

Lppose that we have to deal with a range of points lying on a 
£ht line Take any circle and a point 0 on it, and project the 
1 points from 0 upon the circumference , let M , N and U , V be 
projections (Fig 152) Let the tangents at AT and N to the 
* meet m S, and the tangents at U and V in T If the pair MN 
not oveilap the pair UV , then ST will cut the cncle m two 
s E and E\ which when projected back from 0 upon the given 
*lit line will give the points lequned 

0 The double points of the involution determined by the pairs 
' and B B ' are the common pair of coniugate elements of two 
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and A', £', the other by the pairs A . , B r and A' B (Art 20$, 

YII) 

From this follows a construction for the double pomts of an 
involution of collinear points which is determmed bp the pcdrs A 7 A' 
and B, B' Take any point G outside the base of the lnvolutics* 
and describe the circles GAB, GA'B' , they will meet in a no th er 
point, say in H Similarly let A" be the second point of mtesrseefcion 
of the circles GAB', GA'B Every circle passing through G and M 
meets the base in a pair of conjugate points of the involution AB , A'B' 
(Art 127) , so too every circle passing through G and K gives a pair 
of conjugate points of the involution AB', A'B If then the circle 
GHK be described and it meet the base, the two points of intersection 
will be the double elements of the involution A A', BB'* 

21L It follows from the foregoing that the determination of the 
self-corresponding points of two projective ranges ABC and 
A'B'C' on a come (and consequently of the self-corresponding 
points of any two superposed projective forms) reduces to the con- 
struction of the straight line s on which intersect the pairs of 
straight lines AB' and A'B , AC' and A'C, BC' and B'C, Simi- 
larly the determination of the double points of an involution AA\ 
BB\ depends on the construction of the stiaight Ime s on which 
intersect the pairs of straight lines AB and A'B', AB' and A'B, 
or the pairs of tangents at A and A', B and B', 

Conversely, if any straight line s (which does not touch the come) 
is given, an involution of points on the conic is thereby determined , 
for it is only necessary to draw, from different points of s, pairs of 
tangents to the conic, and the points of contact will be pairs of 
conjugate pomts of an involution 

But, on the other hand, in order that two projective ranges of 
points ABC and A'B'C' may be determined, there must be 
given, m addition to the straight lme s, a pair of conjugate pomts A 
and A' also , then the straight lines joining A and A' to any point 
on s will cut the conic m a pair of corresponding pomts B' and B 

Two projective ranges of points determine an involution , for the) 
determine the straight line s, which determines the involution If 
the two ranges have tw o self corresponding points, these will also be 
the double points of the involution 


* Chasles, Geomttne sup & rieure , Art 263 
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PROBLEMS OP THE SECOND DEGREE 

212 Problem Given five points Problem Given jive tangents 
0 , 0 ', A , B , 0 on a conic , to o, o, a, b,c to a conic, to draw 
determine the points of intersection a pair of tangents to the cwrve 
mvw oivfh a oiven straight from a given point S 



of 

he 

«he 



pencils 0 (A, B, C, ) and 
O' (A, B , C, ) will be piojective, 
and will cut the tiansversal s 
in points forming two collmear 
piojective langes 

A point M which corresponds 


Consider the points where two 
of the tangents o, o' are met by 
the others a , b, c (Fig 155) ; the 



ranges 0 (a , b , c , ) and 

0 (a , b , c , ) will be piojective 

and if pi oj acted irom S as centie 
will give two concentric projec 
tive pencils 

Any ray m which conesponds 
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also be a point on the come, smee also be a tangent to the e«M% 
a pair of corresponding rays of since a pair of (^rnesponding 
the two pencils must meet m M points of the two ranges o m& d 
The points of intersection of the must lie on The tangents 
conic with the straight line 8 are from 8 to the conic are therefore 
therefore found as the self-corre- found as the seH-<x>rrespQndmg 
spondmg points of the two colli- rays of the two concenfrie pencils 
near ranges which are determined which are determined by the rays 
on s by the three pairs of corre- joining 8 to the three pans of 


spondmg rays OA and O' A , OB 
and O'B , 00 and O'C There 
may be two such self-correspond- 
ing points, or only one, or none 
at all , consequently the straight 
line s may cut the conic in two 
points, or it may touch it, or it may 
not meet it at all The construction 
of the self-corresponding points 
themselves may be effected by 
either of the methods explained 
in Art 206, II 

213 In a similar manner the 
problem may be solved if there 
be given four points 0, O', A , B 
on a conic and the tangent o at 
one of them 0 , or three points 
0 , O', A and the tangents o and 
o' at two of them 0 and O' In 
the first case the two pencils are 
determined by the three pairs of 
rays o and O'O , OA and O' A, 
OB and O' B , and m the second 
case by the three pans o and 
O'O , 00' and o', OA and O' A 

If however theie be given fi\e 
tangents, or foui tangents and 
the point of contact of one of 
them, or three tangents and the 
points of contact of two of 
them, we may begin by first con- 
structing such of the points of 


corresponding points oa and o'o, 
ob and o'b, oc and dc. There 
may be two such seK-correspond- 
mg rays, or only one, or none at 
all, consequently there can either 
be drawn from the point S two 
tangents to the conic, or 8 is a 
point on the come, or else from S 
no tangent at all can be drawn. 
The construction of the self- 
corresponding rays themselves 
may be effected by the method 
explained m Art 206, I 

In a similar manner the pro- 
blem may be solved if there he 
given four tangents o, o', a, b to 
a come and the point of contact 0 
of one of them o, or three tan- 
gents o, o', a and the points of 
contact 0 and O' of two of them 
o and o' In the former case 
the three pairs of pomts which 
determine the two ranges are 
0 and o'o, oa and o' a, ob and 
o'b , m the latter case they are 
0 and o'o , oo ' and O', oa and 
o'a 

It howevei there be given five 
pomts on the conic, or four points 
and the tangent at one of them, 
or three points and the tangent® 
at two of them, we may begin b\ 
first constructing such of the 
tangents at the points as are 
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already given (Arts 180, 171, 171, 175), the problem will then 

177), the problem will then reduce reduce to one of the cases given 
to one of the cases given above above 

f 214 In the construction given in Art 212 (left) suppose that the 
come is a hyperbola and that the given 
straight lme s is one of the asymptotes 
(Fig i g 6) The colhnear projective ranges 
determined on s by the pencils 0(A, P, C, ) 
and 0* (A y B x O , ) wifi have m tins case 

one self-corresponding point, and this (being 
the point of contact of the hyperbola and 
the asymptote) will lie at an infinite dis- 
Fig 156 tance But m two collmear ranges whose 

self corresponding points coincide in' a single 
one at infinity, the segment intercepted between any pair of corre- 
sponding points is of constant length (Art 103) We therefore 
conclude that 

If from two fixed points 0 and O' on a hyperbola there be drawn 
two rays to cut one another on the curve , the segment PP f which these 
intercept on either of the asymptotes is of constant length * 


X 


Fig 157 

215 If m Art 212 (left) the straight lme s be taken to lie at 
infinity, the profile m becomes the following 

Given Jive jmnts 0 , O', A , B , C on a conic , to determine the point* 
at infinity on it (Fig 157) 
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Consider again the projective pencils O (A , B , 6 , } 

(y(A,B, 0 , ), which determine on the straight line at lafentya 

collmear ranges whose self-corresponding points are the requ 
points at infinity on the come. Smoe each of these eelf-rorresponc 
points must lie not only at the intersection of a pair of correspond 
rays of the two pencils but also on the line at infinity a, the eo 
sponding rays which meet in such a point must be parallel to 
another , the problem "therefore reduces to the determination of 
pairs of corresponding rays of the two pencils which are paralk 
one another 

In order then to solve the problem we draw through 0 the para 2 
OA', OB' , OG' to O' A , O'B , O'G respectively, and then const] 
(Art 206 , I) the self-corresponding rays of the two concen 
pencils whieh are determined by the three corresponding pairs 
and OA', OB and OB', OG and OG' If there are two self-co 
sponding rays OM and ON, the come determined by the five gi 
points is a hyperbola whose points at infinity lie in the direct 
OM , ON , t e whose asymptotes are parallel to OM and 
respectively 

If there is only one self-corresponding ray OM, the come <k 
mined by the five given points is a parabola whose point at infi 
lies in the direction OM 

If there is no self corresponding ray, the conic determined by 
five given points is an ellipse, since it does not cut the straight 
at infinity 

If m the first case (Fig 157) it is desired to construct the 
totes themselves of the hyperbola, we consider this latter as determ] 
by the two points at infinity and three other points, say A , B, 
0 , m other words, we regard the hypeibola as generated by the 
projective pencils, one of which consists of rays all paiallel to ( 
and the othei of rays all parallel to ON, and which are such that 
pair of coriespondmg rays meet m A, a second pair m B, an 
third pair m 0 The lays which correspond m the two pei 
lespectively to the straight line at infinity (the line joining 
centres of the pencils) ill be the asymptotes requued 

Let then a, b,c (Fig 157) be the rays parallel to OM which ] 
through A, B, C respectively, and let a', b' , c' be the rays par 
to ON which pass through the same points respectively Jom 
points ah ' and a'b and the points be' and b'c, and let K he the p 
of intersection of the joining lines , the straight lines drawn thro 
K parallel to OM and ON will be the required asymptotes 

216 Problem Given Jive points A , B , C , B , E on a conic 

Jv/ion iJtfi fnmnpnfQ -from n no 1 ) fin Mint ^ to fhfi conic 
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(left)* by making use of tbe properties of tbe involution (Art 203) 
obtained by cutting tbe conic by transversals drawn through S 

/ J om SA , SB (Fig 158), these 
K straight lines will cut the come 

\ \ again in two new points A' and B\ 

which can be determined (making 
use of the ruler only, and without 
drawing the curve) by means of 
Pascal's theorem (Art 161, right) 
(In the figure the points A ' and 
B ' have been constructed by means 
of the hexagons ADCBEA ' and 
' BEG ABB' respectively) Now 

let the point of intersection of AB 
and A'B ' he joined to that of AB' 
ae 8 will pass through the points of contact of 
irt 203) The problem therefore reduces to 
e points of mtersection of the conic and the 
i2, left) 

a. To Jmd the points of intersection of a given 
straight line s and a conic which is 
x Jc determined by free given tangents , 

may similarly be made to depend 
on that of Art 212 (right), by 
making a construction (Fig 159) 
analogous to the foregoing one 
And tbe problem, To draw 
through a given point a straight 
, , line which shall divide a given 

b / / triangle into two parts having to 

one another a given ratio , may be 
jf solved by reducing it to the follow- 

pjg mg construction To draw horn 

the given point a tangent to a 
hyperbola of which the asymptotes and a tangent are known 
These are left as exercises to the student 


218 Problem To construct 


To construct a conic which shall 


a tonic which shall pass through touch four given straight lines 
four gnen points Q , R , S , T , q , r, s 3 t , and shall pass through 


and shall touch a given straight 
line s which does not pass through 
any of the given 2>oints 


a given point B which does not he 
on any of the given lines 


T 


z/ 
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be the points where the sides 
QT , RS , QR , ST respectively 
of the quadrangle QRST cut 
the straight line s (Fig 160) 



Construct the double points (if 
such exist) of the involution de- 
termined by the pairs of points 
A and A', B and B' 

If there are two double points 
M and N, each of them will be 
(Art 185 , left) the point of con- 
tact with s of some conic cir- 
cumscribed about the quadrangle 
QRST Each of the comes 
QRSTM , QRST If therefore gives 
a solution of the problem, and 
these comes can be constructed 
by points by help of Pascal's 
theorem ('Art 161 , right) 

If however there are no double 
points, there is no conic which 
satisfies the conditions of the 
problem 


joining the point S to the vert 
qt ,r 8 ,qr> st respectively of 
quadrilateral qrst (Kg n 
Construct the double rays 



such exist) of the involution 
termmed by the pairs of 3 
a and a 7 , b and V 

If there are two double 3 
m and n, each of them will 
(Art 185 , right) a tangent 
S to some come inscribed 
the quadrilateral qrst Ead 
the comes qrstm, qrstn there] 
gives a solution of the probh 
and these conics can be c 
structed by tangents by helj 
Bnanchon’s theorem (Art 1 
left) 

If however there are no doi 
lajs, there is no conic wl 
satisfies the conditions of 
pioblem 


219 If m the foregoing Ait (left) the stiaight line s be takei 
lie at infinity, the problem becomes the following 

To construct a parabola, which shall pass through four gnen poi 
Q } B,S,T 

To solve it, take any point 0 (Fig 162), and through it di 
the lays a, a 7 , b , V parallel lespectively to the straight li 
QT , RS , QR , ST, and constiuct the double rays (if such exj 
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Sack of these double rays will determine the direction in which lies 
the point at infinity on a parabola passing through the four given 
points, the problem therefore reduces to 
the last problem of Art 165 If however 
the involution has no double rays, no 
parabola can be found which satisfies the 
conditions of the problem 

Through four given points therefore can 
he drawn either two parabolas or none , 
m the first case the other comes which 
pass through the given points are ellipses 
and hyperbolas, m the second case they 
are all hyperbolas The first case occurs 
when each of the four points lies outside 
the triangle formed by the other three 
si when the quadrangle formed by the four points is non-reentrant\ 
the second case when one of the four points lies within the triangle 
formed by the other three (i e. when the quadrangle formed by the 
four points is reentrant) 

220 If in Art. 218 (right) (me of the straight hues q ,r,8,t lies 
at infinity, the problem becomes the following 

To construct a parabola which shall touch three given straight lines 
and shall pass through a given point 



221 Problem To construct 
a conic which shall pass through 
three given points P, P', P" and 
s hall touch two given straight lines 
q and 8, neither of which passes 
tfo ough any of the given points 
Solution This depends on the 
theoiem of Ait 191 (left) Join 
PP', and consider it as a trans- 
versal which cuts the conic m 
P and P', and the pair of tan- 
gents q and s in the two points 
B and B' (Fig 163) It A and A x 
die the double points of the m 
volution determined by the two 
pairs of points P and P', B and B\ 
the chord of contact of the conic 
and the tangents q and s must 
pass through one of these points 


To construct a conic which 
shall touch three given straight 
lines p , p\ p" and shall pass 
through two given points Q and S, 
neither of which lies on any of the 
given straight lines 

The solution depends on the 
theoiem of Art 191 (right) Con- 
sider pp' as a point from which 
the tangents p and p f have been 
drawn to the conic, and the rays 
b and b ' to the two points Q 
and S (Fig 164) If a and a x are 
the double rays of the involution 
determined by the two pairs of 
rays p and p\ b and the point 
of intersection of the tangents at 
Q and S to the conic must lie on 
one of these ravs bv the theorem 
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^Repeat the same reasoning for 
the case of the transversal PP n , 
which cuts q and mD and D " , 



if C and G x are the double points 
of the involution determined by 
the two pairs of points P and P", 
D and D", the chord of contact 
must similarly pass through 
C or C x The problem admits 
therefore of four solutions , mz 
when the two involutions 
(PP', BB') and (PP" } T)B ,r ) 
both have double points, there 
are four conics which satisfy the 
given conditions If the double 
points are A , A x and G , O x 
respectively, the chords of con- 
tact of the four conics and the 
tangents q and s are AG, A X C , 
A G x , and A X G X Of each of these 
conics five points are known, mz 
P, P', P" , and the two points 
of intersection of AC (or of A x C, 
or AO x , or A 1 G 1 , as the case may 
be) with q and s , they can ac- 
cordingly be constructed by points 
hv means of Pascal's theorem 


reasoning for the case of the pot 
pp", from which are drawn t 
rays d and d n to the poii 



Q and S, if c and Cj are 1 
double rays of the involution < 
termmed by the two pairs c 
p and p", d and d /r , the poi 
intersection of the tangents mi 
similarly lie on c or c x I 
problem admits therefore of fc 
solutions, mz when the two 
volutions {pp' } bb') and (pp'\ dc 
both have double rays, there i 
four comes which satisfy the gn 
conditions If the double rays t 
a , a x and c , c x respectively, i 
points of intersection of t 
tangents at Q and J3 to the fc 
conics aie ac, a^c , ac x , and a 1 
Of each of these comes fi 
tangents are known, viz p, p', 2 
and the two straight lines whi 
join ac (or a x c , or ac x , or a x c x , 
the case may be) to Q and 
they can accordingly be co 
structed by tangents by means 
Brianchon's theorem (Art 1€ 


PROBLEMS OF THE SECOND DEGREE 



22% Peoblem To construct a polygon whose vertices shall lie mi 
given* straight lines (each on each) 3 and whose sides shall pass through 
gwm points (each through each *) ) 

Solution For the sake of simplicity suppose that it is required 
to construct a quadrilateral, whose vertices i , 2 , 3 , 4 shall lie 
respectively on four given straight lines s 1 , $ 2 , s 8 , s 4) and whose 
sides 12 , 23 , 34 , 41 shall pass respectively through four given points 
S 4l (Fig 165) The method and reasoning will he the 
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same as for a polygon of any number of sides Take any pomts 
A lt B 19 C 13 on and project them from S l2 as centre upon s 2 ) and 
let A 23 B 23 G 2) he their projections Project A 2 , B 2) C 23 from 
S 2 s as centre upon $ 8 , an d let A Sf -# 8 > ^ 3 , be their projections 
Project A 3 ,B 33 G S3 from $ 34 as centre upon s 4 , and let A i3 B 4 i C 43 
he their projections Finally project A 4 , B 4i C 43 from aS^ as centre 
upon 8 V and let A , B, G , be their projections 

The points S u , S 2s , S S4 , S 41 are the centres of four projectively 
related pencils , for the first and second are m perspective (smce 
their pairs of corresponding rays A X A 2 , B X B 2 , and A 2 A 3 , B 2 B S3 
mteisect on s 0 ), the second and third are m perspective (pairs of 
corresponding rays intersect on $ s ), and similarly the third and fourth 
are m perspective (pairs of corresponding rays mteisect on s 4 ) Con- 
sequently (Art 150 ) pans of corresponding rays of the first and 
fourth pencils (such as A X A 2 and A 4 A) will intersect on a conic, 01 
m other words the locus of the fir&t vertex of the variable quadri- 
lateral whose second, third, and fourth vertices (A 2 , A s , A 4 ) slide 
respectively on three given straight lines (s 2 , s $ , s 4 ) and whose sides 
(A X A 2 ,A 2 A s) A s A 4 , A 4 A) pass respectively through four given points 
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is a conic* This conic passes through the points S n , i 
centres of the pencils which generate it , in order therefore to del 
mine it, three other points on it must he known , the mtersectw 
of the three pairs of corresponding rays A X A 2 and A 4 A , B l B s bMB 4 
GA and CJJ will suffice It is then only necessary further to ei 
struct (Art 212) the points of intersection M and N of the strai| 
line 8 t with the come determined by these five points, either M or 
can then be taken as the first vertex of the required quadrilateral 

This construction may be looked at from another point of view *3 
broken lines A X A 2 A S A 4 A , j BJBJBJBJB , and G X G 2 C Z C A C may be regar< 
as the results of so many attempts made to construct the required (pi 
nlateral , these attempts however give polygons which are not do f 
for A does not m general coincide with A 1 , nor B with B x , 
G with G x These attempts and all other conceivable ones which mi 
similarly be made, but which it is not necessary to perform, give 
the straight line 8 X two ranges A 1 B 1 C 1 and ABC , one be 
traced out by the first vertex and the other by the last vertex of 
open polygon These ranges are projective with one another, m 
the second has been derived from the first by means of project 
from S n , $23 , , S 41 as centres, and sections by the transver 

s 2 , $ 3 , s 4 , s x Each of the self-corresponding points therefore of 
two ranges will give a solution of the problem , for, if the first vei 
of the polygon be taken there, the last vertex will also fall on 
same point, and the polygon will be closed 

In the following examples also the method remains the 
whatever be the number of sides of 
the polygon which it is required to 
construct 

223 Peoblem To inscribe in a 
given + conic a polygon whose sides 
pass respectively through given points 

Solution Suppose that it is re- 
quired to inscribe m the conic a 
tuangle whose sides pass lespectively 
through three given points S x 1 S 2i S s 
(Fig 1 66) Let us make thiee trials Take then any three po 
A , B , G on the conic , join them to S x and let the joining h 
cut the conic again m A 1 J B 1 ,G 1) join these points to S a and 

* This theorem, viz that ‘if a simple polygon move m such a way thal 
Bides pass respectively through given points and all its vertices except one t 
respectively along given straight lines, then the remaining vertex will desen 
conic, is due to Maclaurin (Phil Trans , London, 1735) Cf Chasles, Ap 
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the joining lines cut the come again m A 2 , B 2i C 2 , finally join 
these points to S s and let the joining lines cut the come again 
m A / , B / , C f Since the point finally arrived at* A ' or B r or G\ 
does not m general comcide with the corresponding starting-point 
A or B or O', we shall have, instead of an inscribed triangle as re- 
gained by the problem, three polygons AA x A^A f ^ BBJBJB' y GG x GjG r 
which are not closed. But since, by a senes of projections from 
S a> S 9 m succession as centres, we have passed from the 
jaapge A, By Gy to the range A ty B t> O v , from this last to 
A*, B^, C 2t and from thus to A f ,B' y O', , it follows that the 

range of pointed , B , 0 , , with which we started is projective with 

the nmge of pointed/, B', O', , with which we ended (Arts 200,201, 

203 ). The problem would be solved if one of the points in the latter 
range coincided with its correspondent in the former If then the 
tstfo projective ranges ABG and A r B r O' have self-corresponding 

jessgte, each of these may be taken as the first vertex of a triangle 
wkseh safefi^es the given conditions. We have therefore only to 
determine (Art. 200 , II) the straight hue on which interseiGi the three 
pairs of opposite sides of the inscribed hexagon AB'GA r BG / , and to con- 
steuct (Art. 212) the points of intersection M and N of this straight 
line with the come , each of them will give a solntiomof the problem* 
224 . By a similar method may be solved the correlative problem 

To circumscribe about a gwm 
conic (i e one which is either 
completely drawn or determined 
by Jive tangents) a polygon whose 
vertices he respectively on given 
straight lines 

Suppose that it is required to 
circumscribe about the conic a 
triangle whose vertices lie re- 
St spectively on the straight lines 
s 1} s 2 ,s s (Fig 167) Take any 
point A on the conic and draw 
the tangent a at it, from the 
I point where this tangent cuts 

*•1 s 1 draw another tangent a x (let 

Fig 167 its point of contact be d t ), from 

the point where a x cuts s 1 draw 
a third tangent a 2 (let its point of contact be A 2 ) , finally, from 
the point where a 2 cuts s 3 draw the tangent a', and let its point 
of contact be A' The pioblem would be solved if the point A' 


1 


m 
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coincided with A, 0 . if the tangents of and a eocuoded with km 
another Suppose that other similar trials have heeaa made, tafcb 
other arbitrary points B , 0 9 on the conic to begin with , then i 

shall arrive in succession at the ranges of pomts A 9 M y 0 y * 
r A 2 , jB 2 , C 2 , , and A', B* y G' y , wiadb are i 

protectively related to one another For the first range is pggy&efcr 
with the second (Art. 203), since the tangents at A and A t , .Band M 
C and , always intersect on Sj , and for similar reasons U 
second and third, and the third and fourth, are protective with ea 
another , 'Consequently (Art 201) the same is true of the !o®rth m 
the first Since the problem would be solved if A / cosncaded with 
or B / with B , , each of the self- corresponding points of the par 

jeetive ranges ABO and A'B'C' may be taken as the point 
contact of the first side of a triangle which satisfies the given ec 
ditions We have therefore only to make three trials (Ark 2<X 
t e. to take any three points A , B , 0 on the conic and to den 
from them the corresponding points A\ B f , O' , and then to cc 
struct the points of intersection of the conic with the straight !i 
which joins the points of intersection of the three pairs of oppos 
sides (the Pascal lme) of the inscribed hexagon AB'GA'BG '* 

226 The particular ease of the problem of Ark 223 m which t 
given points S li S 29 lie all upon one straight line s must be ec 
sidered separately If the number of sides of the required polyg 
is even, the theorem of Art 187 may he applied , m this case i 
problem has either no solution at all, or it has an nnmhAr 

solutions Suppose it required, for example, to mscn 
an octagon of which the first seven sides pass respective 
the points S lf S 2 , S 7 , then by the theorem just quoted the last si 

will pass through a fixed point $ on $ this point S is not arbitral 
but its position is determined by those of the points S 1 , S 2 , / 

If then the last of the given points S 8 coincides with S, there are 
infinite number of octagons which satisfy the given conditions £ 
if $ 8 does not coincide with S , there is no solution 

If the number of sides of the requned polygon is odd, the probh 
becomes determinate Suppose it is required to inscribe m the conn 
heptagon (Fig 124 ) whose sides pass respectively through the giv 
collmear points S 19 S 29 S S9 S 7 By the theorem of Art 187 th< 
exist an infinite number of octagons whose first seven sides pass throu 
seven given collmear points and whose eighth side passes throu 
a fixed point JS collmear with the others If among the^e octagc 
there is one such that its eighth side touches the conic, the probh 
will he solved, foi this octagon, having two of its\ertices mdefimt< 


* PoisCELEr, loc at, p 3^4. 
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aear to one another, will reduce to an inscribed heptagon, whose 
sides pass respectively through seven given points If then tan- 
gents can be drawn from the point S to the conic, the point of 
contact of each of them will give a solution (Art. 187) According 
therefore to the position of the point S with reference to the conic, 
[here will be two solutions, or only one, or none 
In Kg 126 is shown the case of this problem where the polygon 
b fee inscribed is & triangle * 

The solution of the correlative problem, to circumscribe about a 
pven come a polygon whose vertices lie respectively on gvom rays of a 
oemil, is left as an exercise to the student. This problem also is 
ather indeterminate or impossible if the polygon is one of an even 
number of sides , it is determinate and of the second degree if the 
polygon is one having an odd number of sides (Figs. 125, 127) 

LrearaPu If two comes cut one (mother m the pomts 


A y JB , 0 y C / r and if from 
A and B respectmdy two 
straight hues AFF' r BGG' be 
drawn cuttmg the first come 
m F and G, and the second 
m F' and G', then the chords 
FG , F'G' will intersect in 
a point H lying on the chord 
CO' (Fig 168) 

The transversal CC ' cuts 
the first come and the oppo- 
site sides of the inscribed 
quadrangle ABGF m six 
points of an involution (Art 
183, left) , and the same is true with regard to the second conic and 
the inscribed quadrangle ABG'F' But the two involutions must 
oincide (Art 127), since they have two pairs of conjugate pomts m 
ommon, viz the points C , C ' m which the transversal cuts both the 
omcB, and the points m which it cuts the pan of opposite sides 
AFF ", BGG' t which belong to both quadrangles The involutions 
will theiefore ha\e every pair of conjugate pomts in common, and 
therefore the transversal CC' will meet FG and F'G ' m the same 
point H } the conjugate of the point m which it meets AB\ 

227 The preceding lemma, which is merely a corollary of Desargues 
theorem, leads at once to the solution of the two following problems, 
me of which is of the fiist, and tl e othei of the second degree 



* Pappus, loc cit , book vn prop 1 1 7 

t This may also be proved very simply by applying Pascal’s theorem to each of 
he hexagons AFGBCC', AF G’BCQ m turn 
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t Pboblem three of the points of intersection A 9 B 9 0 

two comes, cmd m addition two other points D,B of ike first, emd A 
other points F,G of the second, to determine the fourth point efmh 
section of the two comes (Fig 168) 

Take two of the given points of intersection A and B, and J6 
A A 7 , -SG* These straight lines will cut the first conic a gain rat poai 
F r , G r respectively which cart he determined by the method of A 
161 (right) J orn FG, F f G\ and let them meet m H By the fba 
going lemma H will lie cm the chord joining the other two points 
intersection of the conics. This chord will therefor© be EG, as 
it remains only to determine the point G / where HO cute either 
the conics , G / will be the required fourth point of mterseetion of t 
comes, 

II Peoblem. Gwm two of the pomts of intersection, A ,B, of & 
comes, avid in addition the three pomts E, B, E of the first and i 
three pomts F, G, M of the second, to determine the other two pm 
of intersection of ike comes (Fig 168) 

Join AF and BG, and let them meet the first come again in F', 
respectively, join FG, F'G r , and let them meet in E The point 
will lie on the chord joining the two required pomts Again, jt 
AM, and let it meet the first conic again m M ' , jom GM , G'M\ a 
let these meet in K, then the point K also will lie on the sa 
chord The required pomts therefore lie on EE, and the prohl 
reduces to the determination (Art 212) of the pomts of intersect 
C , C' of the conics with EK * 

228 The solution just given of problem II holds good equally w! 
the pomts A and B lie indefinitely near to one another, t e 
two comes touch a given straight line at the same given point 

In this case two conics are given which touch one another al 
point A, and the straight fine EK is constructed which joins th 
remaining points of intersection C and C r If EK passes thron 
A, one of the pomts C or C' must coincide with A, since a co 
cann6t cut a straight line in three points When this is the ca 
three of the four points of intersection of the comes lie mdefimt 
near to one another, and may be said to coincide m the point 
and the conics are said to osculate at the pomt A The construct 
gives a point E of the chord which joms A to the fourth pomt 
intersection 0 of the conics It maj happen that this chord co 
cides with the tangent at A, in this case A represents four coincide 
pomts of intersection of the two conics (oi rather, four such poi 
lying indefinitely near to one another) 

* Gaskiv, The geometrical con^tfuction of a conic section, &c (Cambridge 18 
I>P 4 ° 
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229 Let bow the lemma of Art. 226 be applied to the case of a 
eonic and a circle touching it at a point A At A draw the normal 
to the conic (the perpendicular to the tangent at A), and let it cut 
the conic again in F and the circle again in F f On AF as diameter 
describe a circle , this circle, which touches the conic at A and cuts 
it at F y will cut it again at another point G such that AGF is a right 
angle. Join AG and ki G' be the point where it cuts the first 
amok. Joan FG > F*G\ by the lemma they will intersect on the 
chord HK, but tiiey are parallel to one another, since AG'F 7 also is 
^ nghi angle. Thus for any circle whatever which touches the conic 
0 A# tike c&or$ of intersection HK with the come has a constant 
<&rec&oa&, viz. that parhUd to FG 

If HK passes through A, the conic and the circle osculate at this 
| pomt If then a parallel through A to FG cut the conic again in 
<% the circle which touches the come at A and cuts it at G will be 
the osculating circle (eirek of cmrvatee) a£ A * 

Pn the particular case where A is a vertex (Arh 297) of the come, 
JPw® be the other vertex, FG the tangent at F,AC the tangent atd, 
m& 0 will comcisdewith A It ss seen then that the oeeulatang circle 
at a vertex of a eomc has not only three but fimr indefinitely near 
points m common with the come.] 

Conversely, the conic can be constructed which passes through 
three given points A , F , Q and has a given circle for its osculating 
circle at one of these points A 

For 30 m AP , AQy and let them cut the given circle m F\ Q' 
respectively, and join FQ ,P'Q\ meeting m U If AU be joined and 
cut the circle again m C , the required conic will pass through G It 
is therefore determined by the four points A , F , Q , C and the tangent 
at A (which is the same as the tangent to the circle there) 

230 The proposition correlative to the lemma of Art 226 may be 
enunciated as follows 

If a and b are a pair of common tangents to two conics , and if from 
two points taken on a and b respectively the tangents f , g be drawn to 
the first conic and the tangents f f g f to the second , then the points fg and 
f'g f will be collinear with the point of intersection of the second pair of 
common tangents to the conics 

This proposition enables us to solve the problems which aie corre- 
lative to I and II of Art 227 , viz given three (or two) of the com- 
mon tangents to two conics, and in addition two (or three) tangents 
to the first and two (or thiee) tangents to the second, to determine 
the lemaimng common tangent (or the two remaining common tan- 
gents) to the conics 

231 Problem Gnen eleven points A^B^C ,D,E ,A l ,B l) C 1 , F 

* Poncelet, loc cit , Arts 334-337 
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to construct by pomts the come wkteh passes through P <md through t 
four points of intersection of the two comes taktek are dstermmsd bp i 
points A ,B ,G ,B ,E and A 1 ,B 1 ,C 1 ,B li E 1 respscto&lp Tksoom 
are supposed net to be traced, nor are that pomts ofm^rsectumgdsm 

Solution. Draw through. P any transversal, and consbwefc (A i 
212, left) the points M and M 1 in which it eats the erase ABGM 
and the points N and N' m which it cute the conic A 1 B 1 C 1 B 1 A 
Since these two comes and the required one all pass through the sa® 
four points, Desargnes* theorem may he applied to them If thereto 
(Art 134, left) the point P r he constructed, conjugate to P m ti 
involution determined by the pairs of points M and M f , N and J 
this point P' will he on the required conic. By causing the tea® 
versal to turn about the point P, other points on the required oo® 
may be obtained 

232 Problem. Gtforn ten pomts A,B y C,B,E , A iy B lt G ly B ly 
and a straight line s; to construct a come which shaU touch s m 
shall pass through the fern points of intersection of the two com 
winch are determmed by the points A y B % G y B,E and A ly B iy G ly B ly 
respectively The comes are supposed not to be traced, nor are tin 
points of intersection given 

Solution Construct (Art 212) the points of intersection M and 1 
of 8 with the conic ABCDE , and the points of intersection N a 
]V / of s with the conic A 1 B 1 G 1 D 1 E 1 , and then (Art 134) the A* 
points of the involution determined by the two pairs of 
M and M\ N and N' If P is one of these double points, it 
the point of contact (Art 185) of s with a come drawn througL 
four points of intersection of the comes ABC BE and A 1 P 1 6^ 1 L 
to touch 8 The problem thus reduces to that of the precedi 
Article 

233 The correlative constructions give the solutions of the con 
lative problems viz to construct a conic which passes through a giv 
point (or which touches a given straight line), and which is msenb 
m the quadnlateral formed by the four common tangents to te 
conics , the comes being supposed each to be determined by five giv 
tangents, but not to be completely traced , and their four comm 
tangents being supposed not to be given 

234 Problem Through a given point S to draw a straight h 
which shall be cut by four given straight lines a ,b c } dm four pou 


having a given anharmomc ratio 

Solution It has been seen (Art 151) that the straight lm 
which aie cut by four given straight lines m foui points haung 
given anharmomc ratio are all tangents to one and the same cor 

* PONCELET IOC Clt , Art 389 -V 

I 
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touching the given straight lines , and that if A >B 9 C are the points 
where d cuts a ,b y c respectively, and D is the point of contact of d t 
the enharmonic ratio {A BCD) is equal to that of the four points m 
which the straight lines q ,b,c ,d are cut by any other tangent to 
the conic. Accordingly, if on the straight hue d that poih& D he 
constructed (Art, 65) which gives with the pointy 

«*(=*) , M(~Pf , cd(~G) 

an anharmonic ratio {ABCD) equal to the given one, and if then the 
ffetaaght lines he constructed (Art 2X3, right) which pass through 8 
and touch the conic determined hy the four tangents a ,b , c , d and 
the point of contact D of d, each of these straight lines will give a 
gdniaoB of the proposed problem. 

Jf one of the straight lines a,b ,c ,d lie at infinity, the problem 
becomes the following 

Gwm three straight knee a ,b , c and a pomt 8, to draw through 8 
a straight line such that the segment intercepted on it between a and b 
mag be to that intercepted on it between a and c m a given ratio 

To solve this, construct on the straight line a that point A which 
Is so related to the points ah (=zB) and oc(==0) that the ratio 
AB AC has the given value , and draw from 8 the tangents to the 
parabola which is determined by the tangents a,b , c and the point 
of contact A of a 

The correlative construction gives the solution of the following 
i On a given straight line 8 to find a point such that the 
xmng it to four given points A , B , C , D form a pencil having 
i anharmomc ratio 

235 Pkoblem Given two projective ranges of points lying on the 
straight lines u , u' respectively , to find two corresponding segments 
MP , M'P' such that the angles MOP , M'O'P' which they subtend at 
two fixed joints 0,0 ' respectively may be given m sign and mag - 
itude 

Solution Take on u ' two points A ' and D' such that the angle 
A'O'D' may be equal to the second of the given angles , let A and D 
be the points on u which correspond respectively to A ' and D / , and 
let A 3 be a point on u such that the angle A 1 OD is equal to the first 
of the given ingles The problem would evidently be solved if OA l 
coincided with OA, since m this case the angles AOD and i'O'D' 
would be equal to the given angles respectively If the rays 
O' A', OA , O'D', OD , OA x be made to vary simultaneously, they will 
trace out pencils which are projectively related For those traced 
out by O' A' and O'D' respectively are projective, and similarly 
tho«e tiaced out by 0A 2 and OD respectively, since the angles A' O'D' 
and A x OD me constant (Art 108), and the pencils traced out by 
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and e'd'respecftiTdy, sad if OB, O' & Tvspee&tfiy, me ym 
|ectrve since the given ranges on u and vf me so Co nseq uently 8 
pencils generated by OA and 0A T respectively are projective, ar 
their self-corresponding rays give the solutions of fbe problem, 
three trials be ifrade of a Kroner Vmd to the fo regosng one, ifapi 
pairs of corresponding rays OA and OA l , OB and OB t , OOmi<M 
will be obtained , let the seM-eorrespoudmg rays of tfee oonoastr 
projective pencils determined by these three parrs be constroefc 
{Art 206, 1} r If one of these self-corresponding rays meets n m A 
aind If the point jFbe taken on^ such that the angle MOP is equal i 
the first of the given ones, and if then on vf the points M f , P' be four 
which correspond to Jf , P respectively, the angle M'ffP' will 1 
equal to the second of the given angles, and the problem wOl be solve 

236 Pboelem. Owen two projective ranges ofjpomtsA , B, 0 , 
and A ' , B ' , C", Igmg on the s&razgkt hnes u and t/ respectwdy, 
find two corresponding segments which shall he equal, m stgn m 
magnitude, to two given segments, 

Sokctim Take on vf a segment A / D / equal to the second of tl 
given ones, and let AD be the segment on u winch corresponds * 
A r D r Taker on u the point A x such that AJ) is equal to the first < 
the given segments , then the problem would be solved if A x coincide 
with A If the points A,A r ,1/ ,D,A 1 be made to vary smralta 
neously, the ranges traced out by A and A' respectively will lv> 
tive with one another, as also those traced out by D and D / re 
(by reason of the projective relation existing between Ajju 
A'B'C' ) , and the ranges traced out by A and D respectivel 
similarly those traced out by A f and JY respectively, will be proj 
with one another, since they are generated by segments of conbwu 
length sliding along straight lines (Art 103) Consequently also tl 
ranges traced out by A and A x are projectively related, and their sel 
corresponding points give the solutions of the problem It is ther< 
fore only necessary to obtain three pairs of corresponding pom 
A and A' , B and B 0 and C', by making three trials, and then « 
construct the self-corresponding points of the ranges determined 1 
these three pairs (Art 206, II) 

237 The student cannot have failed to remark that the methc 
employed m the solution of the preceding problems has been m a 
cases substantially the same This method is general, uniform, an 
direct , and it may be applied m a more or less simple manner to a 
problems of the second degree, i e to all questions which when treate 
algebraically would depend on a quadratic equation It consists i 
making three trials, which give three pans of corresponding elemen 
of two superposed piojective forms, the self-corresponding elemen 
of these systems give the solutions of the problem This method 
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precisely analogous to that known in Arithmetic as the ' rule of false 
position/ and it has on that account been termed a geometric method 
of false position * 

288 Problems of the second degree (and those which are reducible 
to such) are solved, like all those occurring m elementary Geometry, 
by means of the ruler and compasses only, that is to say by means of 
the intersections of straight lines and circles t But again, the solu- 
tion of any such problem can be made to depend on the determination 


* forms, 

which determination depends (Art* 206} on the construction of 
the ^elf-eoxresponding points of two projective ranges lying on a 
Circle whose position and size is entirely arbitrary It follows 
Upt a single circle, described once for all, will enable us to solve all 
problems of the second degree which can be proposed with reference 
to any given elements lying in one plane (the plane in which the 
$a?$e is drawn) J This circle once described, any such problem will 
reduce to that of constructing three pairs of points of the two pro- 
jective systems whose self-corresponding elements give the solution of 
the problem This done, we proceed to transfer to the circumference 
©£ the circle, by means of projections and sections, these three pairs of 
points. This will give three pairs of points on the circle , taking these 
as the pairs of opposite vertices of an inscribed hexagon, we have only 
further to draw the straight line which joins the points of intersection 
of the three pairs of opposite sides (the Pascal line) of this hexagon 
It is hardly necessary to remark that instead of the solution of such 
a problem being made to depend on the 
common elements of two superposed pro- 
jective forms, it may always be reduced to 
the determination of the double elements 
of an involution (Art 211 ) 

The following Articles (239 to 249) 
contain examples of pioblems solved by 
means of the method just explained 
f * * i 239 Pkoblem Given (Fig 169 ) two 
projective ranges of points lying on the straight lines u and v! respectively , 
and two other projective ranges of points lying on the straight lines v 



Fig 169 


* Chaslfs, Geom sup , p 212 

f A problem is said to be of the first degree when it can be solved with help of 
the ruler only, i e bv the intersections of straight lines See Lambert, loc cit 
p 161 Brianchon, loc cit, p 6 Ponceiet loc cit p 76 
t Poncelet loc cit, p 1 87 Steiner Die geometrischen Const ructionen aus 
gefuhit mittelst der geraden Lime tmd ernes festen Kreises (Berlin, 1833), P 67 » 
Collected Works, vol 1 pp 461-522, Staudt Geometne der Lage (Numberg, 
i 847\ § 23 
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and v' re&pechvely, itisreqmred to draw through a gwm pomt 0 1# 
straight lines 8 and /, which shall cut u and vi m a pear of com 
sponding points and also v and xf in a pear of corresponding pomis. 

Through 0 draw any straight line cutting t / 3 xf mA / J P / respective^ 
let A be the point on u which corresponds to A\ let P be tl 
point on v which corresponds to P f The problem would he solved 
the straight lines OA Mid OB coincided with one another If the 
straight lines he made to change their positions simidianeoQsly, the 
will trace out two concentric projective pencils (determined by thru 
trials of a similar land to the one just made) , and the self-corr 
sponding rays of these pencils will give the solutions of the problem 

240 In the preceding problem the straight lines u and ul mig 
be taken to coincide, and similarly v and xf If all four staraog. 
lines coincided with one another, the problem weald become t 
following 

Given two projective ranges u, v! and two other projective ran$ 
v, if all lying on one straight Ime, to find a pair of points which ski 
correspond to one another when regarded as points of the ranges v, 
respectively , and likewise when regarded as povnts of the ranges v, 
respectively 

241. Pboblem Between two given straight lines u and to pic 
a segment such that it shall subtend given angles at two given pm 
0 and S (Fig 170 ) 



Draw any ray 8 A to meet u m A , draw SA 1 to meet u x m A l 
that ASA 1 may be equal to the second of the given angles, join 0 
and draw OA ' to meet u m A f so that A'OA 1 may he equal to 1 
first of the given angles Then the problem would be solved if < 
coincided with OA ' Three trials of a similar kind to the one just mi 
will give three pairs of corresponding rays (OA and OA OB and 0 
OC and 0C f ) of the two projects e pencils which would be tiaced < 
by causing OA and OA' to change their positions simultaneous 
the self corresponding rays OM and ON of these pencils will give 
solutions ( MM and NN ) of the Dioblem 


m mcoxm begree 

* Gitim two projective ranges u and, u', if a poor of 
0¥^>m&m tfowtife A and A' of these ranges be taken, it is reqmrei 
St ^ corresponding points M and M f such that the 

ftf ’'$& length of the segment AM to that of the segment A' M' map 

a gfomr&mber K 

W, 0 and C' be three pairs of corresponding 
On u take two new points B" C" such that 
^^^G^==dut'G' The points A,B" , G" determine 


,y 


self- corresponding 

'%0$&4>&ear "se¥-corresponding point M (Art 90) will 
% Jf the ^prc&lem, since AM = A M" — \ A'M' Tins 

6 ie first degree 

r - n^nuM. frajhdfe. tfSwn £« 0 O collinear projective ranges ABO and 

o/ corresponding points Mjmd M' such 
ik J ik Ar t^^^MM^shdB be bisected at a given point 0 
K ®kfe ffiree p J5 47 , C" such that 0 is the middle point of each 
of the segments . 4 A", i?5", 6 y C"' , the points A", 2 ?", 0 " determine 

.i — a. 1 4 -j-w +i™ -ange AZ ?(7 , and therefore projective 

ustruct the self-coi responding points of 
^ A'B'O' and A"B"G" , if M' or 
MM' will have its middle point at 0, and 
will oe a segment sucn as is required 

244 . Problem Given a straight line and two points E, F on it , 
to determine on the straight line two points M and M' such that the 
segment MM' may be equal in length to a given segment, and the 
ankarmomc ratio (EFMM') equal to a given number 

Take on the given straight line any three points A, B ,0 , then 
find on it three points A',B' ,0' such that the anharmomc ratios 
(EFAA') , (. EFBB ') , (EFCG') may each be equal to the given number , 
and again three points A" ,B" , C" such that the segments A A" , BB" , 
CO" may each he equal m length to the given segment The ranges 
ABC and A'B'G' will be projectively related (Arts 79, 109), and 
the same will be the case with regard to the ranges ABG and 
A"B"C" (Art 103), therefore A'B'O ' and A" B"G" will be 
projective with one another If these ranges have self-corresponding 
points, and if M' or M" is one of them, the segment MM' and the 
anharmomc ratio (EFMM') will have the given values, and the 
problem is solved 

245 Problem To inscribe m a given friangle PQR a rectangle 
of gnen area (Fig 171 ) 

Suppose MST U to be the rectangle required , if MS' be drawn 
parallel to PR, a parallelogram MSPS' will be formed which is equal 
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area to tie rectangle , so tiat for tie given problem may be 
substituted tie following equivalent one 

t To find on the base QR of a given triangle PQR a pomt M suck that 

if MS, MS' be drawn parallel 
to the sides PQ , PR to meet 
‘ PR , PQ m S, S' respectively , 
the rectangle contained by PS 
and PS' shall be equal to a 
I givrn square Jc 1 
1 Take any point A on QR, 
draw AD parallel to PQ to 
meet PR m D , and take on 
PQ a pomt D' suci tiat 
tie rectangle contained by 
PD and PD' may be equal to Jc 2 , tben draw D'A' parallel to PR to 
meet QR m A' If tie points A and A' coincided with one another, 
tie problem would be solved. 

Now let tie points A ,D ,D' , A' be made to vary simultaneously ; 
they will trace out ranges wbicb are all projective with one another 
For since D is tie projection of A made from the point at infinity on 

PQ, and A' the projection of D' made from tie point at infinity on 

PR, the first and second ranges are in perspective, and the third and 
fourth likewise But the second and third ranges are projective with 
one another, since the relation PD PD'^P shows (Art 74) that the 
points D and D m moving simultaneously, describe two projective 
ranges such that the point P, regaided as belonging to either range, 
corresponds to the point at infinity regarded as belonging to the other * 

Three similar tuals give three pairs of points similar to A and 
A' , if the self-corresponding points of the ranges determined by these 
pairs be constructed, they will give the solutions of the problem 

Instead of taking the point A quite arbitrarily in the three trials, 
any particular positions may be chosen for it, and by this means the 
construction may often be simplified This remark applies to all the 
problems which we have discussed With regard to the present one, 
it is clear that if A be taken at infinity, its projection D will also lie 
at infinity, consequently D' will coincide with P , and therefore A' 
with R Again, if A be taken coincident with Q , its projection D 
will coincide with P, and consequently D', and theiefore also A', will 
pass off to infinity We have thus two trials, neither of which requnes 

* If the tw o ranges be called u and u , and the construction of Art 85 (left) 
be referred back to, it will be seen that the auxiliary range u" lies m this case 
entirely at infinity If then a pair of corresponding points D and D ' have been 
found, and we wish to find the point JS which corresponds to any other point 22 
of PM (= u), we have only to join D'E, and to draw DE 9 parallel to D E to 
meet PQ (EE u') m E’ 
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my construction , the pairs which result from them are composed 
respectively of the point at infinity and R, and of Q and the point at 
infinity If the pair given by the third trial he called B, B', and if 
A , A' stand for any pair whatever, we have (Art 74) 

QA RA'=QB MB', 

and therefore, if M is a self-corresponding point, 

QM RM=QB RB f , 

firongi which the self-corresponding points could he found But it is 
better m all cases to go bach to the general construction of Art 206 
In this case the three pairs of conjugate points of the two ranges 
which are given are B and B' , the point at infinity and R , Q and 
the point at infinity Let then any circle be taken, and a point 0 on 
its circumference , from 0 draw the straight lines OB , OB', OR , 0Q V 
and a parallel to QR, and let these cut the cncle again m B x , B x , R 1 , Q lf 
and I respectively * Join the point of intersection of B x R x and B x I 
with that of B x I and B x Q x , if the joining line cut the circle in 
two points M x and N x , the straight lines which join these to 0 will 
meet QR in the self-corresponding points M and X, and these give 
the solutions of the problem 

240 Pboblem To construct a polygon, whose sides shall pass 
ugh given points, and all whose vertices except one shall 
y on given straight lines , and which shall be such that 
the angle included by the sides which meet m the last vertex is equal to 
a given angle 

Suppose, for example, that it is requned to construct a triangle 
LMN (Fig 172 ) whose sides MN , NL , LM shall pass thiough the 

given points 0 ,V,U respectively, 
and whose vertices M , N shall lie 
on the given straight lines u,v re- 
spectively , and which shall be such 
that the angle MLN is equal to a 
given angle 

Thiough 0 draw any straight 
line to cut u m A and v m B , 
join BY, and through U draw the 
straight line UX making with BY 
an angle equal to the given one 
Let UX meet u m A' , the problem would be solved if the point 
A' coincided with A If the rays 0A , UA' be made to vary 
simultaneously, they will determine on u two projective ranges , the 
solutions of the pioblem will be found by constructing the self corre- 
sponding points of these ranges 

* Of these points only I is marked m the figure 



Fig 17a 
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: 247 The following problem is included in the foregoing one 

A ray of light emanating from a given point 0 is reflected from n 
given straight lines m succession , to determine the original direction 
whuch the ray must have , m order that this may make with its direction 
after the last reflexion a given angle 

Let u 17 u 2 , u n be the given straight hues (Fig 173) If the 
ray OA l strike u x at A lf then by the 

law of reflexion the incident and re- .5* 

fleeted rays will make equal angles \(* 

with u l9 but the incident ray passes 

through the fixed point 0 , therefore the 

reflected ray will always pass through 

the point O x which is symmetrical to \ 0 

0 with regard to u t * So again, if \ 

the ray after one reflexion strikes u 2 at Fig 173 

A 2 , it will be reflected according to 

the same law , consequently the ray aftei two reflexions will pass 
through a fixed point 0 2 which is symmetrical to 0 1 with regard to 
« 2 , and so on The paths of the ray before reflexion, and after one, 
two, n reflexions form therefore a polygon OA^Ag , whose n+ 1 
sides pass respectively through n+i fixed points 0 , O x , 0 2 , O a , 
and which is such that n of its vertices lie respectively on n given 
straight lines u x , u 2 , u n , while the angle included by the sides 
which meet in the last vertex is to be equal to a given angle Thuer * 
the problem reduces, as was stated, to that of Art 246 

248 Problem To construct a polygon whose vertices shall lie 
respectively on given straight lines , and whose sides shall subtend given 
angles at given points respectively 

Suppose it lequired to construct a triangle whose vertices 1,2,3 
shall lie on the given straight lines u x , u 2 , Ug respectively, and whose 
sides 23, 31, 12 shall subtend at 

the given points S x , S 2i S 3 rcspec- I s Li x 

tively the angles <a x , <o 2 , o> 3 which // 

are given m sign and magnitude \ / 

(Fig 174) On u L take any point fc 

A , join AS 3 , and make the angle yyf 

AS Z B equal to <a s , let S s B cut u 2 ^ / 

in B Join BS 1} make the angle 1/7^”* 

BS X C equal to co 1} and let S X C cut & i Ux 

u s m C Join CS 2 , make the 
angle CS 2 A' equal to <w 2 , and let 

S 2 A r cut u x in A ' The problem would be solved if S 2 A f coincided 


1 e a point O x such that 00 A is bisected at right angles by u L 
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with S?A If JS^A be made to turn about S 2 , the other rays 
jS^A^SJSyjSjBj SjGyJSiC, and S 2 A' will change their positions simtd- 
ffcaneously, and will: trace out pencils which are all protectively 
related. For the ranges traeed ent by JS$A and respectively 
will be projective (Art. 108) since the angle AS^B is constant, the 
ranges traced put by S$B and SjB respectively are projective since 
they are in perspective , and so on. The solutions of the problem will 
therefore he given by the self-corresponding rays of the concentric 
proactive pencils which are generated by S^A and S 2 A / respectively 
j b. the same maimer is solved the more general problem in which 
the straight hues joining S 19 S^, to the vertices of the polygon are 
no^jkmger to include given angles, but are to be such that together 
w&h paarfe of given straight knes meeting m S lf S 2J respectively 
they form at each of these points a pencil of four rays having a given 
enharmonic ratio If at each of the points the pencil is to he 
harmonic, and the given straight lines such as to include a right 
aa^te, the problem -can be enunciated as follows (Art 60) 

To construct a polygon whose vertices shall lie respectively on given 
straight lines , and whose sides shall subtend at given points angles 
whose bisectors are given 

249 The same method gives the solution of the problem 
To construct a volvaon whose sides shall pass respectively through 

)e such that the pairs of adjacent sides 
v v ibcrnos i Gsjwobvooy in given anhamionic ratios * 
Particular cases of this problem may be obtained by supposing that 
each pair of adjacent sides is to intercept on a given straight line a 
segment given m magnitude and direction, or a segment which is 
divided by a given point into two parts having a given ratio to one 
another + 

♦ That is to say, two adjacent sides are to cut a given straight line, on which 
are two given points A in two other points C , 2 ) such that the anhannomc 
ratio (ABCB) may be equal to a given number 
t Chasles, Qiom sup , pp 219-223, and Townsend, Modern Geometry (Dublin, 
1865), vol 11 pp 257-275 



CHAPTER XX* 


POLE AND POLAB 


I 250 Let any point 8 be taken in tbe plane of a come 
f (Pig 175 ), and through it let any number of transversals be 
I drawn to out the conic in pairs of points A and A\ B and B\ 
C and C' 9 The tangents a and a', b and b\ c and c' at these 
points will, by Arts 203, 204, intersect in pairs on a fixed 
straight line s, on which lie also the points of contact of the tan- 
gents from S to the conic (when the 
position of 8 is such that tangents 
can be drawn) Further, the pairs of 
chords AB ' and A'B , AC f and A'C, 

BC' and B'C , AB and A'B\ 

AC and J'C', BC and JB'C', 
will intersect on 8 Another pro- 
perty of the straight line s may 
be noticed In the complete quad- 
rangle AA'BB\ each of the straight 
lines A A' and BB' is divided hai- 
monically by the diagonal point 8 
and the point where it is cut by 
the straight line s which jomB the 
other diagonal points (Art 57), 
consequently A and A ' (and simi- 
larly B and B', C and C\ ) are harmonic conjugates with 
regard to 8 and the point where AA' (or BB\ CC ) is cut 
by * 

The straight line 8 determined m this manner by the point 
S is called the polar of S with respect to the conic , and, re- 
ciprocally, the point 8 is said to be the pole of the straight 
line s j 

The polar of a given point 8 is therefore at the same time (1 ) the 






v. 
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lom* of the points of intersection of tangents to the combat the pairs 
of points where it is cut by any transversal through S, (2) the locus 
of the points of intersection of pairs of opposite sides of quadrangles 
mscribed m the conic such that their diagonals meet tn S, (3) the 
locus of points taken on any transversal through 8 such that they are 
harinonicatty conjugate to 8 with regard to the pair of points m 
which the transversal is cut by the conic > \4) the chord of contact of 
the tangents from S to the conic , when S has such a position that it 
is possible to draw these * f 

2&L Reciprocally, any given straight line s determines a 
ffehat 8, of which it is the polar For let A and B (Fig 176 )* be 
t two points on the conic , the tangents a and b at these 
points wall cnt s m two points from which can be drawn two 
Other tangents a ' and b' to the come Let A' and B' be the 
pomts of contact of these, and let AA BB' meet in S , then 
the polar of 8 will pass through the pomts aa' and bb', and 
must therefore coincide with s 

If then from any point on s a pair of tangents can be draum to the 
conic, their chord of contact will pass through 8 



Fig 176 


252 The complete quadrangle A A' BB' and the complete 
quadrilateral aa f bb' (Fig 176 ) have the same diagonal 

* Apollonius, he at, lib vn 37, Desargues, loc at, pp 164 sqq , De la 
Hire, loc cit , books 1 and 11 
+ (4) follows fiom (3) by what has been proved in Art 71 
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triangle (Art 169) The vertices of this triangle are 8 } the point 
of intersection F of AB and A ' and the point of intersection 
B of AB' and A'B , its sides are s, the straight line /joi nin g the 
points ab and a' b\ and the straight line e joining the points aV 
and a'b Thus if from any two points taken on the straight line s 
pairs of tangents a and a\ b and b' be drawn to the conic , the 
diagonals of the quadrilateral aba'b' will pass through S 

263 The straight lines a ,a' 9 b 9 b' (Fig 177 ) form a quadri- 
lateral circumscribed about the conic, one of whose diagonals is 

and whose other two diagonals 
meet in S Thus if from any point 
on s a pair of tangents be drawn to 
the conic , they will be Inrm a 1T y 
conjugate with regard to s and the 
straight line joining the point to S 
(Art 56) 

264 Tf then a conic is given , 
every point m its plane has its 
polar and every straight line has its 
pole * The given conic, with 
reference to which the pole and 
polar are considered, may be 
called the auxiliary conic 

I If a point m the plane of a conic is such that from it 
two tangents can be drawn to the curve, it is said to lie 
outside the conic, or to be an external point , if it is such that 
no tangent can be drawn, it is said to lie inside the conic, or 
to be an internal point If then the pole lies outside the 
conic (Art 203, VIII) the polai cuts the curve, and it cuts 
it at the points of contact of the tangents from the pole to the 
conic f 

If the pole lies inside the cuivo, the polar does not cut the 
conic 

II If a point on the conic itself be taken as pole and a 
transveisal be made to revolve round this point, one of its 
points of intersection with the conic will always coincide with 
the pole itself Since then the polai is the locus of the points 
where the tangents at these points of intersection meet, and 

* Desargues, loc cit , p 190 
t See also Art 250, (4) 
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milhis case one of the tangents is fixed, it follows that the 
polar of a point on the conic is the tangent at this point , or 
that tf the pole u a point on the come , the polar is the tangent at 


SI. Reciprocally, if every point of the polar lies outside the 
c m%$, the pole lies inside the conic, if the polar cuts the 
Come, the pole is the point where the tangents at the two 
^^offint^cseel^on meet , and if the polar touches the conic, 
tfjKgp^Ia is its, poin^^4f gnt^ct 

If two suck that the first lies on the polar 


| Of ihe second, fh 
pf “\0©nsider -j| 



second lie on the polar of the first 
fee taken as pole and let F be 
Wk*§ If the straight line EF cuts 
|§i£%wo points which are harmom- 
to B and F (Art. 250 [?} ) , 
;ts E , F will he inside and the 
by Art 250 (3) again, if JYbe 
a point on its polar 

If the straight line BF does not cut v the conic, the chord of 
contact of the tangents from B will pass through F i since this 
chord is the nolar of E and therefore by Art 250 (1) B will 


other outsiSe 
taken as pole, 


The above proposition may also be expressed in the follow- 
ing manner 

If a straight hnef pass through the pole of another straight line 
e 3 then will also e pass though the pole of f 

F or let E 3 F be the poles of <?, / respectively , since by 
hjpotftesis E lies on the polai of F, theiefore F will lie on 
the polar of E that is to say, e will pass thiough F t the pole 
of / 

Two points such as E and F> which possess the pioperty 
that each lies on the polar of the other, are termed conjugate or 
reciprocal points with respect to the conic And two straight 
lines such as e and/, each of which passes through the pole of 
the other, are termed conjugate or reciprocal lines with respect 
to the conic 

The foiegoing proposition may then be enunciated as 
follows 

If two points are conjugate to one another with respect to a conic 3 
their polars also are conjugate to one another , and conversely 
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The same proposition can be put into yet another 

rm 

_ j point on t%e polar of a given point E has for its polar a 
P \ S U line pasting through E 

^ Beery straight line patsing through the pole of a given straight 
^ e has for its pole a pomt lying on e* 

% lii other words, if a variable pole F be supposed to describe 
bgivon straight line e, the polar of F will always pass through 
& feed point E, the pole of the given line , and conversely, if 
^straight line/ revolve round a fixed point E } the pole of/ 
describe a straight line e, the polar of the given point E 
1 Or again the pole of a given straight line e is the centre of the 
JLpencil formed by the polars of all points on e , and the polar of a 
given point E is the locus of the poles of all straight lines passing 
through E f 


257 Pboblbm Given a point 
S , to construct its polar with 
respect to a given conic 
I Let the come be determined 
by five points A , B , 0 , D , E 
(Fig 178 ) 


Given a straight line s, to con- 
struct its pole with respect to a 
given conic 

I Let the conic be determined, 
by five tangents a , 6 , c , d , e (Fig 

179) 





1 j 


■W 




A 



Jom SA , SB , and find the 
points B ' where these cut the 
come again respectively (Art 161, 
right) The straight line s which 
301 ns the point of intersection of 
AB ' and A' B to that of AB and 


From the points sa , sb draw 
the second tangents a', V respec- 
tively to the conic (Art 161, 
left) The point S in which the 
dngonals of the quadrangle aha!V 
intersect one another will be 


* Desargues, loc cit , p 191 
t PONCELET, loc Clt , Art 195 


<&J3 


m 

A'B' will be the polar of the 
given point (Art 250 [2]) 

II Let the conic be determined 
by five tangents a ,b , c, d , e 
(Fig i8o> 



t 

0 

1 will 

*j 6) To 
* xxv transversal 

u may be drawn through the 
point ab , if then the second 
tangent cf be drawn to the conic 
(Art 161) from the point uc, U 
will be the point of intersection 
of the diagonals of the quadri- 
lateral acbc' So too if the 
transversal v be drawn through 
the point ac for example, and the 
second tangent V be drawn to the 
conic fiom the point vb } then F 
will be the point of intersection 
of the diagonals of the quadri- 
lateral abcV 


E&SS 

the pole of the given straight 
line 

II Let the conic be deter- 
mined by five points A>B ,C 9 D f I2 
(Fig 181) 



On s take two points U and 
F, and construct their polars u 
and v (as on the left hand side 
above) , the point uv will be the 
pole of 8 (Art 256) To simplify 
matters the point U may be taken 
on the straight line AB , if then 
UG be joined, and the second 
point C / in which it meets the 
come be constructed, u will be the 
straight line joining the points of 
intersection of the pairs of oppo- 
site sides of the quadrangle 
ACBC' So too if F be taken on 
the straight line AC for example, 
and VB be joined, and its second 
point of intersection B f with the 
conic be constructed, then v will 
be the straight line joining the 
points of intersection of the pairs 
of opposite sides of the quadrangle 
ABCB / 
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258 Let ^and F (Fig 182 ) be a pair of conjugate points 





S»5 


POLE AND POLAB 


207 


and let G be the pole of EF, then G will be conjugate both to 
M and to F 9 so that the three points E,F> G are conjugate to one 
another two and two Every side therefore of the triangle 
EFG is the pole of the opposite vertex, and the three sides are 
conjugate lines two and two 
A triangle such as FFG i m which each vertex is the poll 
of the opposite side with regard to a given conic is called 
self-conjugate or self -polar triangle with regard to the conic 




250 To construct a tncmgle self-conjugate with regard to a given 
conic 

One vertex E (Fig 182) may be taken arbitrarily , construct its 



polar, take on this polar any point F 7 and construct the polar of F 
This last will pass through E } since E and F are conjugate points , 
if G be the point where it cuts the polar of E , then B and G , 
F and G , will be pairs of conjugate points , and therefore EFG is a 
self-conjugate tnangle 

In other woids take any point E and draw thiough it any two 
transversals to cut the conic m A and D , B and C respectively , join 
AC f BD , meeting in F 3 and AB , CD meeting m G , then EFG is a 
self conjugate triangle 

Or again, one side e may be taken arbitrarily, and its pole E con- 
structed , if through E any straight line / be diawn, and its pole 


poi/i^ kmf ^polae 


wM lie on e) be constracrfod* and joined to the pole of e by tie; 
Straight Fine g, iben efg will he & te&ngk such as is required , for tbe 
straight lines e^f,g -ate conjugate two and two 

Thus, after jmvmg talsenrfcjbe ^de-6 arbitrarily, we may proceed as 
follows take two points on e and from them draw pairs of tangents 
a and d>b and the conic, 30m the points ac , bd by the straight 
£ns ef } and the^pojnsfcfi ah,cd by the straight line g, then will efg be 
a seF-conjpgatp 

260 From what has been said above the following property 

The (lictgonal jmnts of the complete quadr angle formed by any 
Ji m pomfe on a conic are tie vertices of a triangle which is self 
abhyrngate with regard to the conic And the diagonals of the 
complete quadrilateral formed by any four tangents to a conic 
are the sides of a triangle v'hith is self-conjugate wvth regard to the 
come * 

Or, in other words 

The triangle whose vertices are the diagonal points of a complete 
quadrangle is self conjugate with regard to any conic circumscribing 
the quadranqle And the triangle whose sides are the diagonals of a 
1 is self conjugate with regard to any conic 

? ,t ; ,Ja cL vo - 1 ' \ p* 

t ^ 1 1 1 \ J * * 

( 1 enm ci ibe d quj <11 il?u c r al and 

the inscribed quadrangle (Arts 166 to 172) it follows moreover 

that 

If EFG (Fig 182) is a triangle self-conjugate with regard to 
a given conic, and ABC is a triangle inscribed m the conic, 
such that two of its sides CA , AB pass through two of the 
vertices F } G respectively of the other triangle, then will the re- 
maining side BO pass through the remaining vertex E , and every 
side of the inscribed triangle will be divided harmonically by the 
corresponding veitex of the self-conjugate triangle and the side which 
joins the other two vertices of it 

The three straight lines EA , FB , GO meet in one point D on the 
conic , the two triangles are therefore m perspective, and the three 
pairs of corresponding sides FG and BO , GE and CA, EF and AB, 
will meet m three collmear points 

Hence it follows that a self-conjugate triangle EFG and a point A 
of a conic determine an inscribed quadrangle ABGD , whose diagonal 



* Dlsargues, loc cit , p 186 
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triangle is EFG Tlie points B , G , D are those m winch the 
straight lines AG , AF , AE cut the conic again 

The enunciation of the correlative property i S left to the student * 

262 Of the three vertices of the triangle EFG , one always 
lies inside the conic, and the two others outside it For if E 
is an internal point, its polar does not cut the conic, and con- 
sequently F and G are both external to the conic If, on the 
other hand, E is an external point, its polar cuts the conic, and 
F and G are harmonic conjugates with regard to the two 
points of intersection , of the two points F and G therefore, 
one must be internal and the other external to the come 

From this property and that of Art 254, 1, we conclude that 
of the three sides of any self-conjugate triangle, two always 
cut the cuive, and the third does not 

263 (1) On every straight line there are an infinite number of 
pairs of joints which are conjugate to one another with respect to a 
given conic , and these form an involution f 

(2) Through every point pass an infinite number of pairs of 
straight lines which are conjugate to one another wnh respect to a 
given conic , and these form an involution f 

(3) If a point describes a range , its polar with respect to a given 
conic will trace out a pencil which is projective with the given range 
Andy conversely , if a straight line describes a pencily its pole with 
respect to a given conic will trace out a range which is projective with 
the given pencil J 

To prove these theorems, consider Fig 183 , and suppose 
in it the come and the three points A , B , G to be given 
Let the point C be supposed to move along the conic 
Then the rays AG , BC will trace out two pencils which are 
projective with one another (Art 149 [ 1 ]) , and therefore the 
ranges m which these pencils cut the polar of G will be pro- 
jective also , that is to say, the conjugate points Fand E will 
describe two collmear piojective ranges In these ranges the 
points F and E conespond to one another doubly, since the 
polar of E passes thiough Fy and the polar of F passes 
through E , consequently the ranges in question are m in- 
volution 

From what has been said it follows also that the pairs of 

* PONCELET, loc Clt , p IO4 + PESARGUES, loc City pp I92, I93 

£ MObius, Baryc Calc , § 290 
P 
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conjugate lines GF, GE in like manner form an involution, 
and that the range of poles E, F, is projective with the 
pencil of polars GF, GE , 

264 If the straight line EF cuts the conic, the two points of 



^ction are the double points of the involution formed by 
jjairs of conjugate poles The centre of the involution lies 
on the diameter which passes through the pole G of the given 
straight line (Art 290) 

If the point G is external to the conic, the tangents from G 
to the conic are the double lays of the involution formed by 
the pairs of conjugate polars 
Consequently (Art 125) 

A chord of a conic is harmonically divided by any pair of points 
lying on it which are conjugate with respect to the tonic , and 
The pair of tangents drawn from any point to a conic are har- 
monic conjugates with respect to any pair of straight line 9 meeting in 
the given point which are conjugate with respect to the conic 

If the point G lies at infinity, the pairs of conjugate straight 
lines foim an involution of parallel rays, the central ray of 
which is a diameter of the conic (Arts 129, 276) 

265 Theorem If two complete quadrangle v have the same 
diagonal points , their eight vertices he either four and four on two 
straight lines or else they all he on a come 
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Let ABCD ^niA'B'C'D' (Fig 184) be two quadrangles 
having the same diagonal points E ) F i G } so that 
SC, AD , B'C\ A'D' all meet in jff, 

CA , JBJ)y C'A', B'D' „ „ F, 

AB , CD, A'B', C'D' „ „ G 

(1) In the first place let the eight vertices be such that some 
three of them are colhnear Suppose 
for example that A' lies on AB Since 
AB and A'B f meet m G , therefore 
B' also must lie on AB , and since 
the straight lines GF , GF are har- 
monically conjugate with regard both 
to AB,CD and to A'B', C'D', and 
AB coincides with A'B', therefore also 
CD coincides with C'D' Thus the 
four points C , D , C' s D' are collineai, 
and the eight points A , B , G , B , A B\ C\ JD ' lie four and four 
on two straight lines 

(2) But if this case be excluded, 1 e if no three of the eight 
vertices lie m a straight line, 
then a conic can be drawn 
through any five of them Let 
a conic be drawn through 
A, B,C, 1 ), A' (Fig 185), then 
shall B\ C \ JD' lie on the 
same conic For smce E,F,G 
are the diagonal points of 
the inscribed quadrangle 
ABCD , G is the pole of EF \ 
and therefore G and the 
point where its polar EF meets the transversal GB' A' are 
harmonically conjugate with regard to the points where this 
tiansversal cuts the conic But one of these last points is 
A \ therefore the other is B ' , for smce E^F, G are also the 
diagonal points of the quadiangle A'B'G'D ' the points A' 
and B' are harmonically conjugate with regaid to G and the 
pomt wheie EF cuts A'B' In a similar manner it can be 
shown that C' and D' also lie on the same conic The eight 
vertices A,B >C ,D % A\B\C' ,D' therefore he on a conic, and 
the proposition is proved 
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Since the straight lines 4-B and A'B' meet in G, therefore 
AA r and BB\ as also AB' and A'B , will meet on EF 9 the polar 
of G This property gives the means of constructing the 
point B' when the pomts A,B,C i D,A' are given The point 
C' will then be found as the point of intersection of A'F and 
B'E y and the point E r as that of B'F,A'E 9 and C'G 

206 Suppose now that two comes are given which are 
inscribed inrthe same quadrilateral Let the four common 
tangents which form this quadrilateral be a 3 b , c , d, and let their 
Ifcmts of contact with the conics be A,B > C y E and-4', B', C\ E ' 
respectively By the theoiem of Art 169, the triangle formed 
by -$*e diagonals of the cneumscribed quadrilateral abed has for 
ife* vertices the diagonal pomts of the inscribed quadrangle 
J JBCE and also those of the inscribed quadrangle A'B'C'D ' , 
feus ABCE and A'B'C'E ' have the same diagonal pomts 
Accordingly, by the theorem of Art 265, the eight points 
A,B ,C ,E ,A' i B\C' i E' he either four and four on two straight 
hues, or they he all on a conic 

207 By writing, as usual, line for pomt, and point for hne, 
the -nroTWRi+ions correlative to those of Arts 265 and 266 can 



J.J blVl/ ft/ mplete quadrilaterals have the same three diagonals , their 
eight sides either pass four and four through two points , or else they 
all touch a conic 

If two conics intersect m four points } the eight tangents to them 
at these points either pass four and four through two points , or they 
all touch a conic * 

208 If there be given the diagonal pomts E ,F S G and one 
vertex A of a quadrangle ABCE, the quadrangle is completely 
determined, and can be constructed For E is that pomt on 
AE which is harmonically conjugate to A wLth respect to E 
and the pomt where FG cuts AE , so C is that pomt on AF 
which is harmonically conjugate to A with lespect to F and 
the pomt where GE cuts AF , and B is that pomt on AG 
which is harmonically conjugate to A with respect to G and 
the point where EE cuts AG 

But if there be given the diagonal points E , F, G of a 
quadrangle ABCE and the conic with respect to which EIG 
is a self-conjugate tuangle, the quadrangle is not completely 

* Staudt, loo (nt , p 293 
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determined For we may take arbitrarily on the conic a point 
d as one vertex of the quadi angle ABCD , then the other 
vertices B , C, JD are the second points of intersection of the 
come with the straight lrnes AG , AF , AE respectively Hence 
it follows that 

All comes with respect to which a given triangle FFG is self - 
conjugate , and which pass through a fixed point A , pass also through 
three other fixed points £,0,1) 

269 Problem To construct a conic passing through two given 
points A and A and with respect to which a given triangle EFG 
shall be self-conjugate. 

Solution Construct, in the manner just shown, the three points 
B,C,D which form with A a complete quadrangle having E, F, and G 
for its diagonal points Five points A , A', B, 0, D on the come are 
then known, and by means of Pascal’s theorem any number of other 
points on it may be found Or we may construct the three points 
B\ O', J) r which form with A ' a complete quadrangle having E, F, and 
G for its diagonal points , the eight pomts A , B , 0 ,D , A', B O', D' 
will then all lie ou the conic required 

270 Consider again the problem (Art 218) of describing a conic 

to touch four given straight lines a, b, c,d and to pass through a given 
point S (Fig 1 86) The diagonals 
of the quadrilateral abed form a 
triangle EFG which is self-conju- 
gate with regard to the conic, 
consequently, if the three points 
P , Q , R be constructed which 
together with S form a quadrangle 
having E, F \ and G for its diagonal 
points, the three points so con 
structed will lie also on the 
required conic Now it may 
happen that there is no conic Fig 186 

which satisfies the problem, or 

again there may be two conics which satisfy it (Art 218, right), 
in the second case, since the construction for the points P , Q, R 
is linear, the two comes will both pass through these points Thus 

If two conics inscribed m the same quadrilateral abed pass through 
the same point S, they will intersect in tlvree other points 1 P, Q , R , and 
the triangle formed by the diagonals of the circumscribed quadrilateral 
abed will coincide with that formed by the diagonal points of the 
inscribed quadrangle PQRS 

In ordei to find a construction for the pomts P , Q , R , consider 
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tfee point P for example which lies on ES (Fig 186) It is seen 
&at the segment SP must be divided harmonically by E and its 
polar FG (Art 250) , but the diagonal (ab) (cd) which passes through 
E is also divided harmonically, at E and F We have therefore 
two harmonic ranges, which are of course projective (Art 51) and 
which are m perspective since they have a self-corresponding point at 
E , therefore the straight lines P (ab), S (cd), and FG, which join the 
other pairs of corresponding points, will meet m a point (Art 80) 
We must therefore join S to one extremity of one of the diagonals 
passing through E, for example to the point cd, and take the point 
wfee the joining line meets FG This point, when joined to the 
other extremity ab of the diagonal, will give a straight line which 
^^jpkmeei ES in the required point P * 

The propositions and constructions correlative to those of 
mfr hist three Articles, and winch will form useful exercises for the 
^student, are the following 

AU comes with respect to which a given triangle is self conjugate, 
(md which touch a fixed straight line, touch three other fixed straight lines 
To construct a conic to touch two given straight lines , and with 
respect to which a given triangle shall be self -conjugate 

If two conics circumscribing the same quadrangle have a common 
tsimnernt hnw fire# other common tangents 

hree remaining common tangents to two conics 
wmw pass rnrough four given points and touch a givm straight line 
(Art 218, left) 



Fig 187 






272 Let ABCD (Fig 187) be a complete quadrillion!- whose 
diagonal points are E, F, and G Let also 


L and P be the points where FG meets AD and BO respectively 
M and Q „ „ GE „ BD and CA 

iVand/i! „ „ EF „ CD md AB „ 

The six points so obtained are the veitices of a complete quad 
nlateral For the triangle FFG is m perspective with each of the 


* Bbianchon loe tit, p 45, Mvclaukin, De lin Geom , § 43 
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triangles ABC, DOB, CD A, BAD , the centres of perspective being 
D, A, B,C respectively, whence it follows that the four triads of 
points PQR, PMN, LQN , and LMR lie on four straight lines (the 
axes of perspective) 

These four axes form a quadrilateral whose diagonals LP, MQ, NR 
form the triangle EFG Accordingly, a come inscribed m the 
quadrangle ABCD and passing through L will pass also through 
N, P, and R (Art 270), similarly a conic can be inscribed m 
the quadrangle ABDC to pass through R, M, N, and Q, and 
a conic can be inscribed in the quadrangle ACBD to pass through 
Q , P , M , and L 

It will be seen that for each of these conics the four tangents 
shown m the figure (the four sides of the complete quadrangle ABCD) 
are harmonic, and that the same will therefore be the case with 
regard to their points of contact (Arts 148, 204) For take one of 
the sides of the quadrangle, for example AB , a consideiation of the 
complete quadrangle CDEF shows that this side is harmonically 
divided m R and G Now the points A , B , G are the pomts of 
intersection of the tangent AB with the other three tangents, and R 
is the point of contact of AB , therefore the four tangents are cut by 
any other tangent to the conic m four harmonic points * 

273 If ABCD is a parallelogram, the points E , G , M , Q pass off 
to infinity, and LNPR also becomes a parallelogram Of the three 
comes considered above the first will m this case be an ellipse which 
touches the sides of the parallelogram ABCD at their middle points, 
the second a hyperbola which touches the sides AB and CD at their 
middle points and has AC and BD for asymptotes, and the third a 
hyperbola having the same asymptotes and touching the sides AD 
and BC at their middle pomts 

274 From that corollary to Bnanckon’s theorem which has 
leference to a quadnlateial circumscribed about a conic 
(Art 172) we have already, in Ait 173, deduced a method foi 
the construction of tangents to a come when we are given 
three tangents a,b ,c and the points of contact B , C of two 
of them (Fig 183) We take any point E on BC and join it 
to the pomts ab , ac by the straight lines g , /, respectively , if 
the point m which g meets c be joined to that in which/* meets 
b, the joining line d will be a tangent to the conic 

The four tangents a ,b ,c ,d form a complete quadrilateral 
two of whose diagonals g == (ab) (cd) and /= (ac) (bd) intersect 

* Steiner loc cit, p 160, §43,4, Collected Works, vol 1 p 347 » >Staupt, 
Beitrage zur Geometne de ? Lage, Art 329 



POLE AND POLAR* 


07 * 


ia E 3 therefore also {Art 172 ) the chords of contact AD and 
DC of the tangents a and d, b and c respectively will intersect 
In E The straight lines joining E to the points ab and ac, 
being two of the diagonals of the quadrilateral abed, are con- 
jugate lines with respect to the conic , consequently 

If a tnangle abc is circumscribed about a comc y the straight Imes 
which join two of its vertices ab and ac to any point E on the polar 
of the third vertex be are conjugate to one another with respect to the 
eomc 

And conversely 

If two straight lines (c and b) touch a conic , any two conjugate 
straight lines (f and g) drawn from any point (E) on their chord of 
contact will cut the two given tangents in points such that the 
straight Ime (a) joining them touches the conic 

275 Let us now investigate the correlative property Sup- 
pose three points A ,B 9 C on a conic to be given, and the 
tangents b , c at two of these points (Fig 183) If a straight 
line e drawn arbitrarily through the point be cut AB in G and 
AC in F, then if GC and IB be joined they will intersect m 
omt D lying on the conic 

The four points A , B, D, C form a complete quadrangle 
two of whose diagonal points lie on e, therefore (Art 166 ) 

the point be and the point of 
intersection of the tangents at 
A and D will lie on e The 
points G and F, being two of the 
diagonal points of the quadrila- 
teral ABCD, are conjugate with 
respect to the conic , consequently 
If a triangle ABC (Fig 188) is 
inscribed m a conic , the points F 
and G m which two of the sides are cut by any straight line drawn 
through the pole S of the third side are conjugate to one another 
with respect to the conic 

And conversely 

If two gnen points (. B , C) on a conic be joined to two conjugate 
points (G ,F) which are colhnear with the pole ( S ) of the chord ( BC) 
joining the given points , then the joining lines will intersect m a 
point ( A ) lying on the conic 
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CHAPTEE XXI 

THE CENTRE AND DIAMETERS OF A CONIC 

278 Let an in fini tely distant point be taken as pole, and 
tbiough it let a transversal be drawn (Fig 189 ) to cut the 
conic in two points A and 
A' The segment A A' will 
be harmonically divided by 
the pole and the point where 
it is cut by the polar (Art 
250), this point will there- 
fore be the middle point of 
AA' (Art 59) That is to 
say 

If any number of parallel chords of a conic be drawn ,t he locus of 
their middle points is a straight line , and this straight line is the 
polar of the point at infinity in which the chords intersect * 

277 This straight line is termed the diameter of the chords 
which it bisects If the diameter meets the conic in two 
points, these will be the points of contact of the tangents 
diawn to the conic fiom the pole, 1 e of those tangents which 
are paiallel to the bisected chords If the tangents at the 
extiemities^ and^' of one of these chords be di awn, they will 
meet in a point on the diameter If A A' and BB' are two of 
the bisected choids, the straight lines AB and A'B\ AB' and 
A'B will intersect in pans on the diameter (Art 250) 

If, conversely, fiom a point on the diameter can be diawn 
a pair of tangents a and a ' to the conic, their chord of contact 
A A' will be bisected by the diameter, and if through the 
same point there be diawn the straight lme which is har- 
monically conjugate to the diameter with respect to the two 



* Apollonius, Com c , lib 1 46, 47, 48 , lib 11 5 6 , 7, 28-31, 34-37 
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tangents, this straight line will be parallel to the bisected 
chords If from two points on the diameter there be drawn 
two pairs of tangents a and a\ b and b\ the straight line join- 
ing the points ah and ah' and that joining the points aV and 
a'b will both be parallel to the bisected chords (Art 252) 

278 To each point at infinity, that is, to each pencil of 
parallel rays, corresponds a diameter The diameters all pass 
through one point , for they are the polars of points lying on 
one straight line, viz the straight line at infinity , the point 
in which the diameters intersect is the pole of the straight 
line at infinity (Art 256) 

278 Since every parabola is touched by the straight line at 
infinity, and the point of contact is the pole of this straight 
line (Art 254, II), it follows (Art 278) that all diameters of a 
parabola are parallel to one another (they all pass through the 
point at infinity on the curve) , and conversely, every straight 
lme which cuts a paiabola at infinity is a diameter of the curve 
280 If S is any point fiom which a pair of tangents a and 
a' can be drawn to the conic (Fig, 189), the chord of contact 
AA\ the polar of 8 , will be bisected at Ii by the diameter 
which passes through S , for S and the point at infinity on 
AA f are conjugate points with respect to the conic If the 
diameter cuts the curve m IT and the tangents at these 
points are parallel to AA\ and MW is divided harmonically 
by the pole 8 and the polar A A' (Art 250) 

If then the conic is a parabola (Fig 190) the point M' moves 
off to infinity, and therefore M is the 
middle point of the segment SR , thus 
The straight line winch joins (he middle 
point of a choul of a paiabola to the polo 
of the chord is bisected by the tuivt * 

281 When the conic is not a p uabola, 
the stiaight line at infinity is no longer 
a tangent to the curve, and consequently 
the pole of this stiaight line, or the point of intei section of the 
diameters, is a point lying at a finite distance Since any two 
points on the conic which are collmeai with the pole aie 
separated harmonically by the pole and the polai (Ait 250), the 
pole will lie midway between the two points on the curve 
* Apollonius loc oit , lib 1 35 
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when the polar lies at infinity. Every chord of the comC 
therefore which passes through the pole of the straight line at 
infinity is bisected at this point 

On account of this property the pole of the straight line at 
infinity or the point m which all the diameters intersect is 
called the centre of the conic 

282 Applying the properties of poles and polars in general 
(Arts 250 — 253) to the case of the 
centre and the straight line at in- 
finity, it is seen (Fig 191) that 
If A and A ' are any pair of points 
on the conic collmear with the 
centi e, the tangents at A and A ' 
are parallel ^ lg I9I 

If A and A B and B' are any two 
pairs of points on the conic which are collmear with the 
centre, the pairs of chords AB and A'B', AB' and A'B are 
parallel, so that the figure ABA'B' is a parallelogram 

If a and a' are any pan of parallel tangents, their chord 
of contact passes through the centre, as also does the straight 
line lying midway between a and a and parallel to both 
If a and a\ b and V are any two pairs of parallel tangents, the 
stiaight line joining the points ab and a'b' and that joining the 
points ab' and a'b both pass through the centre, in other 
words, if aba'b' is a parallelogram circumscribed to the conic, 
its diagonals intersect in the centre 

283, If the conic is a hypeibola, the stiaight line at in- 
finity cuts the curve , consequently the centre is a point 
extenoi to the curve (Art 254, I) in which intersect the 
tangents at the infinitely distant points, ? e the asymptotes 
(Fig 197) 

If the conic is an ellipse, the straight line at infinity does 
not cut the cuiye , consequently the centi e is a point inside 
the cuive (Figs 191, 192) 

284 Two diameters of a centi al conic (ellipse or hypei- 
bola*) aie termed conjugate when they are conjugate straight 



♦ In the case of the parabola there are no pairs of conjugate diameters foi 
since the centre lies at infinity, the diameter drawn parallel to the ^dswhich 
are bisected by a given diameter must coincide always with the straight h 
infinity 
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!meS with respect to the come, i e when each passes through 
the pole of the other (Art 255) 

Since the pole of a diameter is the point at infinity on any 
of the chords which the diameter 
bisects, it follows that the diameter 
V conjugate to a given diameter b is 
parallel to the chords bisected by b , 
conversely, If bisects the chords which 
are parallel to 6 * 

Any two conjugate diameters form 
with the straight line at infinity 
a self-conjugate triangle (Art 258), of which one vertex is 
the centie of the conic and the other two are at infinity 
Since in a self-conjugate triangle two of the sides cut the 
conic and the third side does not (Art 262), and since the 
straight line at infinity cuts a hyperbola but does not cut an 
ellipse, it follows that of every two conjugate diameters of a 
hyperbola one only cuts the curve, while an ellipse is cut by 
all its diameters 

285 Problem Given Jive points A , B , C , D , E on a conic , to 
determine its centre 

Solution We have only to repeat the construction given in Art 
257, II (right), assuming the straight line s to lie m this case at 
infinity Draw through C a parallel to A B, and deteimme the point C' 
in which this parallel meets the conic again , draw also through B a 
parallel to AG, and determine the point B' in which this paiallel 
meets the conic again The straight line u which joins the points of 
intersection of the pairs of opposite sides of the quadrangle A CBC 
and the straight line v which joins the points of intersection of the 
pans of opposite sides of the quadi angle A BOB', will meet in the 
required point 0 , which is the pole of the straight line at infinity 
and therefore the centre of the conic + 

The straight lines u and v are the diameters conjugate lespec- 
tively to AB and AG , if through 0 there he drawn the straight 
lines u v ' parallel to A B, AC respectively, then u and u, v and v' 
will be two pairs of conjugate diameters 

If the conic is detei mined by five tangents, its centre may be 
found by a method which will be explained further on (Art 319) 

* Apollonius, loc cit , lib n 20 

If w and v should be parallel, the conic is a parabola, whose diameters are 
parallel to u and v 
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286 Foui tangents to a conic form a complete quadrilateral 
whose diagonals are the sides of a self-conjugate triangle 
(Art 260) Suppose the four tangents to be parallel m pairs 
(Fig 1 91) , then one diagonal will pass to infinity, and 
consequently the other two will be conjugate diameters 
(Art 284), thus 

The diagonals of my parallelogram circumscribed to a come me 
conjugate diameters 

The points of contaet of the four tangents form a complete 
quadrangle whose diagonal points are the vertices of the self- 
conjugate triangle (Arts 169, 260) In the case where the 
four tangents are parallel in pairs one of these diagonal points 
is the centre of the come, and the other two he at infinity 
That is to say, the six sides of the quadrangle are the sides 
and diagonals of an inscribed parallelogram , its sides are 
parallel in pairs to the diagonals of the circumscribed paral- 
lelogram, and its diagonals intersect in the centre of the 
conic 

287 Conveisely, let ABA'B' (Fig 191) be any inscribed 
parallelogram, and consider it as a complete quadrangle 
Since its three diagonal points must be the vertices of a 
self-conjugate triangle, one of them will be the centre of 
the conic, and the other two will be the points at infini ty 
on two conjugate diameters , thus 

In any parallelogram inscribed m a conic , the sides are parallel to 
two conjugate diameters and the diagonals intersect m the centre 
Or again 

The chords which join a variable point A on a conic to tie ex- 
tremities B and B' of a fixed diameter are always paiallel to two 
conjugate diameters 

288 The following conclusions can be diawn at once from 
Art 286 

Any two parallel tangents ( a and a ) aie cut by any pair of 
conjugate diameters in two pans of points, the stiaight lines 
connecting which give two othei parallel tangents (b and b') 

If from the extremities ( A and A r ) of any diameter straight 
lines be drawn parallel to any two conjugate diameters, they 
will meet m two points on the curve, and the chord joining 
these will be a diameter 

Given any two parallel tangents a and a ' whose points of 
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eontact are A and A f respectively, and any third tangent i , if 
from A a parallel be drawn to the diameter passing through 
a'b this parallel will meet the tangent b at its point of 
contact B 

Given any two parallel tangents a and a' whose points of 
contact are A and A' respectively, and another point B on the 
conic , the tangent at B will meet the tangent cc in a point 
lying on that diameter which is parallel to A'B, and it will 
meet the tangent a' in a point lying on that diameter winch is 
parallel to AB 

289 Suppose now that the come is a circle (Fig 193), 1 e 
the locus of the vertex of a right angle 
AMB whose aims AM and BM turn round 
fixed points A and B respectively These 
arms in moving generate two equal and 
consequently projective pencils , therefore 
the tangent at A will be the ray of the 
first pencil which corresponds to the ray 
BA of the second (Art 143) The tangent 
at A must therefore make a right angle with BA , and simi- 
larly the tangent at B will be perpendicular to AB The 
tangents at A and B are therefoie parallel, and consequently 
AB is a diameter* and the middle point 0 of AB is the centre 
of the circle (Art 282) 

I Since AB is a diameter, the straight lines AM and BM 
wi]l be parallel to a pair of conjugate diameters, whatever be 
the position of if (Art 287), therefore 

Every pair of conjugate diameters of a circle are at rnglit angles to 
one another 

II Since the diagonals of any parallelogram cncumscnbed 
about the circle are conjugate diameters, they will intersect 
at right angles, thus any parallelogram which (unmsenbes a 
circle must be a rhombus 

III In a rhombus, the distance between one pair of opposite 
sides is equal to the distance between the othei pair , thus by 
allowing one pail of opposite sides of the circumscnbed rhom- 
bus to vary while the other pair remain fixed, we see that the 
distance between two paiallel tangents is constant This 
distance is the length of the stiaight line joining the points of 
contact of the tangents, for this straight line, which is a 
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diameter, cuts at right angles the conjugate diameter and the 
tangents parallel to it, therefore all Ammeters of a circle are 
equal in length 

IV The diagonals of any inscribed parallelogram are 
diameters , but all diameters are equal m length , therefore 
any parallelogram inscribed m a circle must be a rectangle 

290 Keturning to the general case where the come is any 
whatever (Fig 189 ), let s be any straight line and 8 its pole 
All chords parallel to s will be bisected by the diameter 
passing through S , for since S and the point at infinity on 8 
are conjugate points with respect to the conic, the polar of the 
second point will pass through the first W e may also say that 

If a diameter pass through a fixed point , the conjugate diameter 
will be parallel to the polar of this point 

I If the diameter passing through 8 cuts the conic in two 
points M and M', then MM' is divided harmonically by the 
pole S and the polar s* , thus if 0 is the middle pomt of MM\ 
that is, the centre of the come, and R the point where MM' is 
cut by the polar s, we have (Art 69) 

OS OR = OM 2 

II From this follows a construction for the semi-diameter 
conjugate to a chord A A' of a conic , having given the extremities 
A and A' of the chord and three other points on the conic 
We determine (Ait 285) the centie 0, and join it to the 
middle point R of AA' , we then construct the tangent at 
A and take its point of intersection S with OR If now a 
point M be taken on OR such that OM is the mean propor- 
tional between OR and OS, then OM will be the required 
semi-diameter 

If 0 lie between R and S, so that OR and OS have opposite 
signs, the diameter OR will not cut the conic , but m this case 
also the length OM, the mean propoitional between OR and 
OS, is called the magnitude of the Sf mi-diametcr conjugate to the 
chord A A' 

An analogous definition can be given for the case of any 
straight line (Art 294) 

III If the conic is a circle, the perpendicularity of the 
conjugate diameters m this case gives the theorem 


* Apollonius, loc ext , 1 34, 36 , 11 29, 30 



-9- ■* JP 


i 



THU CENTRE AND DIAMETERS OP A CONIC 

The polar of any point with respect to a circle is perpendicular to 
the diameter which passes through the pole 

291 From this last property can be derived a second de- 
monstration of the very important theorem of Art 263 (3), viz 

The range formed by any number of colhnear points , and the 
pencil formed by thevr polar# wzth lespect to any given conic , are two 
projective forms 

Consider as poles the posits A^B^C, lying on a straight 
hue s (Fig* *94) * the toaaaeters 0 (A >B ,C y ) obtained by 

joining them to the centre 0 of 
the conic will form a pencil 
which is m perspective with the 
range A, B ,C , Another pencil 

will be formed by the polars 
a , b , c , of the points A,B , C, 

since these polars all pass through 
a point S (Art 256), the pole of 
]Fjg 194 s If now the conic is a circle, 

y the property proved m Art 290, III 3 the straight lines 
yB.C, ) are perpendicular respectively to a , b , c , , and 

the two pencils are in this case equal The range of poles 
A,B,C , is therefore projective with the pencil of polars 

a , i , c, with regard to a cncle 

This lesult may now be extended and shown to hold not 
only for a circle hut for any conic For any given conic may 
be regarded as the piojection of a circle (Arts 149, 150) In 
the projection, to harmonic forms correspond harmonic forms 
(Art 51) , consequently to a point and its polar with regard 
to the conic will conespond a point and its polar with regaid 
to the circle, and to a range of poles and the pencil formed 
by their polars with regard to the conic will correspond a 
range of poles and the pencil formed by then polais with 
regard to the circle But it has been seen that this range and 
pencil are projective m the case of the circle , therefore the 
same is tiue with regard to the range and pencil in the case 
of the conic, and the theorem is proved 

292 Theorem A quadrangle is inscribed m a conic, and a point 
is taken on the straight line which joins the points of intersection of the 
pairs of opposite sides If from this point be drawn the straight lines 
connecting it with the two pairs of opposite vertices , and also a pair of 
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tangents to the come, these straight lines witt he three conjugate pairs of 
an involution 

Let A BOD be a simple quadrangle inscribed m a come (Mg 
r 95) > tbe diagonals AO , BJD meet m F, and the pairs of opposite 
sides BC , AD and AB , CD m E 
and G respectively , tbe points 
E , F, G will then be conjugate two 
and two with respect to the conic 
(Art 259) Take any point I on 
EG and join it to the vertices of 
the quadrangle, and draw also the 
tangents IP , IQ to the conic The 
two tangents are harmonically 
separated by IE , IF (Art 264), 
since these are conjugate straight 
lines, F being the pole of IE But 
the rays IF , IF are harmonically 
conjugate also with regard to I A ,10 , for the diagonal AC of the 
complete quadrilateral formed by AB , BO , CD , and DA is divided 
harmonically by the other two diagonals BD and EG, and the two 
pairs of rays m question are formed by joining I to the four 
harmomc points on AO For a similar reason the rays IE , IF 
are harmonically conjugate with regard to 
IB , ID The pair of tangents, the rays 
I A , 10, and the rays IB, ID are therefore 
three conjugate pairs of an involution, of 
which IE, IF are the double lays (Art 125) 

I By virtue of the theorem conelative 
to that of Desargues (Art 183, right), a 
come can be inscribed m the quadrilateral 
A BOD so as to touch the straight lines 
IP and IQ 

II The theorem correlative to the one 
proved above may be thus enunciated 

If a simple quadrilateral ABCD (Fig 
196) is ctrcumscnbed about a conic, and if 
through the point of intei section of its diagonals any transversal be 
drawn , this will cut the conic and the pairs of opposite sides AB 
and CD, BO and AD, in thee pairs oj conjugate points of an invo- 
lution 

III By virtue of Desargues’ theorem (Art 183, left), a conic can 
be described to pass through the four vertices of the quadrilateral and 
through the two points where the conic is cut by the transversal * 

* Chasles, Sections conigues, Arts 122, 126 
Q 
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of ooigsgate points with regard to a coxae gmg 
x >hlem 

c^b^depomts of mter section of a given etrcngU km s with 
ayfapk udctmmned by fit* points or by Jive tangents 
:e <jm. s any two points 27 and V, construct their polars u and v 
2$7 } a and let 27' and V be the points where these meet s If 
determined by the two pairs of reciprocal points TJ 
f and T\ has two double points M and N } these will be the 
of mterseictioQ of the oomc with s If U r and F 7 
the ogebso touches * at the point in which they 
iff ixrvohituoa has no double points, the conic does 

mefehod may be solved the problem to draw from 
& pw of tangents to a come which is determined by 
or by five pomts 

Let A and A f be a pair of points lying on a straight line s 
t are conjugate with respect to the come, and let 0 be the point 
where s meets the diameter passing through its pole S (the diameter 
bisecting chords parallel to s) Then 0 will be the centre of the 
l +TAT. fnrmprl nn a by the pairs of conjugate points such as A 
, 125) 

OA OA constant 


jLi a tuua tuc come in two points M and N, these will be the double 
points of the involution, and 

OA OA'— OM* = ON* 


If 8 does not cut the conic, the constant \aliu of () i 0 [' will be 
negative (Art 125), m tins case there exists a pan II and IV of 
conjugate points of the involution, or of conjugate points with regutd 
to the come, such that 0 lies midway bet wo n t lie m and 
OA OA'— OH 01V=-01I l = nil ' 

The segment IIH r has been called an vital <honI t of flu conic, 
just as MN m the first case is a real clioid \< < < pting tins defini- 
tion we may say that a diameter contains the nuddh points ot all 
chords, leal and ideal, which are parallel to tin < onjugitt dianu t< r 
When two conics are said to have a n d conun* n < hold 1/ \ if m 
meant that they both pass through the points \l and \ \\ h< n two 

conics aie said to have an ideal common <hoid ////' this signifies 
that II and IV are conjugate points with lcgaid to Loth (onus, and 
that the diameters of the two conns which pass tluough the 
respective poles of IIIV both pa-s through tin innhllc point of 
EE' 


* Staudt Geometric (hi Ixige^ Art 30s 
f P ON CLLL I , loc Clt p 29 
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^5 A pencil of rays in involution has m general (Art 207) 
one pair of conjugate rays which include a right angle. 
Therefore 

Through a given pomt can always he drawn one pair of strmgM 0®*^* 
knee which are conjugate with respect to a given conic and which & W 
include a right angle , and these are the internal and external bisect * ^ 
tors of the angle made with one another ly the tangents drawn from ^ 

the given pointy when this is exterior to the conic 


296 In Art 263 (Fig 183 ) let the point G he taken to 
Coincide with the centre 0 of the conic (hyperbola or ellipse) , 
two conjugate lines such as GF : GE will then become conju- 
gate diameters, and we see that the pairs of conjugate diameters 
of a conic form an involution If the conic is a hyperbola, the 
asymptotes are the double rays of the involution (Arts 264, 
283) , thus any two conjugate diameters of a hyperbola are har- 
monically conjugate with regard to the asymptotes * If the conic 
is an ellipse, the involution has no double rays 

Consider two pairs of conjugate elements of an involution , 
the one pair either overlaps 01 does not overlap the other, and 
according as the fiist or the second is the case, the involution 
has not, or it has, double points (Art 128) , thus 

Of any two pairs of conjugate diameten of an ellipse , the one 
aa' is always separated ly the other bb f (Fig 192 ) , 

Of any two pairs of conjugate diameters of a hyperbola , , the one 
aa! is never separated by the othei bb' (Fig 197 ) 

297 The involution of conjugate 
diameters will have one pair of con- 
jugate diameters including a right 
angle (Art 295) If there were a 
second such pair, every diametei 
would be perpendicular to its con- 
jugate (Art 207), and m that case 
the angle subtended at any point 
on the curve by a fixed diameter 
would be a light angle (Art 287), and consequently the conic 
would be a circle Every conic therefore which is not a para- 
bola or a cncle has a single pair of conjugate diameters which 
are at right angles to one another These two diameters 
a and a! are called the axes of the conic (Figs 192 , 197) 



* Dr la Hire, loc cit , book 11 prop 13, Cor 4 
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hyperbola (Fig 197) the axes are the bisectors of the angle 
between the asymptotes m and n (Arts 296, 60) 

In the ellipse both axes cut the curve (Art 284), the 
greater ( 1 2 ') is called the major, the smaller (a) the minor axis 
In the hyperbola only one of the axes cuts the curve , tins one 
(a') is called the transverse axis, the other (a) the conjugate axis 
The points in which the conic is cut by the axis a' m either 
case are called the vertices 

Regarding an axis as a diametei which bisects all chords 
perpendicular to itself, it is seen that the parabola also has 
an axis For since all chords at right angles to the common 
diiection of the diameters are parallel to one another, their 
middle points lie on one straight line, which is the axis a of 
the parabola (Fig 190) The parabola has one vertex at 
infinity , the other, the finite point m which the axis a cuts the 
curve, is generally called the vertex of the parabola 

9afi Since each of the orthogonal conjugate diameters of a 
nyperbola) bisects all chords peipen- 
Dws that the conic is symmetucal with re- 
uJie diameters m question (Art 76) The ellipse 
nyperbola have therefore each two axes of symmetry, 
one parabola, on the other hand, has only one such axis 
The ellipse and hyperbola are also symmetrical with respect 
to a point , the centre of symmetry being in each case the 
pole of the straight line at infinity 
In general, given a come, a point S and ? the polar of S with 

respect to the conic, if $ be 
taken as centic and <? as axis of 
harmonic homology (Ait 76), the 
conic is homological with itself 
(Art 250)* 

\/ 299 In the thcoicm of Ait 

275 suppose the inscribed tnangh 
to be AA X M (Iig 198), that is, 
let two of its vertices A and l x 
be collmear with the centre 0 of the conic which is tikon 
to be an ellipse or hyperbola The pole of tho side 1A X will 
be the point at infinity common to the choids bisected by 
the diameter AA lf and the theorem will become the following 



Fig 198 
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The straight hues which join two conjugate pomts P and B' to the 
extremities A and A 1 of that diameter whose conjugate is parallel t& 
PP / intersect on the conic 

300 The pairs of conjugate points taken, similarly to P 
and B\ on the diameter conjugate to AA X form an involution 
(Art 263) whose centre is the centre 0 of the conic If tins 
involution has two double points P and B 1 , these lie on the 
curve, which is therefore an ellipse If the involution has no 
double points, the conic is a hyperbola (Art 284) , m this 
case two points B and B l can be found which are conjugate 
in the involution and consequently conjugate with respect to 
the come, and which he at equal distances on opposite sides 
of 0 (Art 125) In both cases the length of the diameter 
conjugate to AA r is interpreted as being the segment BB 1 
(Arts 290,294) 

In the ellipse we have (Art 294) 

OP OB'— constant = OB 2 — 0B 1 2 i 
and m the hyperbola 

OP OP'=constant=OP 05,= - 0P 2 = -OP, 2 

301 The foregoing theorem enables us to solve the problem 

To construct by jmnts a conic , having given a pair of conjugate 
diameters AA X and BB X m magnitude and position 
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In the cise of the ellipse (Jbig 198) the four points A ,A li B,B l 
ill lie on the cuive, 111 the case of the hyperbola (Fig 199) let AA l 
be that one of the two given diamcteis which meets the conic 

Construct on the dnmetei BB X seveial pans of conjugate points 
P and P' ot the involution determined by having 0 as centre 
and B and B 1 111 the fiist cise is double points, in the second ca<e 
as conjugate points The straight lines AP and A l P / (as abo A X P 
and AP') will mtci sect on the curve 

302 The straight lines OX , OX' diawn parallel to AP , A X P 
respectively aie a pan of conjugate diameters (Ait 287) The 
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jaaira of conjugate diameters form an involution (Art. 296) , 
consequently the pairs of points analogous to X , X' (m which 
fixe diameters cut the tangent at A) also form an involution, 
the centie of which is A, since OA and the diameter OB 
parallel to AX are a pair of conjugate diameters If the conic 
is a hyperbola, the involution of conjugate diameters has two 
double rays, which are the asymptotes , therefore the points 
E and K 1} in whieh AX meets the asymptotes, are the double 
points of the involution XX', * 

SOS Since OP AX is a parallelogram, AX— — OP , and from 
the similar and equal triangles OP'A 1 and AX' 0, AX' — OP' f 
But OP 0P'= ± OB 2 (Art 126) , therefore AX AX' = + 0B 2 , 
or 

The rectangle contained ly the segments intercepted on a fixed tangent 
to a conic between its point of contact and the points where it is cut 
ly any two conjugate diameters is equal to the square ( + OB 2 ) on the 
semi-diameter drawn parallel to the tangent 

804 We have seen (Art 302) that in the case of the hyper- 
he double pomts of the involution of which 
X, X' a pair of conjugate points , thus 
AX AX'=AK*=OB i 


Therefoie AK=OB, and OAKB is a parallelogiam Accord- 
ingly 

If a parallelogram be described so as to have a pair of conjugate 
semi-diameters of a hyperbola as adjacent sides, one of its diagonals 
will coincide with an asymptote J 

Further, the other diagonal AB is parallel to the te< ond a symptote 
For consider the harmonic pencil (Art 296) formed by the two 
asymptotes and the two conjugate diameters 0 I , OB The 
four points in which this pencil cuts AB will Ik liaimonic, 
but one of the asymptotes OK meets AB in its middle point, 
therefore the othei will meet it at infinity (Ait 69) 

306 Let X 1 be the point wheie the diametei 0 l meets the 
tangent at A x Since OX' and OX, are a pan of conjugate 
lines which meet m a point on the chord of contact AA l of 

* In Fig 199 only one of the points K , IT, is shown 

+ * n order account for the signs, it need only be observed th it in the case of 
the ellipse OP and OP ' are similar, but AX and AX' opposite to one another 
in direction, while in the case of the hyperbola OP and OP' are opposite, but 
AX. and AX' similar as regards direction 

+ Apollonius, loo cit , book n i 
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fee tangents AX and A x X x , fee straight toe (Art 274) 
will be a tangent to fee conic 

The point of contact of this tangent is M } of inter- 

section of AP and A X P' (Art 299) 

308 If is seen moreover that X'X 1 is one diagonal of fee 
parallelogram formed by the tangents at A and A x and fee 
parallels to AA X drawn through P and P', this may also be 
proved m the following manner All points of a diameter 
have for their polars straight lmes which aie parallel to the 
conjugate diameter (Art. 284) , if then through the conjugate 
points P and P / parallels be drawn to AA X 9 fee first will be 
the polar of P' and the second the polar of P , consequently 
these parallels are conjugate lines If now the theorem of 
Art 274 be applied to these conjugate lines and the two tan- 

; ents at A and A 13 we obtain the following proposition 

If a 'parallelogram u such that one pair of its opposite sides are 
tangents to a conic , and the other pair are straight lines , conjugate 
with regard to the conic and drawn parallel to the chord of contact of 
the two tangents , then its diagonals also will be tangents to the conic 

307 This gives the following solution of the problem 
To construct a conic ly tangents , having given a pair of conjugate 
diameters AA X and BB X m magnitude and direction 

Suppose BB X to be that diameter which meets the conic m the case 
wheie the latter is a hyperbola On BB X determine a pair of con- 
jugate points P and P' of the involution which has the centre 0 of 
the conic as centre and the points B , B x either as double points or 
as conjugate points, according as the come to be drawn is an ellipse 
or a hyperbola Draw through A and A x parallels to BB V and 
thiough P and P' paiallels to AA X , the diagonals of the parallelo- 
gram so obtained will be tangents to the requued conic 

308 The segments A A and A x X x are equal in magnitude and 
opposite in sign , and it has been seen that AX AX' = + OP 2 , 

therefore AX' = ± OP 2 , oi 

The rectangle contained by the segments intercepted upon two 
parallel fixed tangents between their points of contact and the points 
where they aie cut by a variable tangent (X'Xf) is equal to the 
square ( + OP 2 ) on the semi-diameter parallel to the fxed tangents * 
309 Since the straight line OP is parallel to AX and A 1 X 1 
and half-waj between them, the segments determined by AM 

* See Art 160 
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usffcd AfUT re^pecm elj on A-fX^ and AX (measured from A j and 
A respectively) are double of OP and OP ' , but by the 
theorem of Art 300 the rectangle OP OP ' is constant , thus 

The straight Ivnes connecting the extremities of a given diameter 
with any point on the conic meet the tangents at these extremities m 
two points such that the rectangle contained by the segments of the 
tangents intercepted between these points and the points of contact is 
constant * 

310 Since X is (Art 288) the point of intersection of the 
tangent at A and the tangent parallel to X'X 1 , the proposition 
of Art 303 may also be expressed as follows 

The rectangle contained by the segments (AX , AX') determined by 
two variable parallel tangents upon any fixed tangent is equal to the 
square { + OB 2 ) on the semi-diameter parallel to the fixed tangent 

311 From the theorems of Arts 299, 300 is demed the solution 
of the following problem 

Given the two extremities A and A l of a diameter of a conic , a third 
point M on the conic , and the direction of the diameter conjugate to 
AA 1} to determine the length of the latter diameter (Fig 199) 

Through 0 , the middle point of AA 1S draw the diametei whose 
direction is given , let it be cut by AM and A X M m P and P' respec- 
tively, and take OB the mean proportional between OP and OP' , 
then OB will be the half of the length requited 

312 The proposition of Art 303 gives a construction for pairs of 

conjugate diameters , and in par- 
ticular for the ares , of an dlijm of 
which two conjugate sum diameters 
OA and OB are yivtn in magnitude 
and direction (big 200) 

Through A diaw a parallel to 
OB, this will be tin tang< nt at A 
and will be cut by any two conju- 
gate dnmetus 111 two points \ md 
A ' such th it 
AX AX' = -OB* 

If now there be taken on the noimal at A two segments K 1 and 
AD each equal to OB, eveiy circle passing through C and I) will mt 
this tangent in two points X and X ' which possess tin piop< rt} (x 
pressed by the above equation, these points aie tlkicfoic su< h that 
the straight lines joining them to the centre O will give the direc- 
tions of a pan of conjugate diameters If the cncle be diawn 
* Apollonius, loc cit , lib 111 53 
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through 0 the angle XOX' becomes a right angle, and consequently 
OX , OX' will be the directions of the axes 

Since the circular arcs CX', X'D are equal, the angles COX ' , X'OD 
are equal, consequently OX', OX are the internal and external 
bisectors of the angle which 00 , OD make with one another In 
order then to construct the semi-axes OP , OQ in magnitude, let fell 
perpendiculars AX V AX' on OX, OX' respectively Then X and X l9 
X' and X{ are pairs of conjugate points, theiefore OP will be the 
geometric mean between OX and 0X J} and OQ the geometric mean 
between OX' and 0X( * 

313 Through the extremities A and A! (Fig 201 ) of two 
conjugate semi-diameters OA and OA' of a conic draw any two 
parallel chords AB and A'B' To find 
the points B and B' we have only to 
join the poles of these chords, this 
will give the diameter OX' which passes 
through their middle points 

Let OX be the diameter conjugate 
to OX', i e that diameter which is 
parallel to the chords AB , A'B' The 
pencils O(XX'AB) and O(X'XA'B') aie each harmonic (Ait 59), 
and are therefore projective with one another , consequently 
the pans of rays 0(XX', AA', BB') are m involution (Art 123 ) 
But the two parrs 0 (XX', A A') determine the involution of 
conjugate diameters (Arts 127, 296) , therefore also OB and OB' 
are conjugate diameters Thus 

If through the extremities A and A' of two conjugate semi-diameters 
parallel chords AB , A'B' be drawn , the points B and B' will be the 
extremities of two other conjugate wmi-chameters 

Two diameters AA and BB determine four chords AB 
which foim a parallelogram (Arts 260, 287) The diameters 
conjugate lespectivcly to them foim m the same way another 
paiallelogram, which has its sides parallel to those of the first , 
that is every chord AB is paiallel to two choids A'B', and not 
parallel to two othei choids A'B ' 

314 Let 11 , K be the points where LB is cut by OA' , OB' 
respectively The diametei OX' which bisects A'B' will also 
bisect UK , therefoie AB and ILK have the same middle point , 
thus AU=KB and AK=IIB The tuangles OAK and OBH 

* Chasles Apergu hi ioi ique , pp 45> 3^ 2 > Sections contques, Art 2o 3 
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are therefoie equal in area (Euc I 37), as also AKB' and 
BHA', and therefore also OAB' and OA'B are equal Accord- 
ingly 

The parallelogram described on two sem-diameters ( OA , OB') as 
adjacent sides is equal m area to the parallelogram described similarly 
on the two conjugate semi-diameters 

In the same way the triangles OAB and OA'B ' can be 
proved equal 

The triangles AHA', BKB ' are equal for the same reason , 
and OAH, OBK are equal, and therefore also OAA' and OBB' 
Therefore 

The parallelogram described on a pair of conjugate semi-diameters 
as adjacent sides is of constant area * 

315 Let M and N be the middle points of the non-parallel 
chords AB and A'B' Since AB and A'B' are parallel to a 
pan of conjugate diameters (Art 287 ) and since ON is the 
diameter conjugate to the chord A'B', therefore ON will be 
parallel to AB , so also OM will be parallel to A'B' The 
angles OMA and ON A' are therefore equal or supplementary , 
°"d smce the triangles OMA and ONA' are equal in area 
^ciing halves of the equal triangles OAB and OA'B'), we have 
(Euc VI 15), 

OM AM=±ON NA'\ 

Now project (Fig 302) the points A,M ,B , A', A r , B ' from 
the point at infinity on OB as centre 
upon the stiaight lino B' B' The 
ratio of the paialh 1 segments 1 M 
and ON, OM and A 1 ' is equal to 
that of then pioji etions , wo con- 
clude therefoie fiom the equality 
just piovcd that th< • _h 

contained by the piojiclions of 
OM and AM is <quil to that 
contained by the pi ejections of 
ON and NA' As the piojectmg 
rays are parallel to OB, the piojections of OM and ML aic 

* Apollonius, lot ext, lib vn 31, 32 

f The signs + and — caused by the relative direction of the segments 
OM , N A and ON, AM correspond respectn tly to the case of the ellipse (Fig 
201) and to that of the hyperbola (Fig 202) 
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eadb equal to half the projection of BA or of QAL Since N 
xs the middle point of A' B' } the projection of ON wiE he equal 
to half the sum of the projections of 0A r and OB\ and the 
projection of NA! wiH he equal to half the projection of B r A' y 
that is, to half the difference between the projections of OA' 
and OB' We have therefore 

(proj QAf=- ± proj ( OA'+OB ') 
xproj (OB'— OA'), 

or (proj OA') 2 ± (proj 0A) 2 = (proj OBJ 

In the same manner, by piojectmg the same points on OB 
by means of rays parallel to OB' (Fig 303 ), we should 
obtain 


(proj 0A) 2 ± (proj 0AJ~ (proj OB) 2 

This proves the following proposition 
If any pair of conjugate diameters are projected upon a fixed 
diameter by means of parallels to the 
diameter conjugate to this last , then 
the sum (in the ellipse ) or difference 
(in the hyperbola) of the squares on 
the pt* t '*t n<t is equal to the square 
on the fxed diameter 

By the Pythagorean theorem 
(Euc I 47) the sum of the 
squaies on the orthogonal pro- 
jections of a segment on two 
stiaight lines at light angles to 
one another is equal to the square on the segment itself If 
then a pan of conjugate diameteis are piojected orthogonally 
on one of the axes of a conic and the squares on the pro- 
jections of each diametei on the two axes are added together, 
,thc following pioposition will be obtained 
p The sum (jor the ellipse) 0 / dijfennce (jor the hyperbola) of the 
squaies on any pan of conjugate diameteis is constant , and is equal 
to the sum or the difference of the squaies on the axes* 



310 If five points on a conic are given, then by the method 
explained m Ait 285 the centre 0 and two pairs of conjugate 
diameters u and u\ v and v' can be constructed If these pans 
oveilap one mothei, the conic is an ellipse, m the contraiy case it 


* Apollonils lot at t lib vn 12, 13, 22, 2 0 
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is a hyperbola (Art 296) If m this second case the double rays of 
the involution determined by the two pairs u and wf , v and xf be 
constructed, they will be the asymptotes of the hyperbola 

If in either case the orthogonal pair of conjugate rays of the in- 
volution be constructed, they will be the axes of the conic 

The direction of the axes can be found without first constructing 
the centre and two pairs of conjugate diameters * Let A , B , C , F } G 
be the five given points (Fig 168), describe a circle round three of 
them ABC, and construct (Art 227, 1) the fouith point of intersection 
O' of this circle with the conic determined by the five given points 
Any transversal will cut the two curves and the two pairs of opposite 
sides of the common mscnbed quadrangle ABO O' m pairs of points 
forming an involution (Art 183) The double points P and Q (if 
such exist) of this involution will be conjugate with regard to each 
of the curves (Arts 125, 263), ^ e they will be the pair common 
(Art 208) to the two involutions which are formed on the transversal 
by the pairs of points conjugate with regard to the circle and by the 
pairs of points conjugate with regard to the conic (Art 263) Suppose 
that the straight line at infinity is taken as the transversal As this 
str aig ht line does not meet the circle, one at least of these two 
involutions will have no double points, and consequently (Art 208) 
the points P and Q do really exist Since these points are infinitely 
distant and are conjugate with regard to both cuives tiny will be 
(Arts 276, 284) the poles of two conjugate dnmeters of the circle 
and also of two conjugate diameters of the conic , but conjugate 
diameters of the circle are perpendicular to one another (Art 289), 
theiefore P and Q are the poles of the axes of the conic further, 
the segment PQ is harmonically divided by either pun of opposite 
sides of the quadrangle ABCO' , consequently P and Q arc tlu 
points at infinity on the bisectors of the anghn included by the 
pairs of opposite sides (Art 60) In order then to find ihc icquired 
directions of the axes, we have only to draw the biscclois j* of the 
angle included by a pair of opposite sides of tlu quadrangle ABCO ', 
foi example by AB and 00' (Fig 168) 

317 Let qisf (Fig 1 6 1 ) be a complete quadnlatual and 8 
any point It has all eady been seen (Ait 18"> r lglit) that the 
pans of rays a and a\ b and b\ which join 8 to two pans of 
opposite veiticcs, belong to an involution of which tin t mg< nts 
drawn fiom 8 to any conic inscribed m tin quadr ilaf< ral aio a 
pan of conjugate rays Suppose the involution to have two 
double lays m and n , they will be haimomcally conjugitc 

* PoNCJiLEr, lot cit , Alt 394 . 

f Set albu the note to Art 387 
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vt&h regard to such a parr of tangents (Art, 125), and will 
consequently be conjugate lines with respect to the conic 
But (Art 218, right) m and n are the tangents at 8 to the 
two conics which can be inscribed in the quadrilateral qrsi 
so as to pass through 8 Therefore 

If two conics which are inscribed, m a given quadrilateral pcm 
through a given point , their tangents at this point are conjugate lines 
with respect to any conic inscribed m the quadrilateral 

Instead of taking an arbitrary point S, let m be supposed 
given If this straight line does not pass thiough any of the 
vertices of the quadrilateral, theie will be one conic, and only 
one, which touches the five straight lines m ,q^r,s,t ( Art 
152) Let S be the point where this conic touches m , there 
will be a second conic which is inscribed in the quadrilateral 
and which passes through S , let the tangent to this at S be n 
The straight lines m and n will then be conjugate to one 
another with respect to all conics inscribed in the quadrilateial , 
and therefore (Art 255), 

^ The poles of any straight line m with respect to all conics inscr 
m the same quadrilateral lie on another straight line n 
^ Moieover, since the straight lines m and n aie the double 
rays of the involution of which the rays drawn from S to two 
opposite vertices are a conjugate pair, therefore m and n 
divide fir •> • y each diagonal of the quadrilateral 

318 I The correlative propositions to those of Art 317 are 
the following 

If a straight line touches two conics which circumscribe the same 
quadrangle , the two points of contact are conjugate to one another 
with leaped to all conics circumscribing the quadrangle 
\j The polars of any given point M with respect to all the conics 
circumscribing the same quad) angle meet m a fixed point N The 
segment MN is divided harmonically at the two points wheie it is cut 
by any pan of opposite sides of the complete quadrangle 
II Suppose in the second theorem of 
Art 317 that the straight line m lies at 
infinity , then the polos of m will be the 
centres of the conics (Ait 281), and n will 
bisect each of the diagonals of the quadn- 
latcral (Ait 59), therefore 

The centres of all conics inscribed in the same quadrilateral he 
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rn ite ehmgU hoe (Fig 204) «&i*s£ M<s middle 

* 

of the present Article 
that the point M lies at infinity , the polars of M mil become 
the diameters conjugate to those which have M as their 
common point at infinity , thus 

In any conic cwcumcnfong a given quadrangle, ike diameter which 
u cwyugate to one drawn %n a given fined directum mil pace through 
a fiaedpomb 

810 Newton’s theorem (Art 318 , II) gives a simple method for 

finding the centre of a come deter- 
mined by five tangents a , b , c , d , * 
(fig 305) The four tangents 
a,b,c ,d for m a quadrilateral, 
join the middle points of its 
diagonals Let the same be done 
with regard to the quadrilateral 
abee, the two straight lines thus 
obtained will meet in the required 
centre O 

The five tangt ntn f taken four 
and foul togither, foim five quad- 
rilaterals, the five straight lines 
which join the imddh points of the 
diagonals of ciuh of the quadri- 
laterals will tin n fort all nu<t m 
the ct litre O of tin tonic him rilied 

in the pentagon abode 

The same theorem enables us to find the dn return o/* the dumuters 
of a juttahoht which is determined by four tangents a bed I or 
each point on the stiaight line joining tin rtmidh points of the 

diagonals of flit quadnlati ral abed ih th< poll <f tin wt 1 tight lmt' at 

infinity wilh ugurd to Home tomt uim« nht ti m tin qu nli ilati ral 
(Art 318 II) tin 1 ( foi e the point at infmif \ mi tin lint will l>e 
the polt with itgurd to t lie uiHcnlxd punibola ( \ 1 1 h J > 1 III and 1 X) 

Th< hti light lint thmfme whith joins tin nmldh points of the 

diagonals ih itsdf a dianntti of tin paialxdu ( 1 ig ~oj) 



TTT Suppose similarly m theorem I 


* Nmntun, Principal book 1 lemma a* < <r \ 
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CHAPTER XXII, 

*OLAR RECIPROCAL FIGURES 

8 RO An auxiliary conic K being given, it has been seen 
(Art 256 ) that if a variable pole describes a fixed straight 
line its polar turns round a fixed point, and reciprocally, that 
if a straight line considered as polar turns round a fixed point, 
its pole describes a fixed straight lin e 

Consider now as polars all the tangents of a given curve c 
or m other words suppose the polar to move, and to 
the given curve Its pole will describe another curve, w** 
may be denoted by C' Thus the points of C' are the pole, 
the tangents of C 

But it is also true that, reciprocally, the points of C are 
the poles of the tangents of C' For let 
M' and N' be two points on C' (Fig 306) , 
their polais m and n will be two tangents 
to C and the point wn whore they meet 
will bo the polo of the chord ftl'N' (Ait 
2 r >(>) Now suppose the point N' to appioach 
)/' m<h finite ly , the choid iM r N' will ap- 
pioach 11101 ( and 11101 0 neaily to the position 
of tlu tangent at M' to the cuivc C', the 
straight line n will at the saint inm ap- 
pioach inoic and moit nuuly to coincidence with w, and the 
point wn will tend moie and 11101 e to the point whcie m 
tout lit h C In the limit, when tlu distance M'N f becomes 
indc finite 1 y small, tlm tangent to C' at M' will become the 
{>olai of iht point of contat t of w with C Just then as 
the tangents of C an tlu polais of the points of C', so also 
au the tangents of C' the polais of the pomts of C , if a 
straight line m touches the curve C at 31 , the pole 31 ' of m 






g§8 TOUI aaKTBB AND DIAMBTKBS OB’ A CONIC, (H9 

» the straight hue (Fig ®°4) eehteh jpateee through the middle 
pomts of the diagonals of the quadnlateral* 

III Suppose similarly in theorem I of the present Article 
that the point M lies at infinity > the polars of M will become 
the diameters conjugate to those which have M as their 
common point at infinity , thus 

In any come circumscribing a gwen quadrangle^ the diameter which 
is conjugate to one drawn in a given peed direction will pass through 
a peed pomt 

819 Newton’s theorem (Art 818, II) gives a simple method for 

finding the centre of a conic deter- 
mined by five tangents a,b,e,d 9 * 
(Mg 205) The four tangents 
a,b f e $ A form a quadrilateral; 
join the middle points of its 
diagonals Let the same be done 
with regard to the quadrilateral 
abee , the two straight line*? thus 
obtained will meet in the required 
centre O 

The five tang< nts, taken four 
and four together, foim five quad- 
rilaterals, the five straight lines 
which join the middh points of the 
diagonals of <iuh of the quadn- 
lateials will thmfon all nnet in 
the centre (> of tin ionic ins<ril>ed 

in the pentagon dbede 

The same theorem enables us to find the du return of th r dutnuters 
of a pci) abola which is determined by four tanqmtH u h < d hoi 
each point on the stiaight line joining tin ftnddh points o{ the 
diagonals of the quadnlatc ral abed is tin poh of th< sti tight Inn at 
infinity with regard to some conn inmnlxd in tin ipiadi ilaforal 
(Ait T18 11), thmiorc the point at infinit\ on tin lm« will l>e 
tlie poll with regard to t lie inscribed panihola ( \its 2 >1 III and 2 \) 
Tin st 1 ught line tin rt fore which joins the middle points of the 
diagonals is itself a dianutci of tlu paialiola <1 lg * 01 ) 



* Nkwton, Pnncipxa book 1 letnm* 2^ < <>r 3 




CHAPTER XXII, 

POLAR RECIPROCAL FIGURES, 

820, Ah aambi&ry come K being given, it has been seen 
(Art 256) that if a variable pole describes a fixed straight 
line its polar turns round a fixed point, and reciprocally, that 
if a straight line considered as polar turns round a fixed point, 
its pole describes a fixed straight line 

Consider now as polars all the tangents of a given curve C, 
or m other words suppose the polar to move, and to ejbr" 1 --- 
the given curve Its pole will describe another curve, w 
may be denoted by C' Thus the points of C' are the pole, 
the tangents of 0 

Hut it is also true that, reciprocally, the points of C are 
the poles of the tangents of C' For let 
M' and N' be two points on c' (Fig 206) , 
their polais w and n will be two tangents 
to C and the point mi where they meet 
will Ik the polo of the chord 3 i'N' (Ait 
2 r >f>) Now suppose the point N ' to appioach 
\r inch finitely , the chonl 31 'N f will ap- 
pioach mou andmoio ncaily to tin position 
of tlu tangent at M' to tin ouve C', the 
straight line n will at the saim tunc ap- 
pioach men and 11101c ncaily to coincide nco with m 3 and the 
point nm will tend moic and 111010 to the point where m 
tom Ins C In the limit, when tin distance M'N ' becomes 
melt finite ly small, the tangent to C f at M r will become the 
polar of the point of contact of m with C Just then as 
the tangents of C aic the polais of the points of C', so also 
are the tangents of C' the polais of the points of C , if a 
straight lino m touchos the curve 0 at 3 / y the pole 31 ' of m 
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a point of the eurve C' and the polar *»' of Jf is a tangmi 
to the carve C' &t M' 

Two curves C and C' such that each is the locus of the 
poles of the tangents of the other, and at the same time also 
the envelope of the polars of the points of the other, are said 
to be polar reciprocal* * one of the other with respect to the 
auxiliary conic K 

32 k An arbitrary straight line r meets one of the reciprocal 
curves in n points say , the polars of these points are n tan- 
gents to the other curve all passing through the pole R' of r 
To the second curve therefore can be drawn from any given 
point R' the same number of tangents as the first curve has 
points of intersection with the straight line r, the polar of R' , 
and vice versa In other words, tie degree and class of a curve 
are equal to the class and degree respectively of its polar reciprocal 
with respect to a conic 

822 Now suppose the curve C to be a come, and a, b two 
tangents to it, they will be cut by all the other tangents 
c, d, e, m corresponding points of two projective ranges 
(Art 149) In other words, C may be reg&ided as the curve 
enveloped by the straight lines c , d , e , which connect the 
pairs of corresponding points of two projective ranges lying 
on a and b respectively (Art 150) 

The curve C' will pass through the poles /', B', ( //, K\ 

of the tangents a 9 b 9 c 9 d 9 e, of O The stiaight lines 
A\C\ M\ ) will be the polars of the points a (( , <1 , t , ) 

and will form a pencil projcctm with the rang* of poles 
lying on the straight lint a (Art 291) so too tin sti night Inns 
h\ ) will he the polars of tin points b(t , d t ) 
and will foim a pencil projective with tin uing< of poh s Ijmg 
on b Hut the langts a (( , d , < ) and h (< <1 t , ) an 

piojcctivc the it foie also the pmcils / (( ' h / ', ) and 
I ) an piojictive ( onsujm ntl\ C is tlio lotus 
of the points of in terstction of < orn spondmg ni} s of two 
pi ojecti vc pencils that is (Ait 150) a conn \(<oi<hng!\ 

l/u put at nujjioiuloJ a ( unu utfk xxput f to a nut fit r / unit m a 
tonu f 

323 When an auxiliaiy conit K is given and anothei 

* 1 ONC KIET, lor at , Art 232 
f Ibid , Art 231 
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O whose polar reciprocal C' is to be determined, the question 
aneee whether C 7 is an ellipse, a hyperbola, or a parabola The 
straight lme at mfiaity m the polar of the centre Oof K, there- 
fore the points at infinity on C' correspond to the tangents of 
O which pass through 0 It follows that the come O ' will be an 
elhpes or a hyperbola according as the point 0 is interior or exterior 
to the conic C, and 0 ' mil be a parabola when 0 lies upon C 

If ui is the pole of a stetight line a with respect to C, and a f 
the polar of A and J^/t he pole of a with respect to K, then 
will A* be the pole of d with respect to C', since to four poles 
forming a haxmomt range correspond foui polars forming a 
haxmonxc pencil (Art 291) and vice versa Therefore the 
centre M' of O' will he the pole with respect to K of the 
straight line m which is the polar of 0 with lespect to C To 
two conjugate diameters of C' will correspond two points of 
m which are conjugate with respect to <C, &c 

824 Let there be given in the plane of the auxiliary conic 
a figure (Art 1) or complex of any kind composed of points, 
straight lines, and curves , and let the polar of every point, the 
pole of every line, and the polar recipioeal of every curve, be 
constructed In this way a new figure will be obtained , the 
two figures are said to bo polar reciprocals one of the other, since 
each of them contains the poles of the straight lines of the 
otlui, the polars of its points, and the curves which are the 
polar reciprocals of its curves To tho method whereby the 
second figure has been derived from the first tho name of 'polar 
ut quotation is given 

Two figures which aro polar lccipiocals one of the other are 
(orn taint ju/uia in accordance with the law of duality m plane 
(it unit tiy (Ait 33) , foi to eve ly point of the ono conesponds 
a straight lm< of the oth< r, and to c veiy lange in tho one coire- 
sponds a pi mil m th( otlui They lie moioova m the same 
plain , then positions m tins pi uu <u o dot( i inmate, but may 
he mt< i ilumg< <1, shim cvny point m the one figuie and the 
com spending st might line m tin otlui at e connected by the 
illation that they an ]*<>!< and point with icspoct to a fixed 
come Thus two polm lccipiocal liguics aio con clatLve figures 
which are coplanai, and which have a spicial lelation to one 
anothc i with respect to the n positions in the plane in which 
they lie On the otlui hand, if two figuies are meiely 

K 
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correlative m accordance with the law of duality, there is no 
relation of any kind between them as regards their position * 
025 If one of the reciprocal figures contains a range (of 
poles) the other contains a pencil (of polars), and these two 
corresponding forms are projective (Art 291) If then the 
points of the range are in involution, the rays of the corre- 
sponding pencil will also be in involution, and to the double 
points of the first involution will correspond the double rays 
of the second (Art 124) If there is a conic in one of the 
figures there will also be one in the other figure (Art 322) , to 
the points of the first come will coi respond the tangents of 
the second, and to the tangents of the first will correspond the 
points of the second , to an inscribed polygon in the first 
figure will correspond a circumscnbed polygon in the second 
(Art 320) If the first figure exhibits the proof of a theorem 
or the solution of a problem, the second will show the proof of 
the correlative theorem or the solution of the correlative 
problem , that namely which is obtained by interchanging the 
elements ‘ pomt ’ and ‘ line ’ 

828 Thiorbm If two triangles are both self-conjugate with 
regard to a given conic, their six vertices lie on a come, and their six 
sides touch another conic t 

Let ABC and DEF be two triangles (Fig 207 ) each of 
which is self conjugate (Ait 258) with legard 
to a given conic K Let DE and JDF 
cut BC in B 1 and C x respectively, and let AB 
and A C cut EF m E t and F x respectively The 
pomt B is the pole of CA, and C is the pole of 
AB , B 1 is the pole of the straight line joining 
the poles of BC and DE , i e of AF , and C x is 
the pole of the strnght line joining the poles of 
BC and DF, 1 e of AE The range of poles BCB^C 1 is theiefore (Art 
291) projective with the pencil of polars A{CBFE), and thcrcfoie 
with the range of points FJS^E in which this pencil is cut by the 
tiansveisal EF Thus 

( BCB l C 1 ) = (F 1 E 1 FE ) 

= (E^EF) by Art 45, 

which shows that the two ringes m which the straight lines BC and 
EF respecti\ ely aie cut by AB, CA, DE , FD are projectively 1 elated 

* Steiner loc cit , p vn of the preface , Collected Work*? vol 1 p 234 
t Steiner, loc cit , p 308, § 60, Ex 46, Collected Works, vol 1 p 448, 
Chasles, Section* comques , Art 215 
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^hese six straight lines therefore, the s^t sides of the given t mpgka, 
'll touch a conic C (Art ISO, H). 

Tho poles of these six sides are the six vertices of the triangles, 
i^se vertices therefore all he On another conic G / winch is the gojy 
reciprocal of C with regard to the conic E * jf 

327 The proposition of the preceding Article may also be expresafif 
as follows Given two triangles which are self-conjugate with regard 
to the same conic K , if a conic C touch five of the six sides it will 
touch the sixth side also, and if a conic pass through five of the sax 
vertices it will pass through the sixth vertex also 

It follows that if a conic C touch the sides of a triangle abc which u 
self-conjugate with regard to another conic El, there are an mfimM 
number of other triangles which are self conjugate with regard to the 
second conic and which circumscribe the first 

For let d he any tangent to C , from D, its pole with regard to EL, 
draw a tangent e to C, and let / he the polar with regard to EL of the 
point de , then the triangle def will he self-conjugate with regard to 
EC (Art 259) But G touches five sides a, b, c, d, e of two triangles 
which are both self conjugate with respect to EL , therefore it must 
also touch the sixth side /, which proves the proposition 

328 If the point D is such that from it a pair of tangents i and 
f r can he drawn to EL, the four straight lines e , /, if, f' will form a 
harmonic pencil (Art 264), since e and / are conjugate straight lines 
with respect to the conic E , consequently the straight lines ef and f f 
are conjugate to one another with respect to C 

The locus of D is the conic O' which is the polar reciprocal of O 
with regard to E , therefore 

If a conic C is inscribed in a inangle uhich is self conjugate unth 
respect to another conic E, the locus of a point such that the pairs of 
tangents drawn from it to the conics C and E form a harmonic pencil 
is a third conic O' which is the polar recipi ocal of C unth respect to E 

329 Correlatively If a conic C' circumscribes a triangle which 
is self conjugate with lespect to another conic E, there are an infinite 
number of other triangles uhich are inscribed m C' and are self con 
jugate with res})ect to E , and the straight lines uhuh cut C ' and E in 
two pairs of points which are haimonually conjugate to one another all 
touch a third conic C which is the % olar reciprocal of O' with regard 
to E 


* We may show independently that the mx vertices lie on a conic as follows. 
It has been seen that the pencil of polars. A (CBZE) is projective with the range 
of poles BGBfj , it is th< lefore projective with the pencil JD^BCBfi) formed by 
joining these to the point D Iheiefoie 

A fBFE) = D ^BCB.Ci) = D ( BCEF ) 

= D CBFE ) by Art 45, 

which shows (Art 150, I that A,B,C D, E, F he on a conic 

R 2 
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3 jB0 Theorem If two triangles circumscribe the same conic , 
their six vertices he on another conic 

Let OQ' R' and O'PS be two triangles each circum- 
scribing a given conic C (Fig 2-08) The two tangents PS 
u and Q'R' are cut by the four 
other tangents O'P, 0Q\ OR', O'S 
i in two groups of corresponding 
I points P QRS and P' Q 'It'S' of two 

projective ranges u and u' (Art 
149), consequently the pencils 
0{PQRS) and O'(P'Q'R'S') 
formed by connecting these points 
0 ° with 0 and O' respectively are 

projective Therefore the points P, Q\ R\ S, in which their 
pairs of con esponding rays intersect, he on a conic C ' (Art 150,1) 
passing through the centres 0 and 0 ', which proves the theorem 

331 The theorem correlative and converse to the foregoing 
one is the following 

If two triangles are inscribed m the same conic , their six sides 
touch another conic * 

This may be proved by considenng the triangles OQ'R' 
and O'PS as both inscribed m the conic O', and by reasoning 
in a manner exactly analogous, but correlative, to that above 

332 It follows at once that 


If two tnangles circumscube If two triangles are msciibed 
the same conic, the conic which in the same conic, the conic which 
passes through five of their ver- touches five of their sides touches 
tices passes through the sixth the sixth side also 
vertex also 

Or 

If two conics are such that a triangle can be tnscnbed m the one 
so as to cm cum scribe the other , then there exist an infinite number of 
othei triangles which possess the same propel ti/ + 

333 There are m the figure (Fig 208) four piojective 
forms the two ranges u and u r , which deteimme the tangents to 
the conic C, and the two pencils 0 and O', which deteimme the 
points of C', the pencil 0 is in perspective with the lange u 

* Brianchon loc ext, p 35, Steiner, loc cit , p 173, § 46, II, Collected 
Works, vol 1 p 356 

f PONCELET, loc Ctt , Art 565 
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and the pencil O' is m perspective with the range tf If then 
any tangent to C cut the bases % and uf of the two rang es in 
A and A' respectively, the rays OA and 0'A / wiQ meet in a 
point M lying on C', and, conversely, if any point M oa C' fee 
joined to the centres 0 and O' ^ the joining hues will cat u and 
v! respectively in two points A and A' such that the straight 
line joining them is a tangent to C Therefore 


If a variable triangle AA r M ts 
such that two of its sides pass 
respectively through two fixed 
points O' and 0 lying on a given 
conic, and the vertices opposite to 
them he respectively on two fixed 
straight lines u and u' } while the 
third vertex lies Always on the 
given conic , then the third side 
will touch a fixed conic which 
touches the straight lines u and u 


If a variable triangle AA'M is 
such that two of its vertices he 
respectively on two fixed tangents 
u and u' to a given come, and 
the sides opposite to them pass 
respectively through two fixed 
points O' and 0 , while the third 
side always touches the given 
conic , then the third vertex will he 
on a fixed conic which passes 
through the points 0 an 


334 Theorem If the extremities of each of two diagonals oj 
complete quadnlate) al are conjugate points with respect to a qiveri 
conic , the extremities of the thud diagonal also will he conjugate 
points with respect to the same conic * 

Let ABXY (Fig 209) be a complete quadnlateial such 
that A is conjugate to X, and B to Y 9 with respect to a given 
conic K (not shown m 
the figure) Let the sides 
AB , XY meet m C , and 
the sides AY,BX in Z, 
then shall C and Z be 
conjugate points with 
respect to the conic K 
Suppose the polais of 
the points A, B ,C (with 
xespect to K) to cut the 
straight line ABC m A\ B\ C' lespectivelj The three 
pairs of conjugate points A and A \ B and B\C and C aie 
m involution, consequently, considering XI Z as a tuangle 
cut by a tiansversal A'B'C', it follows by Art 135 that the 

* Hesse De otto punch* intersechoms tnum mperficierum secundi ordtni * 
(Disseitatio pro venia legendi, Kegiomonti, 1840^, p 17 
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s^r aagkt lines XA', IB', ZC' meet in one point Q Since 
evidently XA' is the polar of A and IB' the polar of B with 
respect to K, their point of intersection Q is the pole of AB 
Since then G is a point on AB and is conjugate to C\ its polar 
will be QC ' , but QO' passes through Z , therefore C and Z are 
conjugate points, which was to be proved. 

335 The proof of the following, the correlative theorem, is 
left as an exercise to the student 

If two pairs of opposite sides of a complete quadrangle are conju- 
gate lines with respect to a conic, the two remaining sides also are 
conjugate lines with respect to the same conic 

In order to obtain such a complete quadrangle, it is only 
necessary to take the polar reciprocal of the quadrilateral con- 
sidered m Hesse's theorem, i e the figure which is formed by 
the polars of the six points A and X, B and ¥, C and Z 

336 The following proposition is a corollary to that of 
Art 334 


Two triangles which are reciprocal with respect to a conic are in 
homology * 

Let ABC (Fig 310) be any triangle , the polars of its 
vertices with respect to a given 
come form anothei triangle A'B'C ' 
reciprocal to the first, that is, such 
that the sides of the first tuangle 
are also the polars of the vertices of 
the second Let the sides CA and C'A' 
meet m E, and the sides AB and 
A'B' m F 



The points B and E aie conjugate 
with respect to the conic, since E lies on C'A', the polar of B , 
similarly C and .Fare conjugate points Thus in the quadn- 
lateial formed by BC , CA , AB , and EF \ two pans of opposite 


vertices B and E, C and F are conjugate, theiefoie the 
thud pair aie conjugate also, viz A and the point I) wlioie 
BC meets EF The polar B'C' of A theiefore passes tlnough 
I) , thus BC and B'C' meet in a point I) lying on EF 
Since then the pairs of opposite sides of the two tnangles meet 
one another m three collmear points, the triangles aie m 
homology, and the straight lines AA\ BB ', CC ' which join 


* Chasles, loc Lit , Art 135 
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the pairs of vertices meet (Art 17) m a point O, the pole of 
the straight line DBF 

337 By combining this theorem with that of Art. 155 the 
following property may be enunciated 

If two triangles are reciprocals with respect to a given come JE, 
the six joints in which the sides of the one intersect the %&#- 
cm espondmg * sides of the other luma conic C, and the six straight 
lines which connect the vertices of the one with the non-corresponding 
vertices of the other touch another conic C\ the polar reciprocal <f 
C with respect to Z (Art 322) , these straight lines are m fact 
the polars with regard to K of the six points just mentioned 

If one of the triangles A'B'C' is inscribed in the other 
ABCy the three comes C, C' and Z coincide m one which is 
circumscribed about the former triangle and inscribed m the 
latter (Aits 174, 176) 

338 Problem: Given two triangles ABC , A'B'C' which are tn 
homology , to construct (when it exists) the conic with regard t 

they are reciprocal 

Take one of the sides, BC for example , the points m which it n 
cut by C'A' and A'B ' are conjugate to the points B and C respectively, 
and these two pairs of conjugate points determme an involution 
(Art 263), the double points of which (if they exist) aie the points 
where BC is cut by the conic m question In order then to find the 
points in which this conic cuts BC, it is only necessary to construct 
these double points In this way the points in which the sides of 
the tuangles meet the conic can he found, and the latter is determined 
Since A' and B are the poles of BC and C'A', these points and that 
in which C'A ' meets BC will be the vertices of a self conjugate 
triangle (Ait 258) If then, m finding the points of intersection of 
the conic and the straight lines BC and C'A' in the manner just 
explained, it should happen that the two involutions found have 
neither of them double points, the conclusion is that no come exists 
such as is required , foi if it did exist, it must be cut by two of the 
sides of the self conjugite tn mgle (Ait 2b2) 

339 The centre of homology 0 ot the given tuangles (Fig 210 ) is 
the pole of the axis of homology DBF , and the piojectne corre- 
spondence (Ait 291) between the points (poles) ljmg on the axi* 
and the stiaight lines (polns) radiating fiom the centie of homolog\ 
is determined by the three pairs of corresponding elements D and 

* Two sides BC and B C of the triangles may be termed corresponding , when 
each lies opposite to the pole of the other And two vertices A and A ma> be 
termed corresponding, when each lies opposite to the polar of the other 
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4A r , M and i?!?', jP and (7(7' Consequently it is possible to construct 
with tbe ruler only (Art 84) the polar of any other point on the 
axis, and the pole of any other ray passing through the centre 0 
What has just been said with regard to the point 0 and the axis 
of homology may also be said with regard to any vertex of one of 
the triangles and its polar (the corresponding side of the other 
inangle) For if eg the veitex A f and the side BO be considered, 
the projective correspondence between the straight lines radiating 
from A ' and the points lying on BO is determined by the three pairs 
of corresponding elements A'B' and C, A'C' and B, A'O and D 
This being premised, it will be seen that the polar of any point P 
and the pole of any straight line p can be constructed with the help 
of the ruler only For suppose P to be given , it has been shown 
that the poles of the straight lines BO , PA, BB, BO, BA f , can 
be constructed, and these all he on a straight line X which is the 
required polar of P So again if the straight line p is given, the 
polars of the points in which it meets BO, OA, can be constructed, 
and will meet m a point which is the pole of p 

It will be noticed that all these determinations of poles and polars 
are linear (i e of the first degree) and independent of the construction 
(Art 338) of the auxiliary conic, which is of the second degree, 

it depends on finding the double elements of an involution 

onstruction of the poles and polars is theiefore always possible, 
o v cxi when the auxiliary come does not exist In other words the 
two given triangles in homology determine between the points «md 
the straight lines of the plane a reciprocal correspondence such that 
to every point corresponds a straight line and to every straight line 
a poiut, to the rays of a pencil the points of a range piojective with 
the pencil, and vice versa Any point and the stiaight line corre- 
sponding to it may be called pole and polar, and this assemblage of 
poles and polars, which possesses all the properties of th it d tu mined 
by an auxiliary conic (Art 254), may be called \ polar system 

Two triangles m homology accordingly deteimmc i pol ir system 
If an auxiliary conic exists, it is the locus of the points winch lie 
on the polars respectively corresponding to them, and it is it the 
same time the envelope of the straight lines which p iss tlnough the 
poles respectively corresponding to them If no auxilmy conic 
exists, there is no point which lies on its own polar * 

* Staudt, loc ext, Art 241 
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340 It has been seen (Art 263) that the pairs of straight 
lines passing through a given point S and conjugate to one 
another with respect to a given conic form an involution. Let 
a plane figure be given, containing a conic C , and let the figure 
homological with it be constructed, taking S as centre of homo- 
logy , let C' be the conic corresponding to C m the new figure- 
Since in two homological figures a harmonic pencil corre- 
sponds to a harmonic pencil, any pair of straight lines through 
S which aie conjugate with respect to C will be conjugate 
also with respect to C 7 The polais of S with respect v 
two conics will be conespondmg straight lines , if ther 
polar of S with respect to C be taken as the vanishing 
m the first figure, the polar of 8 with respect to C f will 
lie at in fini ty , i e the point 8 will be the centre of the 
conic C' 

In this case therefore any two straight lines through 8 
which are conjugate with respect to C will be a parr of conju- 
gate diameters oi C' If 8 is external to C, the double rajs of 
the involution foimed by the conjugate lines thiough S are 
the tangents fiom S to C 5 and theiefoie the asymptotes of C', 
which is in this case a hypeibola If S is internal to C, 
the involution has no double lays, and therefore C' is an 
ellipse 

We conclude then thatjtf eienj point S in the plane of a gaen 
come C co? i esponds a c onic c) homological with 0 and haang ite 
tentie at 8, which come & is a hyperbola oi an ellipse according as 
8 is external or internal to the given conic C 


* Steiner, Vorlemnaenubei synthetischeGeometne{ed Scliroter ,11^ A.b clmitt, 
§ 35 , Zech, Hohere Geometne (Stuttgart, i 8 5 7 ), § 7 . Reye > der La ^ 

( 2 nd’ed, Hannover, 1S77), Vortrag 13 
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If the involution has no double points, each of the two* 
points (Art 128) at which the pairs PP' subtend a right angle 
will be a focus of the conic Foi every pair of mutually 
perpendicular straight lines which meet m such a point will 
pass through two points P, P\ and will therefore be conju- 
gate lines with respect to the conic 
From this it follows that one at least of the two axes of a 
conic contains two foci Further, a conic has only two 
foci, for every straight line which joins two foci is an 
axis (Art 341), and no conic (except it be a circle) has more 
than two axes 

Consequently a central conic [ellipse or hyperbola) has two foci , 
tixkich are the double points of the involution PP r on an axis and are 
also the points at which the pairs of points PP' of the involution on 
the other axis subtend a right angle 

The axis which contains the foci may on this account be 
called the focal axis Since the foci are internal points, it is 
seen that in the hypeibola the focal axis is that one which 
™ts the curve (the transverse axis) 

Since the centre 0 of the conic is the centre of the 
involution PP', it bisects the distance between the two 
foci 

From what has been said it follows that two perpendicular 
straight lines which are conjugate with respect to a conic meet the focal 
axis m two points which are harmonically conjugate with respect to 
the foci , and they determine upon the ottier axis a segment which 
subtends a right angle at either focus 

344 The normal at any point on a curve is the perpen- 
dicular at this point to the tangent Smco the tangent and 
noimal at any point on a conic are conjugate lines at light 
angles, they meet the focal axis m a pan of points harmoni- 
cally conjugate with lespect to the foci , and they determine 
on the other axis a segment which subtends a light angle at 
eithei focus (Art 343) Accordingly 

If a circle be dr aim to pass through the two foci and through any 
point on the conic , it will have the two points m whuh the non focal 
axis is cut by the tangent and normal at that point as extremities of 
a diameter 

And again (Art 60) 

The tangent and normal at any point on a conic are the bisectors 
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of the angle made with one another by the tags which gam that point 
to the foci* 

These lays are called the focal radii of the given point. 

345 A pair of conjugate lines which intersect at right 
angles m a point 8 external to the conic are harmonically 
conjugate with respect to the tangents from 8 to the come 
(Art 264) as well as with respect to the rays joining S to the 
foci (Art 343) , therefore 

The angle between two tangents and that included by the straight 
lines which join the point of intersection of the tangents to the foci 
have the same bisectors f ^ 

340 In the parabola, the point at infinity on the axis, 
regarded as a point P, coincides with its correspondent P 7 , 
for the straight line at infinity, being a tangent to the conic 
at the said point P, passes through its own pole 

Accordingly one of the double points of the involution 
determined on the axis by the pairs of conjugate nrfWrW 
rays, i e one of the foci, is at infinity The other n 
lies at a finite distance, and is generally spoken of a~ 
of the parabola 

Since m the case of the parabola one focus is at 
the theorems proved above (Arts 343 - 345 ) becom 
following 

Two conjugate orthogonal lays , and m paiticular the tangent and 
normal at any point on the parabola , meet the axis m two points 
which are equidistant from the focus 

The tangent and normal at a point on a parabola aie the bisectors 
of the angle which the focal ladius of the point makes with the 
diameter passing through the point J 

The straight line which connects the focus with the point of inter- 
section of two tangents to a paiabola makes with either of the 
tangents the same angle that the axis makes with the other tangent 

347 hiom the last of these may be immediately deduced 
the following theorem 

The circle cucumsu ibtnq a inangh foimed by thee tangents to a 
paiabola pavse? though the focus 

Let PQB (Fig 212 ) be a tnangle formed by three 


* Apollonius, loc cit , hi 48 
f Ibid m 46 
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tangents to a parabola, and let Floe the focus Considering 
the tangents which meet m P, the angle FFQ is equal to that 

made by Pit with the axis , and 
considering the tangents which 
meet in P, the angle FRQ is 
equal to that made by UP with 
the axis Hence the angles 
FPQ , FUQ are equal, and there- 
fore P, Q , U , F lie on the same 
circle 

Cobollary The locus of the 
foci of all parabolas which touch the 
three sides of a given triangle is the 
circumscribing circle of the triangle 
This coiollary gives the construction for the focus of a 
parabola which touches four given straight lines And since 
only one such parabola can be drawn (Art 157 ), we conclude 
that 



Gwen four straight lines , the circles circumscribing the four 
triangles which can be formed by taking the lines three and three 
together all pass through the same point 

348 The polar of a focus is called a directrix 
The two directrices are straight lines perpendicular to the 
transverse axis and external to the conic, since the foci he 
on the transverse axis and are internal to the conic (Art 343 ) 
In the case of the parabola, the straight line at infinity 

is one dn ectri x , the other 
lies at a finite distance, 
and is gcneially spoken 
of as ihc directrix of the 
paiabola 

If F bo a focus, and if 
the tangent at any point 
X on a conic cut the 
coi responding dnectnx m 
JT, this point X will bo the 
pole of the focal ladius 
FX Therefore FX , FY aie conjugate lines with lespect to 
the conic, and since they meet m a focus, they will be at 
right angles consequently 
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The pari of a tangent to a. come intercepted between its point of 
contact and a direct') ix subtends a right angle at the corresponding 

f ocus U^ULaJ 

349 Let the tangent and normal at any point M on a ^ ° 

conic meet the focal axis m P, P' respectively, and let them 

meet the other axis in Q , Q' respectively (Fig 213 ) Fiom M 

let perpendiculars MP", MQ" be drawn to the axes * 

From the similar triangles OPQ, Q"MQ £* > 


OP oq = q"M q"q, 

and from the right-angled triangle Q'MQ 

Q"M Q"Q = Q'Q" Q"M, 

op oq = q'q" q"M 
= q'q" op", 

or op op" = oq q'q" 

= oq(q'0 + oq"), 

so that op op"- oq oq" = oq q'o ( 1 ) 

But P and P" are a pair of conjugate points, since MP" is 
the polar of P , similarly Q and Q " are conjugate pomts 
Therefore (Art 294) 

OP OP" = OA 2 and Oq OQ" = ±OB\ 
wheio OA, OB are the lengths of the semiaxes, and the double 
sign lefers to the two cases of the ellipse and the hyperbola 
Again, the points Q , Q' subtend a light angle at either of the 
two foci /', F' (Ait; 343) so that 

oq Q'O = OF 2 

Substituting, ( 1 ) becomes 


Oh 1 = OA 2 + OB 1 


Tins shows that in the ellipse 0 I > OB , so that the focal 
axis is tin axis major 

Retelling now to Figs 214 and 21 5 , 

FA = 10+ OA, 

FA' = FO+O l’ -PO-OA, 

FA FA' = F0 l -0 l l 


= + OH 1 

It I) be the point in which a diicctux cuts the focal axis, 
the vorticts si mil si' of tin tonic will be haimomcally conju- 
gate with lespect to F and the point F) wheie the polar of F 
cuts l A' (Ait 204), theiotoie, since 0 bisects AA', 

0 l* = OF OB 
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tangents to a parabola, and let Pbe the focus Considering 
the tangents which meet in P, the angle FPQ is equal to that 

made by PR with the axis , and 
considering the tangents which 
meet in P, the angle PRQ is 
equal to that made by RP with 
the axis Hence the angles 
FPQ , FRQ are equal, and there- 
fore P, Q , R , F lie on the same 
circle 

Corollary The locus of the 
foci of all parabolas which touch the 
three sides of a given triangle is the 
circumsci ibmg circle of the triangle 
This corollary gives the construction for the focus of a 
parabola which touches four given straight lines And since 
only one such parabola can be drawn (Art 157), we conclude 
that 



\ 


Given four straight lines , the circles circumscribing the four 
triangles which can be formed by taking the lines three and three 
together all pass through the same point 

348 The polar of a focus is called a directrix 
The two directrices are straight lines perpendicular to the 
transverse axis and external to the conic, since the foci he 
on the transverse axis and are internal to the conic (Art 343) 
In the case of the parabola, the straight line at infinity 

is one directrix , the other 
lies at a finite distance, 
and is generally spoken 
of as the directrix of the 
paiabola 

If F be a focus, and if 
the tangent at any point 
X on a conic cut the 
coi responding directrix m 
Y, this point Y will be the 
pole of the focal radius 
FX Therefore PZ, FY aie conjugate lines with lespect to 
the conic, and since they meet m a focus, they will be at 
right angles consequently 
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The part of a tangent to a come intercepted between its point of 
contact and a directnx subtends a right angle at the corresponding 
focus i 

349 Let the tangent and normal at any point M on a/* 
conic meet the focal axis m P, P' respectively, and let them 

axis m 0 . O' rAar^Ap.tiTrAlTr /'TTi Ct O "17 VArv\ H/T i ijfrl 




( 1 ) 


meet the other axis m Q , Q' respectively (Fig 313) From M t *~ u ***& 
let perpendiculars MP", MQ" be drawn to the axes 
From the similar triangles OPQ , Q"MQ 
OP OQ=Q"M Q"Q, 
and from the right-angled triangle Q'MQ 

Q"M Q"Q = Q'Q" Q"M, 

OP OQ = Q'Q" Q"M 
= Q'Q" OP", 

or OP OP" = OQ Q'Q" 

= OQ(Q'0+OQ"), 

so that OP OP" — OQ OQ" = OQ Q'O 
But P and P" are a pair of conjugate points, since MP " is 
the polar of P , similarly Q and Q" are conjugate pomts 
Therefore (Art 294) 

OP OP"=OA 2 and OQ OQ" = ±OB\ 
wheio OA , OB aie the lengths of the semiaxes, and the double 
sign refers to the two cases of the ellipse and the hypeibola 
Again, the points Q , Q / subtend a light angle at either of the 
two foci /', F' (Art 343) so that 

OQ Q'0=0P* 

Substituting, (l) becomes 

OP* = OA 2 +OB 2 

This shows that in the ellipse OA > OB , so that the focal 
axis is the axis major 

Rolen ing now to Jigs 214 and 21 5, 

FA = bO+OA , 

F !' = AO+O /' = FO— OA , 

PA PA' = b0*—() / 2 
= + 0 /^ 

II J) be the point m wlmli a due c tux cuts the focal axis, 
the vertices A md //' of tin (omc will be haimomcally conju- 
gate with lespect to b uul the point I) where the polar of F 
cuts 1A' (Ait 204) , thoiefoie, since 0 bisects AA\ 

01 '= OP 01) 
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Hi© parabola has one vertex at infinity, consequently 
the other lies midway between the focus and the directrix 
,(Fig 3i 8) 

f 350 If a focus F of a conic C be taken as centre of homo- 
logy, and a conic C' be constructed homological with C and 



having its centre at F \ it has been seen (Arts 340, 341) that 
C'is a circle But by what has been proved m Art 77, if 
M and if' are a pair of corresponding points of C and C', 


MP = constant, 

FM 

or am = FM ' x constant, 

MP 

where MP (Figs 314, 215) is the distance of if from the 
vanishing line, that is from the polar of F, 1 e the correspond- 
ing dnectnx Now FM' is constant, because C' is a cncle, 
therefoie 

The distance of any point on a conic from a focus hears a constant 
ratio to its distance from the corresponding direct) u 

Moreover, this ratio is the same for the two /on 1 01 let 0 
(Figs 214, 215) be the centre of the come, F , F' the loci, / , /' 
the veitices lying on the focal axis, If // the points in which 
this axis is cut by the directrices , then (Ait 29 1) 

OA 2 = OA' 2 = OF 0D= 01' 01)' 

But OF' = - OF, so that A'l) r = - AD and I 'A' = - IA } 

and therefore FA AD = F'A' A'D\ 

which shows that the ratio is the same for f 7 and for F' 

In the case of the parabola the ratio in question is unity, 
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because (Art 349) the vertex of a parabola is equally distant 
from tbe focus and the directrix Therefore , 

The distance of any point on a parabola from the focus is equal to y 
its distance from the directrix £* 

351 Conversely, the locus of a point M which is such that its 
distance from a fixed point F bears a constant ratio e to its distance 
from a fixed straight line d is a conic of which F is a focus and d 
the corresponding directrix * 

For let MF (Figs 214 , 215 ) be drawn perpenc 
then by hypothesis 

FM _ 

MP ~ € 

Let now the figure be constructed which is homological 
with the locus of M , F being taken as centre of homology, 
and d as vanishing line If 31' be the point corresponding to 
M, then (Art 77) 

31P = constant 

FM' 

These two equations show that FM' is constant , thus the 
locus of M' is a circle, centre F The locus of M is there- 
fore a come (Art 23 ) having one focus at F ( Art 341 ) And 
since the stiaight line at infinity is the polar of F with 
icspcct to the circle, the stiaight line d is the polar of F with 
respect to the conic , ie it is the directrix conespondmg to F 

352 The length of a chord of a conic diawn through a focus 
perpendicular to the focal axis is called the latus uctum or 
the paunufht of the conic 

Let 31131' (big 316) bo a choul of a conic diawn through a 
focus F and let N be the point wheie it cuts the conespondmg 
duccti i\ let Lbl/ be the latus lectuin diawn thiough F 
Then since the dncclnx is the polai of the focus, N and 1 
aie haimorne conjugates with icgaid to 31 and 31 ' There- 
foic 

2 - 1 4 - 1 

A A ' JNM MAI'* 

and if peipenelicul us 31 K , 1 1 ) , 31' A' be let fall on the 
diieetnx, 

2 _ 1 4- 1 

1<])- 31' A' + Aik 

* Paiius, Math Collect , lib vii prop 238 
S 
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M'K' IB M.K—M'1 II IM , 


a - 1 . JL 

IL ~ M'F + IM ’ 


BKp lSiakra to say 

any come, half the latus rectum u a harmomc mean between 
<f any focal chord 


Pjljg 

|f|pN* 



Corollary 


so that 


If if, If' be taken at A', / respectively, 



AA' 

i AF FA' 


FL = 


-±oji ( b y Art ,4I, )> 

OF 2 

± OA ’ 


which gives the length of the semi-latus lulnm m turns of 
the semi-axes 


In the parabola ~ = o, so that FL - 2 FA 

353 Theorem In the ellipse the sum , and in (he h/pnbola the 
difference , of the focal radii of any point on tin cum is cunilanl* 
Let if he any point on a central conic (F lgs 214, 215) whose 


* Apollonius, loe cit , ni 51, 51 
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foci axe F, F' and directrices d,d' , and let (M,d) &c denote 
as usual the distance of M from d, &c By Art 351 
FM I'M. 

FM±F'M 

(.M,d)±(M,d')- e 

But (Fig 314) in the ellipse (M, cl) + (M, d'), and (Fig 315) 
in the hyperbola (M,d)-(M, d') is equal to the distance FT)’ 
between the two directrices , therefore 

FM±F'M = e DJ)', 
which proves the proposition 

Conveisely The locus of a point the sum ( difference ) of whose 
distances from two fixed points is constant is an ellipse (a hyperbola) 
of which the given points are the foci 

864 If in the proposition of the last Article the point M be 
taken at a vertex A, 

e FF' = FA±F'A 
- 3 OA 
= A A', 

so that the length of the focal axis is the constant value of the sum 
01 (hfftunci of the focal radii It is seen also that the constant 
« is equal to the ratio of tho length of the focal axis to the 
distanu between the dnectiices 
366 Since by Alt 204 

OA 2 = OF 07), 
or AA U =FF' J)1F, 

_ A A' _ IF' 
i ~ DIF ~ A A'’ 

ro that 11 k constant e is eqn il to tin ratio of the distance 
b<_t\M<n the foci to th< length o( th< local axis Now m the 
ellipse / F < A m th< hyp( ihol i /'/'"> A A', in the parabola 
IF - r / I' — co, m tin ciicb II' — o Tluicfore the conic is 
an cl 1 ipst , a h^pubohi, a paiabola, or a cncle, according as 
6 > 1 j e — i, 01 6 = 0 This constant e is called the 
etctnliuily of the conic 

356 Tin OKI m Tin lotus of iht f(tt of perpendiculars let fall 
ft om a Jout ? upon Ilie ianginfs io an ellipse or hyperbola is the 
cirdt (hsuibul on the jocal act is as diameter * 

* Aiolloniuh, loc cit , m 49, 50 



j TVfe % ®s6|^^^kps^(Fig. 217) J£F,F' are the fees, 
and M is apy- os the* survey 0111 FM aod produce it to G 

m &kmg MG equal to' MF n jF"<? -will (Art 354) be equal 
« - , \[to 'AM' whatever be the posi- 
' if \ ^i®n \of M , thus the locus of G 
y a circle, centre F' and radius 
^ equal to AM' 

^ If FG be joined, it will cut 
' the tangent at M perpendicu- 
krly, since this tangent (Art 
" 344) bisects the angle FMG , 
and ftie pbmt V where the two 
lines' intersect will be the mid- 
dle point of FG because FMG 
is an isosceles triangle There- 
forc'bf ')S parallel tA FG anil equal to \F'G, that is, to OA, 

% e the locus of U is the circle on A A' as diameter 

\ 4 

A similar proof holds good for the hyperbola, except that from the 
greater of the two MF, MF' must be cut off a pait MG equal to the less 

357 If FU ,FU' (Fig 217) are the peipendiculars let fall 
from a focus F on a pair of parallel tangents, U ,F, U' will 
evidently be collinear And since XJ and U' both lie on the 
circle described on A A' as diameter, 

FU FU' = FA FA' 

= + OB 2 (Art 349), 

according as the conic is an ellipse or a hypeibola 

Thus the product of the distances of a pair oj pcuaJUl tangents 
from a focus is constant 

Since the perpendicular let fall from the othei focus F' on 
the tangent at M is equal to FU', it follows that 

The product of the distances of any tangent to an dlip st (ln/pei- 
bola) fiom the two foci is constant , and equal to the \ qnan oj half 
the minor (conjugate) axis 

Conversely The emelope of a straight line which mo\e s in swh a 
way that the pioduct of its distances from two fixed pom/ s <onstant 
is a conic 3 an ellipse if the value of the constant is jiosit/u , a Ju/p( rhola 
if it is negative 

358 Let j F (Fig 218) be the focus of a parabola, A the 
vertex, M any point on the curve, N the point of intei section 
of the tangents at M and A If NF' be drawn to the infinitely 
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distant focus F* (i e if NF' be drawn parallel to the axis), the 
angles ANF\ FNM will be equal (Art 346) But ANF 7 is a 
ngbt angle , tbei ef ore FNM 
is a right angle also Thus 
The foot of the perpen- 
dicular let fall from the focus 
of a parabola on any tangent 
lies on the tangent at the 
vertex 

Corollary Since any 
point on the circumscribing 
circle of a triangle may be 
regarded (Art 347) as the focus of a paiabola inscribed m the 
triangle, it follows at once from the theciem just pioved that if from 
any 2>omt on the circumscribing circle of a triangle perpendiculars be 
let fall on th three sides , their feet will be colhnear * 

369 The theorem of Art 356 may be put into the following foim 
If a right angle move in its plane m such a nay that its vertex 
describes a fired circle, while one of its arms passes always through a 
fixed point , the envelope of its othe) arm will be a conic concentric with 
the given circle , and having one fotus at the Jived point The conic is 
an ellipse or a hyperbola according as the given point lies within oi 
vitliont the qwcn circle t 

So too the corresponding theorem (Ait 358) toi the pirabola may 
he expressed m i snnilai form as follows 

IJ a right angle move in its plane in such a way that its vertex 
desenbts a find s traujht line while 
one of its turns passes alwai/s thiouqh 
a Jncd point , t/a othn unn will < n- 
ulopc a parabola haring I In Jt*<d 
joint for jot ns and tin Jittd straight 
hot foi tantjnit at Us intei 

360 I r c i tin tangents at 
the veiticcs of a cenli il <<mi< 

Ik cut m I\ P' by tin tangent 
at any point M (big 219) The 
tluco tangents toim a tuanglo 
ciicumse nbed about tho conic, 
two of the vertices of which 
arc P ami V\ the thud (at infinity) being the pole of the 

* I or 0U101 pi oofs of thin rcc Ait 416 
t Maolauiun, Geometna Ortjamca , para ll n prop xi 
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m&dd' Therefore (Art 274) the straight lines draw from 
JPand P' to any point on the axis will be conjugate to one 
another with respect to the conic Thus, m particular, the 
straight lines joining P and P' to a focus will be conjugate 
to one another, but conjugate lines which meet in a focus 
are mutually perpendicular (Art 343) , consequently the circle 
on PP' as diameter will cut the axis AA' at the foci* 

II Let the tangent PUP ' cut the axis AA' at AT, then A^is 
the harmonic conjugate of M with respect to P , P' (Art 194) 
Consider now the complete quadrilateral formed by the 
Janes FP,F'P,FP\F'P' Two of its diagonals are PP' and 
PP' , the third diagonal must then cut PP' and PP' in points 
which are harmonically conjugate to N with regard to P,P' 
■ant P,P' respectively It must theiefore be the normal at 
M to the come f 

aei Let TM , TN (Fig 220 ) be a pair of tangents to a conic, 
M and N their points of contact, 
P a focus, d the conespondmg 
directrix If the chord MN cut d 
m P, this point is the pole of PP, 
therefoie PPP is a right angle 
(Art 343) t 

But MN is divided harmonically 
by FT and its pole P , thus 
F[MNTP) is a harmonic pencil, 
and consequently Fl\ TP are the 
bisectors of the angle MFN Accordingly 

One of the bisectors of the angle which a chord of a conu subtends 
at a focus passes through the pole of the choul The offn Insider 
meets the chord at its point of intersection with the dm dm < oi n - 
spondmg to the focus 

Or the same thing may be stated ina diffeient manna, thus 
The straight line which joins a focus to the point oj mtnsidwn of 
a pair of tangents to a conic makes equal (or supplement a if) anglts 
with the focal radii of their points of contad\ 



Apollonius, loc cit , 111 45, Desargues, QHuvres, 1 pp 209 210 
f Apollonius, loc cit , m 47 

t If the points M and N are taken indefinitely near to one another this reduces 
to the theorem already proved m Art 348 
§ De La Hire, loc at , lib vm prop 24 
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302 Let the tangents TM, TN be cut by any thud tangent 
in M', N' respectively (Figs o,% x, %%%) , let L be the point of 
contact of this third tangent The following relations will 
hold among the angles of the figures 

N'FL = NFN' = \NFL, 

LFM' = M'FM = \LFM, 
whence by addition 

N'FL + LFM' = \ {NFL + LFM), 
or N'FM' = \NFM = NFT = TFM * 

Let now the tangents TM, TN be fixed, while the tangent 
M'N' is supposed to vary By what has 3ust been proved, 
the angle subtended at the focus by the part M'N' of the 



vauablo tangent jntei ccptcd between the two fixed ones is 
constant As the vai table tangent moves, the points M' , N' 
discnbi two piopclitt iang<s (Ait 140), and tho aims 
/,]/', / V' ol tin constant angle M'hN' tiace out two con- 
eintiic and diuctly equal pencils (Ait 108) Acconlingly 

* In tins K HHumiiK it is HtippoHi .1 Hint 1 M 1 N' 1< L mi all internal bisectors 
I ( tbit tithe i till conn IN ill <I1||IS< m a |iaialmliv in that if it is i hyperbola, 
tho thru tan^t ntH all tom h tin Haim In null { I* ip, 2 i) It oil the contrary two 
ot tin taiif^t iiLh for i xampli IM and 1 V tom h mu hniui h and the third M. N 
tho other hr inch (lo 0 22 ), then /< 1 V and I' N will he external bisectors In 
that case 

N /'/ - 1 Ntl;-” 

1 2 

LIM - I LI'M + - 
2 2 

(tho angloB hung moasmed all in tho same direction) , 

N h \1 « \ NJ<M, just as in the case above 






I* 

1 ** 


M 


m 


WXJ* 


^ ^ fstfoi ff fyVSQ&tb io a C0WC dctcmftWbCS OSt hwO 

^ yJ g A.-y.f .* projected from either focus bp means of two 

^■fyopwlpmesl* 

$IAi thoocsm dearly holds good for the cases of the parabola and 
ifal vattw&ij distant focus, and the circle and its centre For the 
ggcabolft it becomes the following 

Tw&jbood tctngmts t° a parabola intercept on any variable tangent 
to (M ter m tf whose projection on a line perpendicular to the 

^mtfemskmttsnpA- 

may also be put into the following form 
i 0ug Drtut f &f a mndbU inangle M'FN' is fixed , and the angle 
JpHJ ff? || cimahmt* «s Me ike other vertices M', N' move respectively cm 
fmA torotgfc hues TM> TN The envelope of the side M'N / is a 
winch Ft* a focus, and which touches the given lines TM , TN 
w ytft Tbe problem, Owen the two foci F, F / of a conic and a 

tangent t, to construct the come , is 
determinate, and admits of a single 
solution, as follows 

Join FF' (Figs 223, 224) and let 
it cut t m F , take P' the harmonic 
conjugate of P with respect to F and 
F' If a straight line P'M be drawn 
perpendicular to t , it will be the 
normal corresponding to the tangent 
t (Art 344), 1 e M will be the point 
of contact of t Draw MP" perpendicular to FF' , it will be the 
polar of P, and P, P" will he conjugate points with respect to the 




(011K If then FF' be bisected at 0 , and on FF' there be taken 
two points i i' such that 0 i =OA /2 =OP OP", A and A' will 
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fee the vertices of the conic The conic is therefore completely deter- 
mined , for three points on it are known (M, A, A') and the tangents 
at these three points (t and the straight hues AO,A'G' drawn 
through A, A' at nght angles to A A') 

An easy method of constructing the conic by tangents is to describe 
any circle through F and F', cutting A G, A'G' in H and K,H' and K 
lespectively (Fig 224) Then if the chords HK', H'K he drawn 
which intersect crosswise m the centre of the circle (which hes on 
the non-focal axis), these will be tangents to the conic (Art 360) 
Every circle through F and F / which cuts AG and A'G' thus deter 
mines two tangents to the conic 

The conic is an ellipse or a hyperbola according as t the 
segment FF' externally or internally 

The conic is a parabola when F' is at infinity (Fig 225) In this 
case produce the axis FF to F' making FF' equal to FF, and draw 
F'M perpendicular to t , then M will be the point of contact of the 
given tangent t Draw MF" perpendicular to the axis , then F and 
F" will he conjugate points with 
respect to the parabola And since 
the involution of conjugate points 
on the axis has one double point 
at infinity, the middle point A 
of FF" will be the other double 
point, 1 e the vertex of the parabola 
The paiabola is theiefoie com 
pletely determined, since two points 
on it are known ( M and A ), and 
the tangents at these points (t and 
the straight line diawn through A 
at right angles to the axis) 

364 On the othei hand, the pioblem, To constiuct the come which 
has its foci at two gnen pointb F, F' and which passes through a 
gnen point M, which is also a determinate one, admits of two solutions 
F01 if the locus of a point be sought the sum of whose distance fiom 
F and F' is equal to the constant value FM + F'M, an ellipse 1^ 
ai rived at, but if the locus of a point be sought the difference of whose 
distances fiom F and F' is equal to FM^FM', a hyperbola is lound 

This may also be seen from the theorem of Ait 344, •which shows 
that if the straight lines t , t' be diawn bisecting the angle FWF* 
(Fig 223) each of these lines will be a tmgent at M to a conic which 
satisfies the pioblem, the other line being the corresponding normal 
to this conic The finite segment FF' is cut or not by the tangents 
according as the conic is a hyperbola or an ellipse There will 
consequently he two comes which have F, F' for foci and which pass 
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Jf , * hyperbola having for tangent at M that bisector 
HUdb oats the segment FF\ and for normal the other bisector t , 
_ J ajq eSipee having < for tangent at M and t r for normal 
3 b 606 two conics, having the same foci, are concentric and have 
tiMir axes They will cut one another m three other points 

haadee if, and their four points of intersection will form a rectangle 
inacnbed m the circle of centre 0 and radius OM , in other words, 
the three other points will he symmetrical to M with respect to the 
two axes and the centre. This is evident from the fact that a conic 
is symmtftnoal with respect to each of its axes 

135 . Through every point M in the plane then pass two conics, 
m ellipse and a hyperbola, having their foci at F and F' In other 
lards, the system of ccnfooal comes having their foci at F and F / is 
gQMipQGfed of an infinity of ellipses and an infinity of hyperbolas , and 
every point m the plane pass one ellipse and one hyperbola, 
out one another there orthogonally and intersect m three other 

pofaeds- 

Two conics of the system which are of the same kind (both 
ellipses or both hyperbolas) clearly do not intersect at all 

Two conics of the system however which are of opposite kinds 
(one an ellipse, the other a hyperbola) always intei sect m four points, 
l cut one another orthogonally at each of them This may be 
ueen by observing that the vertices of the hyperbola are points lying 
within the segment FF' i and therefore within the ellipse On the 
other hand, there must be points on the hyperbola which lie outside 
the ellipse , for the latter is a closed curve which has all its points 
at a finite distance, while the former extends m two directions to 
infinity The hyperbola therefore, m passing from the inside to the 
outside of the ellipse, must necessai lly cut it 

No two conics of the system can have a common tangent , because 
(Art 363) onl) one come can be drawn to have its foci at given 
points and to touch a given straight line 

Am str ught line in the plane will touch a deteiminate conic of 
the system, and will be normal, at the same point, to another 
conic of the sWcm, belonging to the opposite kind The first ot 
tluijt conn is a h^ptrbola or an ellipse according as the gi\en 
stiaight line d< es or dots not cut tbe finite segment FF r 

366 It fust point lies at infinity, the problem of Art 364 
become b t lie following Gnen the axis of a parabola, the focus F } and 
a p>rnt W on the curie , to construct the parabola 

Just as ill Alt 364, there are two solutions (Fig 226 ) The 
tangents at 1/ to the two parabolas which satisfy the problem are 
the bisectors of the angle made by MF with the diameter passing 
through if, therefore the parabolas cut orthogonally at M and 
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consequently intersect at another point, symmetrical to M with 
respect to the axis The parabolas cannot intersect in any other 
finite point, since they touch one another at infinity * 

The tangents to the two parabolas at M cut the axis m two points 
P, P' which lie at equal distances 
on opposite sides of F , and if P" is 
the foot of the perpendicular let fall 
from M on the axis, the vertices A , A' 
of the parabolas are the middle points 
of the segments PP", P'P" respec- 
tively 

Suppose A and P" to fall on the same 
side of F Then since P'P" <P'P, 
and P'A' is the half of P'P", and 
P'F the half of P'P , therefore 
P'A'<P'F , i e A and A' fall on 
opposite sides of F It follows that m 
the system composed of the infinity of 
parabolas which have a common axis 
and focus, two parabolas intersect (orthogonally and m two points) 
or do not intersect, according as their vertices he on opposite sides 
or on the same side of the common focus 

Since F, A , A' are the middle points of PP', PP", P'P" respec- 
tively, we have the relations 

FP + FP'= o, 

2 FA = FP+FP ", 

2 FA'= FP' + FP", 
whence the following are easily deduced 

FP" = FA + FA',\ 

FP = Fi-FA'-A'A, 

FP' = FA' -FA = iA' 

These last relations enable us at once to find the points P, P' P" 
when A and A' aie known The point M (and the symmetrical point 
m which the parabolas mtei sect again) can then be comtiucted by 
observing that I M is equ tl to FP ox FP' 

It has been seen that a conic is detei mined when the two 
foci and a tangent aie given It can also be shown tint a conic 
is determined when one focus and thiee tangent & are given , this follows 

* That is to say, if the figure be constructed which is homological with that 
formed by the two parabola^ it will consist of two conics touching one another 
at a point situated on the vanishing line of the new figure, and inter&ectmg in 
two other points 

•j* Hence the middle point of AA 1 is also the middle point of FP' 1 
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the proportion at the end of Art 362 For let LMF 
0% iij) fee the triangle formed by the three given tangents, and F 
He given focus. Then the conic is seen to be the envelope of the 

base M'F' of a variable triangle 
M'FF\ which is such that the 
vertex F is fixed, the angle 
M'FF' is always equal to the 
constant angle MFF , and the 
vertices M\ F' move on the fixed 
straight lines LM , LF respec- 
tively 

In order to determine the 
other focus F', we make use of 
the theorem of Art 345 At 
the point M make the angle 
LMF' equal to FMN , and at 
the point F make the angle 
LFF f equal to FNM (all these 
angles being measured m the same direction), then the point of 
intersection of MF\ FF / will he the second focus F / 

The investigation of the circumstances under which the conic is an 
ellipse, a hyperbola, or a parabola, is left as an exercise to the student 
The following are the results 

( 1 ) The conic is an ellipse if Flies within the triangle LMF , oi 
if F lies without the circle nu i » LMF and within one of 
the (infinite) spaces bounded by one of the sides of the tnangle and 
the other tw o produced 

( 2 ) a hyperbola if F lies mside the circle but outside the triangle , 
or if it lies within one of the (infinite) F-shaped spaces which have 
one of the angular points of the triangle LMF foi vertex and aie 
bounded by the sides meeting m that angular point, both pioduced 
backwards 

(3) a parabola if F lies on the circle circumscribing the tnangle 
L MN , as we have seen already (Ait 347 ) * 

368 Let 1 IT, TF (Fig 228 ) be a pan of tangents to an 
ellipse 01 hyperbola which intersect at right angles If pei- 
pendiculars U ,F'L' and FF t F'F' be let fall upon them 
respectively from the foci F and F' } then evidently TV = FI 
and 11'=} 7 ' But by Art 357 we have FF F'F'- + OJS 2 
therefore Tl Tl '= + OB> But srnce V and V' bothlxe on 


M 



-« . . j ’J d tine tene de theortmes relattfs aux sections complies 

(Annalea de Gergoane, t *,* ,828, p 47)> Collected Work*, vol . p 198 
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the circle described upon the focal axis AA' as diameter (Art 
356), the rectangle TV TV' is the power of the point T with 
respect to this cncle, and is equal to OT 2 — OA 2 Thus 

02 s = 0^ 2 + OjB 2 = constant, 
so that we have the following theorem * 

The locus of the point of intersection of two tangents to an eStpse 
or a hyperbola which cut at right angles is a concentric circle 
This circle is called the director circle of the conic f 

In the ellipse OT 2 = OA 2 + OB 2 , so that the director circle oixvajpr 
scribes the rectangle formed by the tangents at the extremities of 
the nmrjor and minor axes In the hyperbola O3 r2 =0A*—0B f J bo 
that pans of mutually perpendicular tangents exist only if OA>OB 
If OA = OB, z e if the hyperbola is equilateral (Art 395), the di- 
rector circle reduces simply to the centre 0 , that is, the asymptotes 
aie the only pair of tangents which cut at right angles If OA < OB, 
the director cncle has no real existence , the hyperbola has no pair 
of mutually perpendicular tangents 
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369 Considei now the case of the parabola (Fig 229) Let 
I be the focus, A the \eitex, TH and TK a pair of mutually 
peipendiculai tangents If these meet the tangent at the 
veitex m II and A lespectively, the angles TUT , FAT will be 
light angles (Ait 358), so that the figuie TIIIK is a rectangle 
Theiefore TII = KF } and since the tnangles TEH , IAA are 
evidently similar, TE = AF The locus of the point T is 

* De La Hire, loc ext lib vm props 27, 28 

+ Gaskin, The geometrical construction of a conic section, ^Cambridge 
185^ chap 111 prop 10 et seqq 
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g&xdfom 3 gkaight line parallel to HK, and lying at the same 
from SK (on the opposite side) that F does That is 

to say 

Tk* locus qf ike pomt of intersection of two tangents to a para - 
Mi witch cut at right angles is the directrix * 

gmod the director card© of a conic is concentric with the latter, it 
igrafc m the case of the parabola have an infinitely great radius. In 
ether words, it must break up into the line at infinity and a finite 
gfeaqg fcfc bue. And we have just seen that this finite straight line is 

ftwdbootnx. 

The director circle possesses a property in relation to 
the self-conjugate triangles of the 
conic which we will now proceed 
to investigate Let XTZ (Fig 230 ) 
be a triangle which is self-conjugate 
with respect to a conic whose centre 
is 0 Join OX and let it cut TZ 
in X' and the conic m A ' Draw 
OB' parallel to YZ , let it cut XT 
m L and the conic m B' , and draw 
ZL' paiallel to OX to meet OB' m L' 
Then OA ' and OB' are evidently 
conjugate semi-diameters , also Zand 
X', L and L' are pairs of conjugate 
points with respect to the conic Theiefore 

OA 02' = + OA' 2 , and OL OB' = + OB' 2 , 
where the positive or the negative signs are to be taken 
according as the semidiameters OA ' , OB' are real 01 ideal 
(Art 294) 

Thus for the ellipse 

OX OX'+OL OL' = 0A' 2 + OB' 2 
= 0A 2 + OB 2 , 

and fur the In perbola 

0\ OV+OL OL' = ±(OA' 2 -OB' 2 ) 

= ±(0A 2 -0B 2 ), 

so that in both cases (Art 368) 

01 OY+OL OL' = OT 2 , 
where OT is the radius of the director circle 

* De la Hire, loc ett , lib vui prop 26 



(i) 


871 ] 


FOOL 


271 


Now let a circle be described round the triangle XFZ, and 
let U be the point where it cuts OX again , t hen 
X'T X'Z=X'X X'U, 



(from the similar triangles OLX, X'TX) 



OL' 


Therefore equation (1) gives 

OT 2 = OX OX' +OX X'U 
= OX OU 3 

that is to say The centre of a conic has with respect to the circum- 
scnbmg circle of any triangle self-conjugate to the conic a constant 
power , which is equal to the square of the radius of the director 
circle 

Or m other words 

The circle circumscribing any triangle which is self-conjugate with 
regard to a conic is cut orthogonally by the director circle * 


The following particular cases of tins theoiem are of interest 

I The centre of the circle circumscribing any triangle which is self- 
conjugate with respect to a parabola lies on the directrix 

II The circle cn cumscnbing any triangle winch is self conjugate 
with respect to an equilateral hyperbola passes through the centre of 
the conic 

371 Consider a quadrilateral circum c cnbed about a conic Since 
each of its diagonals is cut haimomcnlly b} the other two, the circle 
descubed on any one of the diagonals is diameter is cut orthogonally 
by the circle which circumscribes the diagonal triangle (Art G9) 
But the diagonal tuangle is self conjugate with respect to the conic 
(Art 260 ), and theiefoie its circumscnbmg aide cuts oithogomlh 
the director cncle (Art 370 ) Consequent!} the director aide and 
the thiee circles descubed on the diagonals as diameters all cut 
orthogomlly the cncle circumscribing the diagonal triangle Now 
by Newtons theoiem (Art 318 ) the centres of the four fiist-namcd 
circles aie collnienr , and circles who c e centies are colhneai and 
which all cut the same cncle orthogonally have a common ladical 
axis Therefoi e 

The director circle of a conic, and the three cucles described on 
* Gaskin, loc cit , p 33 





[373 

m <my ctrqm merited quadrilateral as diameters , are 

oeuMuL 

3h ifee pt atfcbola tbe director .circle reduces to the directrix and 
Hw Bought line at infinity , in this case then the above theorem 
hmmm the fallowing 

ff a quadrilateral ts cwcwmanbed about a parabola , the three 
aMm dmnbd m the diagonals of the quadrilateral as diameters have 
ill dtmfrmfor their common radical axis 

gyl If m the theorem of Art, 371 the quadrilateral be supposed 
be give®, and the oonxc to vary, we arrive at the following 

director circles of cM the comes inscribed in a given quadri- 
A jflfornf form « cosseted s&s&mh to which belong the three circles having 
m dkmt*6ors fflff rfinrijmnrfrr of the qua drtlate — 7 

%hg* 39 coe circle of each a system which breaks up into two 
finee that namely which degenerates into the radical axis 
IM tie straight line at infinity Now the director circle breaks up 
into two straight lines — viz the directrix and the line at infinity — 
in the case of a parabola (Art 369) Therefore the common radical 
arm of the system of coaxial director circles is the directrix of the 
parabola which can be inscribed m the quadrilateral 

If the circles of the system do not intersect, there are two of them 
which degenerate into point-circles (the limiting points) Now the 
director circle degenerates into a point m the case of the equilateral 
hyperbola (Art 368) Therefore when the circles do not cut one 
another, the two limiting points of the system are the centres of 
the two equilateral hyperbolas which can m this case be inscribed 
m the quadrilateral If the cucles do intersect, the system has no 
real limiting points , and m this case no equilateral hyperbola can be 
inscribed m the quadrilateral 

The circles which cut orthogonally the circles of a coaxial system 
form another coaxial sjstem, if the first system has real limit- 
ing points, the second system has not, and vice versa In ordei 
then t) inscribe an equilateral hyperbola in a given quadi ilateral , 
it is onh necessan to describe circles on two of tbe diagonals of the 
quadnl iteral as diameters, and then to draw two circles cutting the 
former two orthogonally When the problem is possible, these two 
orthogonal cncle^ will inter ect , and then two points of intersection 
are the centres of the two equilateral hyperbolas which satisfy the 
conditions of the pruLhm 

873 Ii fi\e points aie taken on a conic, five quadrangles may he 
firmed b\ t thing the«e points four and four together, and the 
diagonal tri ingle * of the^e fi\e quadrangles are each of them self- 
conjugate with respect to the conic If the circumscribing circles of 
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these five diagonal triangles be drawn, they will give, when taken 
together in pairs, ten radical axes. These ten radical axes will all 
meet m the same point, viz the centre of the come 

374. Consider again a quadrilateral circumscribing a conic, let 
P and P\ Q and Q\ R and R' be its three pairs of opposite vertices. 
If these be joined to any arbitrary point S, and if moreover from this 
point S the tangents t } t' are drawn to the conic, it is known by the 
theorem correlative to that of Desargues (Art 183, right) that t and 
SP and SP / ) SQ and SQ', SR and SR' are in involution. Now let 
one of the sides of the quadrilateral (say P'Q'R') be taken to 
be the straight lme at infinity, so that the inscribed come is 
a parabola , and let S be taken at the orthocentre (centre of perpen- 
diculars) of the triangle PQR formed by the other three sides of 
the quadrilateral Then each of the three pairs of rays SP and SP\ 
SQ and SQ', SR and SR / cut orthogonally, therefore the same will 
be the case with the fourth pair t and t' But tangents to a para- 
bola which cut orthogonally intersect on the directrix (Art 369), 
therefore 

The orthoc&ntre of any triangle circumscribing a parabola lies on 
the directrix 

375 If m the theorem of the last Aiticle the triangle be supposed 
to be fixed, and the parabola to vary, we obtain the theoi em 

The directrices of all parabolas inscribed in a given triangle meet in 
the same point , viz the orthoc&ntre of the triangle 

Given a quadrilateral, one parabola (and only one) can always be 
mscubed in it By taking the sides of the quadrilateial three and 
three together, four triangles are obtained , and the four ortho- 
centres of these triangles must all lie on the du ectnx of the parabola 
It follows that 

Given four straight lines , the orthocentres of the four triangles 
formed by taking them three and three together are collinear 

376 Let C be any given conic, and let C' be its polar 
leciprocal with lespect to an auxiliai) conic K The paiticular 
case m which K is a cncle whose centie coincides with a focus 
Pof the conic C is of gieat mtei est , we shall now proceed to 
consider it 

If r, / be any two stiaight lines which are conjugate with 
respect to C, and if R, R f be then poles with respect to K, it 
is known (Art 323) that R , R' will be conjugate points with 
respect to C' Consider now two such lines r , / which pass 
through Fj they will be at right angles since every pair of 
conjugate lines through a focus cut one another orthogonall) 

T 
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m 

Wmvrtft feerafor© be perpendicular diameters of the circle K, 
mi tbmr poles B , B' with respect to K will be the points at 
hsfimty on /, r respectively These points are conjugate 
with respect to C', and the straight lines joining them to the 
mtkce of thus come are therefore a pair of conjugate diameters 
<rf0', consequently two conjugate diameters of C' are always 
mutually perpendicular This proves that C' is a cncle , i e 
He polar reciprocal erf a conic, with respect to a circle which has 
ate metre at me of the face, is a circle 

By the steps of the above reasoning in the opposite 

mier, ttte converse proposition may be proved, viz 

She prior reciprocal qf a circle with respect to an auxiliary 
male u a come kavmg one focus at the centre of the auxiliary 
(Ml 

As m Art 323, it is seen that the conic is an ellipse, a 
hyperbola, or a parabola, according as the centre of the 
auxiliary circle lies within, without, or upon the other 
circle. 

377 If d be the directrix of the conic C corresponding to 
the focus I \ and if its pole he taken with respect to the circle 
K, this point will evidently be the centre of the circle C' 
(Art 323) 

The radius of the circle C' may also easily be found For 
in Fig 2 1 6 let two pomts X , X' be taken m the latus lectum 
LFL' such that 

FX 1L = FX' FL'=h?, 

where l denotes the radius of the cncle K , and let straight 
lines be drai\ n through I and . 1 ' peipendiculai to XFX ' These 
straight lints are evidently parallel tangents of the cncle C', 
and the distanci A A ' between them is theiefoie equal in length 
to tht diamttu of c' But 

i.VX = FX = ^, 

so that tlic radius of the circle C' is equal to -S- 

^ FL 

The eccenti icitj t of the conic C may be expressed m a 
simple mannei in terms of quantities depending upon the 
two cncle s K. and C / For if O' be the centre and /> the 
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of the lattex cucle, it has been seen that the 
3»&e polar of O' -with respect to K , therefore (Fig 
FB 10' — P 

Eat it has just been proved that 

FL p = i 2 , 

therefore (Art 351), e = ^ = 

378 The proposition of Art 376 may be proved in a 
different ma nn er, so as to load, at onco to the position and size 
of the circle O' 

Take any point M on the (central) conic C (Fig 317) , from 
the focus F draw FU perpendicular to the tangent at M, and on 
FU take a point Z such that FZ FU = k 2 , k being as before 
the radius of the circle K Then the locus of Z is the polar 
reciprocal of C with respect to K 
Now it is known (Arts 356, 357) that U lies on the circle 
on AA! as diameter, and that if UF cut this circle again at U' 
FU FU' = + OB 2 

Therefore FZ FU' = P + OB 2 , 

which proves (Art 23 [6]) that the locus of Z is a circle whose 

centre O' lies on FO and divides it so that FO' FO = k 2 OB 2 , 

and whose radius p is equal to k 2 TTfhi that is, (Ait 352 Oor ) 
k 2 

to jj. And again, since OB OB = 0 i 2 and FB = F0 + OB, 
(Figs 214, 215 ), 

FB FO = OF*-OA 2 = + OB 2 = rJJ, 

BO 

by what has just been proved 

BO' FB = P , 

t e 0' is the pole of the directux d with lespect to K 

In the particulxr case where k = OB, p = OA , tlut is to say 
The polar reciprocal of an elhpse ( hypeibola ) with respect to a circle 
having its centre at a focus and its radius equal to half the minor 
[conjugate) axis is the circle described on the major ( transverse ) axis as 
diameter 

379 In the case where C is a parabola, let M be any point 
on the cui ve (Fig 218), let fall FN perpendiculai to the tangent 
at and take on FN a point Z such that FZ FN-=z lc Then, 

T % 


$9 beferet, the locos of Z will be the polar reciprocal of C with 
to EL Draw ZQ perpendicular to ZF to cut the axis 
of the parabola in Q 

TO&m a circle will evidently go round QANZ, so that 
FA FQ = FN FZ = tf, 

therefore Q is a fixed point, and the locus of Z is the circle on 
QF as diameter If O' be the centre, p the radius of this 
circle, 

la the particular case where h is equal to half the latus rectum, 
ftat % to zFA, we have p = k , that is to say 
% It^gcfar reciprocal of a parabola 101th respect to a circle having its 
ufritft at the focus and its radius equal to half the latus rectum is 
m bundle cf the same radius , havmg its centre at the point of intersection 
of ike asm with the directrix 



CHAPTER XXIV 

COROLLARIES AND CONSTRUCTIONS 

380 In the theorem of Art 275 suppose the vertices B and 0 of 
the inscribed triangle ABC (Fig 188 ) to be the points at infinit y on 
a hyperbola, then S will be the centie of the curve, and the theorem 
will become the following 

If from any point A on a hyperbola parallels be drawn to the 
asymptotes, they will meet any given diameter m two points F and G 
which are conjugate to one another with regard to the curve Or 
If through two points lying on a diameter of a hyperbola , which 
are conjugate to one another with regard to the curve, parallels be 
drawn to the r gi/q f oU they will intersect on the curve 
From this follows a method for the const t notion of a hyperbola by 
points, having given the asymptotes and a j oint M on the curve 

On the straight line SM> which joins M to the point of inter- 
section 8 of the asymptotes, take two conjugate points of the in- 
volution determined by having 8 for centre and M for a double 
point These points will he conjugate to one another with respect 
to the come (Art 263), if then puallels to the asymptotes be drawn 
through them, the two vertices of the parallelogiam so foimed will 
be points on the hypeibola which is to be constructed 

381 Let similarly the theorem of Ait 274 be applied to the 
hyperbola, taking the sides b and c of the circumscribed tuangle abc 
to be the asymptotes , it will then become the following 

If through the points where the asymptotes aie cut by any tangent 
to a hyperbola any two parallel stiaight lines be drawn, these will 
be conjugate to one anothei with respect to the conic Or 

Two parallel straight lines which are conjugate to one another with 
respect to a hyperbola cut the asymptotes m joints, the straight h/tes 
joining which are tanjents to the curve 

Fiom this we deduce a method foi the constmction, by means of Us 
tangents , of a hyperbola, having given the asymptotes b and c and one 
tangent m 

Di iw paiallel to m two conjugate rays of the involution (Art 129) 
deteimmed by ha\mg m foi a double ray and the paiallel diameter 
foi cential lay The two stiaight lines so di awn w ill be conjugate 
to one anotliei with respect to the conic, if then the points vheie 
they cut the asymptotes he joined to one another, we shall have two 
tangents to the curve 
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Lei JB and *7 be any two points on a parabola, and A the 
the enrre is cut by the diameter which bisects the chord 
gg & a&d Q be two points lying on this diameter which are 
totthttata with respect to the parabola, i e two points equidistant 
£ fjixi. 142), by the theorem of Art 275, BF and CG, and 
Hkewiae B& *nd GF % will meet on the curve 

«!&» enables us to construct by points a parabola which circum- 
jorite a jwa triangle ABO avid has the straight line jomvng A to 
Af meddle point qf BC as a diameter 

Or we may proceed according to the following method 
Oa BC take two poanfe E and H' which shall be conjugate to one 
t ^W in & Wgard to the parabola, i e any two points dividmg BC 
^rH^on^rtTfj Since H and H' are eollmear with the pole of the 
dkl MrtTr peiyrmg through A, therefore by the theorem of Art 275, 
* |nlnt on the parabok will be found by constructing the point of 
jrfflKtfftftfetosi of AE with the diameter passing through E', and another 
will be found as the point where AH' meets the diameter passing 
through E 

888 In the theorem of Art 274 suppose the tangent c to lie at 
infinity , then we Bee that 

If a and 6 are two tangents to a paiabola, and if from any point 
on the diameter passing through the point of contact of a theie be 
drawn two straight lines, one passing through the point ab and tbe 
other parallel to 6, these will be conjugate to one another with regard 


to the parabola 

Tins enables us to construct by tangents a parabola , having given 
two tangents a and t , the point of contact A of one of them a, and the 
direction of the diameters 

Draw the diameter through A and let it meet t in 0 , the second 
tangent t' from 0 will be the straight line which is harmonically 
conjugate to t w ith respect to the diameter OA (the polai of the point 
at mfinit\ on a) aud the paiallel through 0 to a It now two straight 
luie& h and h' be drawn through 0 which shall he conjugite to one 
another with ugnd to the pirabola, i e two sti uglit lines which are 
hnmomc c nju<_ iUs with itgard to t and t' } the puallel to h ' drawn 
fr< in tht point hi and the parallel to h drawn fiom the point h'a 
will both bt tmgeiitb to the required parabola 

384 If in the theorem of \rt 274 the straight lme a be supposed 
to lit it mfiint \ uid b ind c to be two tangents to a parabola, we 


ubt mi tilt iollow ing 


7 he paralltls draun t j too tangents to a parabola, from any point 
on thtir chard of contact, are conjugate line 6 with regard to the conic 
B\ anot hei application ol the same theorem we deduce a lesult 
aluadj pruied m \it 178, \u that 
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* ff from a •paint on the chard of contact of a pair of tangents h and c 
$e a parabola , two straight lines h and h' be drawn parallel to b and c 
respectively, the straight line joining the points Tic and h'b w%U be 
a tangent to the curve * 

From this may he deduced a construction for the tangents to 
a parabola determined by two tangents and their paints of contact 

385 Theorem If a conic cut the sides BG , CA, AB of 
a Inangle ABC m the points D and JD', E and E\ F and F' 
respectively , then will 

BD BD' CE CE' AF AF 
CD CD' AE ALE' EE BE' ~ 1 v 1 ) 

This celebrated theorem is due to Caknot f 

Consider the sides of the triangle ABC (Fig 231) as 



cut by the tiansveisals DE and D'E' in the points D and D\ 
E and E', G and G' , by the theoiem of Menelaus (Ait 139) 


and 


BD CE AG _ 

CD AE BG~ 1 ’ 
BD' CE' ACT_ 
CD' AE' BG' ~ 1 


( 2 ) 

( 3 ) 


Again, DEE'l )' is a quadi angle mscubecl m the conic and bj 
Dtsaigues theoiem (Ait 183) the transversal AB meets the 
opposite sides and the conic m thiee pairs of points in involu- 
tion, therefoie (Ait 130) the anhaimomc ratios (ABFG) and 
{BiF'G') aie equal, thus (Art 45) {ABIG) = {ABG'F') , oi 
{ABFG) ( ABG'F ') = i, which gives 

AF AF 7 AG AG' _ /4) 

BF BE' BG BG' 1 * 

f G6omdtrie cle pc sit ton, p 437 


* De la Hire, loc cit , lib 111 prop 21 
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Moifepiying together (2), (3), and (4), we obtain the relation 
ja the ennnciation* 

89S. Conversely, j f m ike sides BC, CA, AB respectively of 
m triangle ABC Here be taken three pairs of points JD and B', 
Sands' Fond F such that the segments determined by them and 
tie vertices <f the triangle satisfy the relation (1) of Art 385, 
#696 nst point* he on a conic 

For let the come he drawn which passes through the five 
pojate J), J)', B, E', F, and let I” be the point where it cuts 
jjf again. By Carnot’s theorem a relation holds which differs 
only from (l) m that it has F" in the place of F' This 
rfiMr” 1 . oombiaed with (1), gives 

AF BF = AF' BF", 
whence (ABFF') = i , 

and therefore (Art. 72, VII) F" coincides with F 


* Cajlhot’s theorem, being evidently true for the circle (since in this case 
BI> BIT m CD CJy t &c ), may he proved without making use of involution 
properties as follows 

Let I, J, A. be the points at infinity on BC , CA, AB respectively, and sup 
poee Fig 231 to have been derived by projecting from any vertex on any plane a 


respectively 


bo 


Similarly, 


and 


,Ju 

E x be 

the points on the sides B X C X , C X A X , A X B X which 

respectively , they will of course be collmear Then 


BD 

CD 

= (BCDJ) (Art 64 ) 


II 

bd 

O 

Djli) (Art 68) 



B,D, 

BJ, 



= c,v. 

0 J, 


BD 

-B.D, 

BJ, 


CD 

C.D/ 

CJ, 

BD 

BD 

B,D, 

B,D,’ B,I 

CD 

CD' 

C,D, 

CM CJS 



W 
B,I * 

(Euc xu 35, 36 ) 

t F 

( E' 

AJ? 



Ah 

cjf 


A1 

AP' 


s 

lif 

Bb 

A X A l 



MultipKmg these three equations together, and remembering that by the 
the rein oi Mentliiib the j roduet on the right hand side is equal to unity, we 
hu\t the re ult required 

Carnot theorem 1 true mt < ulv for a triangle but for a polygon of any num 
btr of Mdea the j 1 f just gi\ eu cm clearly be extended so as to show this the 
theorem tf MentUi s 1 ein 0 caj d le of ex ension to the case of a pol\ gon 

Memlaus theorem 1 nieluded m that of Carnot It is what the latter reduces 
to when the conic de 0 enerates into two straight lines of which one lies at infinity 
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:7 If the point A pass off to infinity (Fig 832 ) the ratios 
AE and AF' AE' become in the limit each equal to unity, 
and the equation ( 1 ) of Ait 385 accordingly reduces to 


BE BE' CE CE' 

CE CE' BF BF' ~ 1 


Draw parallel to BG a straight line to cut CEE ' m Q 
the eonic in F and F ' , the preceding equation, applied to 
tmngle whose veitices are G, Q, and the point at infinn , 
where PF' and BG meet, gives 

QE QE' CE CE' _ 

CE CE' QF QF' ~ 1 



Multiplying togethei these last two equations, we obtain 
BD BD' QP QP ' 

BF BI' “ QE QE ri 

that is to say 

If through any point Q theie he (It awn in given dvections Uco 
transversals to cut a conic in P,P' ami E ,E' respectively, then the 
rectangles QP QP' and QE QE' au to one another in a constant 
ratio 

* Apollomus loc cit, hb m 16-23, Desyhgues, loc cit , p 202, De la 
Hire loc at bk v props 10, 12 

+ Item tins follows at once tlie lesult alieady pro\ed m a different manner m 
Art 316 , viz that ij a come cut by a cucle, the chads of into section make 
equal angles tilth the axe 

F01 let jP, P , p , JE be the points of intersection of a circle with the conic, 
then (Euc 111 0 5) QP QP ^Qr QJ7 But if MCM' A CN' be the diameters 
of tlie conic parallel lespettively to QPP and QhE , we have, by the theorem 
in the text, 

QP QP' QJS Qh = CM CM ' CN CN' 

- CM CN 2 

Therefore CM-CN , and consequently CM and CN (and therefore also QPF 
and QEE') make equal angles with the axes 
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$88. Soppoee in equation (S) of Art 387 that the conic is a 
hy perbo l a and that in place of BG is taken an asymptote EK 
of curve , tf>w> the ratio EE EE' EE KB' becomes 
equal to unity, and therefore 

EF EF' = KE KE', 

that is to say 

tknmgk easy point E ( or E') lying on an asymptote there be 
irmm, parallel to a given straight line, a transversal to cut a hyper- 
bola us too point* F and F* (D and D 'J, then the rectangle 
EF EF* (H'D H'D') contained by the intercept s mil be constant 
If the diameter parallel to the given direction H'D meets 
thtt carve, then if 8 and S' are the points where it meets it, 
mad it 0 is the centre, 

H'JD H'D' = OS OS' = - OS 1 

If the diameter OT parallel to the given direction HF does 
not meet the curve, a tangent can be drawn which shall be 
parallel to it The square on the portion of this tangent 
intercepted between its point of contact and the asymptote 
will be equal to the rectangle HF HF' by the theoiem now 
under consideration, but this portion is (Art 303) equal to 
the parallel semidiameter OT , therefore HF HF' = OT or 
If a transxersal cut a hyperbola in F and F r ( m D and D ') 
and an asymptote in H (in H') y the rectangle HF HF' ( H'JD H'JD') 
m equal to + the square on the parallel sunidiamete i OT (OS) , the 
posifne or ntgatne sign bang taken according as the cune has oi 
has not fangtnfs pa rat It l to the fransiersal 

389 If the tians\eisal cuts the othei asymptote m L 
(in 1') then b\ Art 193 

111 ' = 1L oi H'D' = DL\ 

and c<. nstqiRiith 

1U 1 1 = - Or or Dll' DL'= OS 2 , 

thutfni L 

Ij a tra must/ diavn from any point F (D) on a » 

tut the ^7 ^ ^ t f \ in 11 and L (m H' and L '), the lectangle 
111 1 1 ( Dll 1)1 ) a tqvaf to + the square on the parallel 
sem id i utieftr , th< ntgatne or posifne sign being taken accouhng as 
the curit has or has not tan quits parallel to the transienal 
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$&0 From the proposition of the last Article may fee dddaocd a 
(Mbsfcruction for the axes of a hyperbola, having gtvm a parr of a xrqnge&e 
oemduxmeters OF and OT in magnitude and direction (Fig. 233 ). 

Wo first construct the asymptotes. Of the two given aeanidiaaae tearef 
let OF be the one which cuts the curve 
Draw through F a parallel to OT, this 
will be the tangent at F Take on this 
parallel FP and FQ each equal to OT , 
then OP and OQ will be the asymptotes 
(Art 304) In order now to obtain the 
directions of the axes, we have only to 
find the bisectors of the angle included 
by the asymptotes, or, m othei words, the 
two perpendicular rays OX , 0 7 which 
are conjugate to one another m the in- 
volution of which OP and OQ are the double rays (Arts 296, 297) 

To determine the lengths of the axes, draw through F a parallel 
to OX, and let it cut the asymptotes in B and B ' , and on OX take 
OS the mean proportional between FB and FB' Then will OS be 
the length of the semiaxis m the direction OX , and OX will or will 
not cut the curve accoidmg as the segments FB , FB' have or have 
not the same direction Again, constiuct the parallelogram of which 
OS is one side, which has an adjacent side along OY , and one 
diagonal along an asymptote, its side OR will be the length of the 
semiaxis m the direction OY (Art 304) 

391 In the plane of a triangle ABC take am two points 0 and 
O', if OA , OB , OC meet the respectively opposite sides BC, CA AB 
of the triangle in D, £, F, Ceta’s theoiem (Art 137) gives 
BD CL AF __ 

CD AE BF~ 1 

Similaily, if O' A , O'B , O'C meet tlie iespecti\el} opposite tides in 
O', E', F', then 

BD' CEE_ IF' 

CD' \E' bt'~ 1 

If thtse equitiom be multiplied togethei, equation (1) of 4rt 38o 
i& obt lined , theieluie 

If from any tico point * the leiticet of a tnangle cue }rojut J vjon 
the respeOndy opposite bidet, the ti% point* so obtained In in a conn 

hoi exmiplt, the middle points of the side* of a tnangle and the 
feet of the peipendiculais fiom the \eitices on the oppu ite sides 
are six points on a conic * 

* This conic is -i cntle (the nine point circle) See Steinee Annah d Mith 
matiquet (Montpellier, 1828), vol xix p 42, or his Collected "W orh^ -ud 1 p 19^ 
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S01 PfeOtftLHM. T<? ceiMlrttc* a cants which skaU pass through three 
fitm pmU 9 A, 3 1 C, and with regard to which the pairs of oorre- 
spmdmg posnis of an involution lying on a given straight hm u shall 

be o om jmg ata pomts 

Let A 3 and AC (Fig 234) be joined, and let them meet u m D 
m A M Let the points corresponding m the involution to D and E 
respectively be D' sad E' , let D" be the harmonic conjugate of D 



with respect to A and B, and let E" be the harmonic conjugate of 
M with respect to A and C Thus D will be conjugate (with respect 
to the required conic) both to D ' and to D", and therefore D'D" 
will be the polar of D So too E'E" will be the polar of E 

Jom BE , CD , and let them cut E'E" and D'D" m E 0 and D 0 
respectively, then E 0 will be conjugate to E and D 0 to D If then 
two pomts B',C' be found such that the ranges 3B'EE 0 and 
CC'DDq are harmonic, they will both belong to the required conic 
In the figure, F and F\ G and G' are the pairs of points which 
determine on ti the involution of conjugate points 

393 Problem To construct a 
conic uhich shall j)ass though four 
given points Q R,S, T and shall 
dnide hu monically a gnen seg - 
nifnt JO (tig 235 ) 

Let the pan& of opposite sides 
of the quadi angle QR^T meet the 
straight line JO m A and A', 
B and B' If the rtqunetl conic 
cuts JO the tv o pomts of intei - 
section vill be a pm of the lmo- 
lution detei mined b) A and l', 
i?and2?'(\it 183) It tlicn the 
m\oluhon of which M and iV are 
tlie double points and the m\ olution 
‘ ktu,li U tlie I* 111 " 4 and A', B and B' have a pair 

P ami P in comm, n the uquued conic will pass through each of 
the jK^untb P and P' ^\its 12o, 208) 



w 

J 
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la order to ooostrnct these points, describe any tanka (Art 208 ) 
sad from any point 0 on it project the points A ,A',B ,B',lf,N 
upon the circumference, and let A t , A/, B 1 , B', M x ,N l be tftwr 
respective projections If the chords A X A' and B,B' meet in F, and 
Hie tangents at M x and N 1 meet in U, all straight lines pass in g 
through U determine on the circumference, and consequently (by 
projection from 0) on the straight line MN > pairs of conjugate points 
of the first involution, and the same is true, with regard to the 
second involution, of straight lines passing through V IS the straight 
line UV meets the circle in two points P 1 and Pf 9 let these be joined 
to 0, the joining lines will cut MN in the required points P and P' 

Let W be the pole of UV with respect to the circle. Every 
straight line passing through W and cutting the circle detei 
on it two points which are harmonically conjugate with regaru. 

P x and P ( , and these points, when projected from 0 on MN y will 
give two points which are harmonically conjugate with regard to 
P and P' } and which are therefore conjugate to one another with 
respect to the required conic If then UV does not cut the circle, so 
that the points P and P f cannot be constructed, draw through W 
two straight lines cutting the circle, and project the points of inter- 
section from the centre 0 upon the straight line MN , this will give 
two pairs of points which will determine the involution on MN of 
conjugate points with respect to the conic The problem therefore 
reduces to that treated of m the preceding Article 

394 Problem To const met a conic tvhich shall pass through, 
four given points Q,P,S } T, and through tno conjugate points 
( which are not given) of a known involution lying on a straight line u 

This problem is similar to the pieceding one, since it amounts 
to constructing the pair of conjugate points common to the given 
involution and to that detei mined on u hv the pairs of opposite 
side^of the quadrangle QRST (Ait 183) 

Such a common pan will alwivs e\nt when the given involution 
has no double points, and the two points composing it will both lie 
on the lequned conic If the given involution Ins two double point* 
M and A, the piesent problem becomes identical with that of 
Ait 393 

The problem cleailv admits of only one solution and the *mie is 
the ca*e with legal d to those of the two preceding Article* 

395 Considei a hjperbola whose asymptotes aie perpen- 
dicular to one another, and to which on this account is givui 
the name of ? ect angular hypeibola (Fig 236) Since the 
asymptotes aie haimomcally conjugate with regaid to 
any pair of conjugate diameters (Art 296 ), they will m 
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tttia be the b&eofeors of the angle included between 
may snob pear (Art. 60). Bat the parallelogram described 
m two conjugate semidiameters as adjacent sides has its 
$**gH*± 1ft parallel to the asymptotes (Art. 304) , in this case 
therefore every such parallelogram is a rhombus , that is, every 

diameter u equal m length to its 
conjugate On account of this 
property the rectangular hyper- 
bola is also called equilateral* 

I Since the chords joining the 
extremities P and P r of any 
diameter to any point M on the 
curve are parallel to a pair of 
conjugate diameters (Art 287), 
the angles made by PM and 
P'M with either asymptote are 
equal m magnitude and of 
opposite sign If the points P and P' remain fixed, while M 
moves along the curve, the rays PM and P'M trace out two 
pencils which are oppositely equal to one another (Art 106) 

II Conversely, the locus of the points of intersection of pairs 
of corresponding rays of two oppositely equal pencils is an equilateral 
hyperbola 

For, m the first place, the locus is a conic, since the two 
pencils are projective (Art 150) Further, the two pencils have 
each a pair of raj s which include a right angle, and which 
are parallel respective!} to the corresponding lays of the othei 
pencil (Art 106), the conic has thus two points at infinity 
1\ ing m diiections at right angles to one anothei and is there- 
foie an equilateral h\ peibola It will be seen moieovei that the 
ccnties } } and P f of the two pencils aie the extiemities of a 
diameter I or the tangent p at P is the ray conespondmg to 
P P n glided as a in} p of the second pencil, and the tangent 
q at P is tlie 1 1 > corresponding to PP' regarded as a ray q 
of tin fust pencil (Ait 150), but the angles pq and p' q must 
be equil and opposite therefoie, since p' and q coincide, 
p and / must he paiallel to one another 

III flic angular points of a triangle ABC and its oitho- 
eentre (centre of perpendiculars) 2) are the veitices of a 

* Ajpollumls, loc ext \h 2i , De la Hire loc cit , book v prop 13 



Fig 336 
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complete quadrangle in which each side is peorpendicalar to 
the one opposite to it, and whose six sides determine on th* 
straight line at infinity three pairs of points subtending each 
a right angle at any arbitrary point 8 The three pairs of rays 
formed by joining these points to 8 belong therefore to an in- 
volution m which every ray is perpendicular to its conjugate 
(Arts 131 left, 124, 207) 

But this involution of rays projects from 8 the involution 
of points which, in accordance with Desargues’ theorem, is 
determined on the straight line at infinity by the pairs of 
opposite sides of the quadrangle and by the conics (hyper- 
bolas *) circumscribed about it. The pairs of eonjug 
therefore of the first involution give the directions oi 
asymptotes of these conics , thus 

If a conic pass through the angular point* of a irmngU and 
through the orthocentre , it must be an equilateral hyperbola f 

IV Conversely, if an equilateral hyperbola be drawn to 
pass through the vertices A, B , C of a triangle, it will pass 
also thiough the orthocentre D For imagine another hyper- 
bola which is deteimmed (Ait 162, I) by the four points 
A, B, C, 1) and by one of the points at infinity on the given 
hyperbola This new hyperbola will be an equilateial one by 
the foregoing theorem, and will consequently pass through the 
second point at infinity on the given cuive, and since the 
two hypeibolas thus have fi\e points in common (A, B, C , and 
two at infinity) they must be identical, which pio\es the 
proposition Theiefoie 

If a tnangle be viscnled in an equilateial hypetlola, it 6 u/tho- 
centie is a qioint on the cune 

V If the point D appioach indefinitely neai to A, i e if B 1C 
becomes a light anglt, we ha\e the following proposition 

If 1 FG (fig 236 ) is a tnangle , ught-angled at 2, ninth is 

* !No ellipse or paiabola can be circum cnbed about tlie quadruple here con 
sideied (Art 219) 

*|* This may be deduced directl\ from Pascils theorem For let a cinic be 
drawn through A B C D and let T l and I 2 be the points where it meets the 
line it infinity Since i.BCDI x l 2 is a hexagon inscribed m a conic, the inter 
sections of AB and DI U of JBC and IJ 2 , and of CD and LA are three collmear 
points Therefoie the straight line joining the point m which DT X meet iJ 
to that m which A I meets CD must be parallel to BC Thus AT mu t be at 
right angles to DT lt and as these lines are parallel to the asymptotes of the conic 
the latter is 1 rectangular hyperbola 
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Ml^tW ** *« equilateral hyperbola, the tangent atEis perpendicular 

to tie hypotenuse FQ 

YL Through four given points Q, B, 8 , f 7 can bo drawn only 
one eqniUteral hyperbola (Art. 394) The orthocenfcre of each 
of the triangles QR8, R8T t STQ , QBT lies on the curve * 

YEL Otpem four tangent* to an equilateral hyperbola , to construct 

tie curve 

Since the diagonal triangle of the quadrilateral formed by the 
four tangents is self-conjugate with respect to the hyperbola, 
the centre of the latter will lie on the circle circumscribing 
tnangie (Art. S70, II) But the centre of the hyperbola 
lies also on the straight line which joins the middle points of 
the diagonals of the quadrilateral (Art 318, II) Either of the 
points of intersection of this straight line with the circle will 
therefore give the centre of an equilateral hyperbola satisfying 
the problem , there are therefore two solutions For another 
method of solution see Art 372 

YIII The polar reciprocal of any conic with respect to a circle K 
having tie centre on the director circle is an equilateral hyperbola 

For since the tangents to the come from the centre 0 of the 
circle K are mutually perpendicular, the conic which is the 
polar reciprocal of the given one must cut the stiaight line at 
infinity m tv o points subtending a right angle at 0 That is 
to say, it must be an equilateral hypeibola 

896 Suppose given a conic, a point S, and its polar s , and let a 
straight line passing through S cut the conic m A and A ' Let the 
figure be constructed which is homologic d with the given conic, 
S being taken as centre of homology, s as axis of homology, and A ,A / 
as a pair of corresponding points Then every other point B / which 
corre ]>onds to a point B on the conic will lie on the conic itself 
For if 4B uk etc the axis ? in P then B r , the point of intersection of 
^ B and \ J P is likewise a point on the conic (Art 250) The curve 
homoluern d with the given conic will therefore be the conic itself 
Am two curie ponding points (or straight lines) are sepaiated hai- 
nionualh lv 9 uni 5 this is in fact, the case of harmonic homology 
(\rtc 7b 2Mb) 

To the bt r ught lint at infinity will therefoie correspond the 

* These theoruiih are due to Bkianchon and Poncelet , they were enunciated 
in a ii emoir pul li hed in \< 1 xi of the Annales de Mathtmatiques (Montpellier, 
and were ^i\en l^ain 'ol u (p 504) of Poxcelet’s Applications 
<T 4i alvt* et de Gtomtfj ie lan 1864 
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hney which is parallel to s and which bee imdvaj between 
Mmi s, and the points m which; meete the come will comxpmd 
to the points at infinity on the same conic. 

^ 1S be derived a very simple method of determmmg 
whether a given arc of a come , however snudl, belongs to cm eUupWL a 
parabola, or a hyperbola. 

Draw a chord s joining any two points in the arc, construct its 
pole >9, and draw a straight line 
j parallel to 8 and equidistant 
from J3 and s If j does not cut 
the arc, the latter is part of an 
ellipse (Fig 237 a) If j touches 
the arc at a point J , the arc belongs 
to a parabola of which SJ is a 
diametei (Fig 237 b) If, finally, 
j cuts the arc m two points J x , J 2 
(Fig 237 c), the arc will be part 
of a hypeibola whose asymptotes 
are parallel to SJ 1 and SJ 2 * 

397 PROBiiEM Given a tangent 
to a conic, its point of contact, and 
the position ( but not the magnitude ) of a pair of conjugate diameters , 
to construct the conic (Fig 238) 

Suppose 0 the point of intersection of the given diameters, and 
P and Q the points m which they are cut by the given tangent 
Through the point of contact M of this tangent draw parallels to 
OQ , OP to meet OP , OQ m P' and O' 1 espeefcively Since the 
polar of M (the tangent) passes through P, the polar of P will pass 




through M , and since the polar of P is parallel to OQ, it mu&t be 
MP' , theiefore P and P' aie conjugate points 

If now points A and A' be taken on OP such that 0 4 and 0A f may 
each be equal to the mean proportional between OP and OP', then 
A A' will be equal in length to the diameter in the direction OP 
(Art 290) In the "ame w \y the length of the other diameter BB ' 
will be found by making OB and OB' each equal to the mean pro- 
portion \1 between OQ and OQ ' 

* Poncelet loc cit , Arts 225, 226 
U 
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Iriks pcente J , *adP r &n on the same side of (7, the involution 
p coats has * pair of doable points A and A f (Art. 128) , 
tfcgtfc is to a*y, tbe diametetr OP meets the curve. If, on the other 
P' lie on opposite sides of 0, the involution has no 
•doable points, and tbe diameter OP does not meet the curve In 
Hue mm A and A f are two conjugate points lying at equal distances 
firm 0 Tbe figure shows two cases that of the ellipse (a) and that 
of tike hyperbola (5) 

886 . PfcOBLXK. Gwen a point M on a come and the positions of 
two pmrs of conjugate deemsters a arid af , b and V , to construct the 

some. 

L First solution (Fig 239 ). Through M draw chords parallel to 
diameter, and each that their middle points lie on the respec- 
tively oocyogata diameters The other extremities A, A * , B } Bf of 




the four chords so drawn will be four points all of which he on the 
required conic 

II Second sofuti on (Fig 240) Denoting the diameter MOM' by 
c, if the ra\ c' be constructed which is conjugate to c m the in- 
volution determined by the pairs of rays a and a', b and V, then c f 
will be the diameter conjugate to c (Art 296) Through M diaw 
2fP parallel to a, and through M ' draw M'P' parallel to a! , these 
parallels will intersect on the conic (Art 288) 3 let them cut cf m P 
and P / resjHKtnely These last two points are conjugate with le- 
^pect to the conic ( \rt 299) , thus if on c' two other points be found 
which corr spund to one another in the m\olution determined by the 
pair P P f uid the centnl point 0, then MQ and M'Q' will intersect 
on the conic If then on c two points A and JS' be taken such that 
t!u di tame of either of them from 0 is a mean pioportional be- 
tween UP uid OP , the^ will be the extremities of the diameter c f 
( *^rt 290) 

III Jhrd lohitnm Thiough the extremities M and M' of the 
dinneter wlneli pt* thiough the given point draw parallels to a 
and a , the\ w ill meet in 1 point A lying on the conic Through 
the same points driw parallels to b and V , these will meet in another 
point B albo Ijing 0 n the conic (Art 288) Produce AO to A', 
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nothing OAf equal to AO , and similarly BO to B f, anbag OB f eqmAk 
to BO , then will A / and B? be points also lying <m tbe required come 
(Art. 281) 

399 Problem Given m jxm&on two pours of conjugate d mm e ta r t 
a and a', b and V of a come , and a tangent t, to construct the coma. 

L j First solution (Fig 241) Let 0 
be tbe point of intersection of the 
given diameters, that is, tbe centre 
of the conic Draw parallel to t and 
at a distance from 0 equal to that 
at which t lies, a straight line t\ this 
will he the tangent parallel to t Let 
the points of intersection of t and if 
with a and a f be joined, this will give two other parallel tangents 
u and uf (Art 288) Another pair of parallel tangents v and 1 / will 
be obtained by joining the points where t and t' meet b and If 

II Second solution The conjugate diameters a and b and V r 
will meet t m two pairs of points A and A', B and B' which deter- 
mine an involution whose centre is the point of contact of t (Art 302) 
The problem therefore reduces to one already solved (Art. 397) If 
the involution has double points, the stiaight hues joining these points 
0 will be the asymptotes 

400 Problem Given two points 31 and N on a conic and the 
position of a j)air of conjugate diameters a and a\ to construct the 
conic (Fig 242) 

Let M 7 and A' be the other extremities of the diimeters passing 
through M and N Through 31 and 31' draw M, M'H parallel to 
a and a' respectively , similarly, through A and A ' diaw A A", N'K 
paiallel to a and a' respectively The points 11 and K will he on 
the required conic 






401 Problem Given two tangents m and n to a conic and the 
position of a pair of conjugate diameters a and a r , to construct the 
conic (Fig 243) 

Draw the straight lines m! and n f parallel respectively to m and w, 
and at distances from the centre 0 equal respectively to tho^e at 
which m and n lie , then mf will be tbe tangent parallel to m and n 
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Hfcl lnyftt yi iM tom. Jos® the points where *» and «/ meet a aud 
^ if tfce gfevsghfc hnee i and f', asd the points where n and «' meet 
0 ia& d if the straight 1m*fl u and t/ The four straight lines 
will all be tw^eaie to the required conic (Art. 288) 

40&, Piosum Given five potato on a conic, to construct a pair of 
gesyngstit dscnmators which shall make c oUh one another a gtvm angle * 
OcmsAreth first a diameter AA* of the conic (Art. 285) , and on it 
&mmb* a segment of a circle obtaining an angle equal to the given 
ecM. Find the points in which the circle of which this segment is a 
part eats tbs conic again (Art. 227) , if M is one of these points, AM 
and A f M will be parallel to a pair of conjugate diameters. Since 
than AMA f is equal to the given angle, the problem will be solved by 
drawing the diameters parallel to AM and A'M 

If |he aqpneet described is a semicircle, this construction gives 

item* 

406. Fsoujul To construct a come with respect to which a given 
trmnpto EFG shall he seSfco^ugate, and a given pomt PshaU be the 
pels ef a gusen straight hnep t 

Lei p meet FG m A The polar of A will pass through E the 
pole of FG, and through P the pole of y>, and will therefore be 
MP Similarly FP , GP will be the polars of the points B , G m 
which p is cut by GE , EF respectively Let A 7 be the point in 
which FG intersects EP , then F and G, A and A', are two pairs 
of conjugate points with respect to the conic, and if the involution 
which they determine has a pair of double points L and U , these points 
will lie on the required conic (Art 264) The same construction may 
be repeated in the case of the other two sides of the tuangle EFG 
If the point P lies within the triangle EFG the points A', j S', 0' 
he upon the sides FG , GE , EF respectively (not produced J) The 
straight line p ma\ cut two of the sides of the tn ingle, or it may lie 
entirely outside the triangle In the first case the involutions lying 
on the two sides of the tuangle which are cut by p are both of the 
non-overlapping (hyperbolic) kind, and therefoie each possesses double 
points (Art 128) these give four points of the required curve, and 
the problem reduces to that of describing a conic passing thioughfour 
gnen points ami with respect to which two other given points aie 
cunjugites ( Ait 393) In the second ca*e, on the other hand, the 
pains of conjugate points on each of the sides of the triangle EFG 
oveilap and the involutions have no double points (Ait 128), m 


* De lv Hikl hi ett bo« k u prop 38 
f Staldt ( comet ne der Lcuje Art 237 

t We shall saj that a j < mt A lies on the side FG of the triangle, when it lies 
between f and G and that a strught line cuts the side FG, when its pomt of 
intersection with FG lies between I> and C 
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this ease the conic does not cut any of the mdm of ffea eeif- 
conjngate triangle , therefore (Art. 262) it does not exist 

If the point P lies outside the triangle, one only of the three 
points A' , B' , O' lies on the corresponding side , the two others lie 
on the respective sides produced If these two other sides are eat fey 
p 1 none of the involutions possesses double points, and the oo©a© done 
not exist If, on the other hand, p cuts the first cade, or if p hes 
entirely outside the triangle, the conic exists, and may he constructed 
as above 

In all cases, whether the conic has a real existence or not, 
polar system (Art 339) exists It is determined by the self-oorgugafce 
triangle EEG, the point P, and the straight line p To construct 
this system is a problem of the first degree, while the construct 
the conic is a problem of the second degree 
j/ 404 Problem Given a pentagon ABODE , to describe a come with 
regard to which each vertex shall be the pole of the opposite side * 

Let Pbe the point of intersection of AB and CD If the conic 
K be constructed (Art 403) with regard to which ADF is a self- 
conjugate triangle and E the pole of BC , then the points B and C m 
which BC is cut by AF and DF respectively will be the poles of ED 
and FA, the straight lines which join E to the points D and A 
respectively Every vertex of the pentagon will therefore be the 
pole of the opposite side , that is, K will be the conic required 

If the conic C be constructed which pisses through the five vertices 
of the pentagon, and also the conic C' w Inch touches the five sides 
of the pentagon (Art 152), these two conics will be polar reciprocals 
one of the other with respect to K (Art 322) 

405 Problem Given Jive joints A , B , C , D , E [no three of 
which are collinear ), to determine 
a point M such that the pencil 
M{ABCDE) shall be projective with 
a gnen pencil abode (Fig 244 ) 

Through D diaw two straight 
lines DD \ DL ' such that the pencil 
D [ABCD'E') is piojecti\e with 
abede {Ait 84, right) Construct 
the point E f in which DE' meets 
the conic which passes thiough the 
four points A BCD and touches DD ' at D (Art 165) , then construct 
the point M m which the «ame conic meets EE ' M will be the 
point requited F 01 since A/, A, J3, C , D , E' he on the same conic 
the pencil M [ABODE') is projective with the pencil D[\BCD'L ), 



* Staudt loc at , Arts, 238, 258 
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«|Ui If o w tr atfaBB u projective with the given penc2 a&afe 
SbeftifeB MJT wad MS are the suae ray, the problem is solved. 
km m maraxm may be solved the correlative problem, viz 
Ass Jim straight hnos a, 5 , c, d, *, no o/ are con- 
asmt 4 s drew a straight kt%* m to meet them m five pomts formmg 
st r amg s p r CQ m k mwth a gmm range ABODE * 
r 400. Fkosux To insect a given arc AB of a circle + 

Ott the given are take (Fig 245) a point N y and from B measure 
m the opposite direction to AN an are BN' equal to twice the arc 
AM If BT be the tangent at B, and if 0 be the centre of the circle 
m 



of which the arc AB is a part, the angles AON and TBN' are equal 
and opposite If A and N' \ar) their positions simultaneously, the 
ra>8 ON and BA' will describe two oppositely equal pencils, and the 
locus of their point of intersection M will therefore (Art 395, II) be 
an equilateral h\ptrbola parsing through 0 and B The asymptotes 
of this Inperbula are panllel to the bisectors of the angle made by 
iO and BT with one another, for these stiaight lines are con espond 
mg ia\s (bein^ tin positions of the \anable ra\- ON and BN' for 
which tht ire- 1 \ and B V are each zeio) The centie of the 
h\j*erhola is t lie middle point of the straight line OB which joins the 
untie- of tin two pencil- 

11 e h\ j»eiln 1 1 h i\ 11 j bit n constructed bj help of Pascal s theoiem, 
tht pant / will li i\ t lntn touinl 111 which it cuts the aic AB Two 
toi 1 1 -jKtndin_r p nut- ^ mil \' college m this point, therefore 
thi aic IP 1- lull of tin ire Eli md P is that point of tusection 
of the ait !/> which i> the nt 11 er to A 

r lhe lnptrbuh nn 1 1- tht tiult in twoothei points R and Q The 
point li is out of the points of tiibtction of the aic which together 

* *-T vi dt h C Clt \t 6^ 

f ^TAUDT, In itt rje Vrf 4 , C H csles, Sections comques, Art 37 
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wA AS makes up a semicircle, and the point {> is one of the peirfg 
of tnsection of the arc which together with AP makes up the ewsro- 
ference of the circle 

407 It has been seen (Art. 191) that if P', P", Q" (fSg 2j ^) 
are four given collmear points, and if any conic be described to pass 
through P' and P", and then a tangent be drawn to this conic from 
Q' and another from Q", the chord joining the points of contact 
of these tangents passes through one of the double points Jf' N' of 
the involution which is determined by the two pairs of points 
P 7 and P 7/ , Q' and Q" The two tangents which can be drawn from 
Q combined with the two from Q", give four such chords of contact, 
of which two pass through if' and two through N' From this may 



be deduced a construction for the double point* of the involution 
P'P" , Q'Q” , or, what is the same thing (Art 125 ), for the tw> 
points M' , N f which divide each of the two given segments P' P" 
and Q'Q" harmonically 

Describe any circle to pass through P' and P", and draw to it from 
Q' the tangents t ' and u\ and fiom Q" the tangents t" and u" The 
chord of contact of the tangents t f and t" and that of the tangents u' 
and u" will cut the straight line P'P" in the two required points 
M' and N f 

408 This constiuction his been applied b\ Bii\ncho\ * to the 
solution of the two problems consulted m Art 221 \iz 

I To construct a conic of which tuo point * P\ P” an l thee 
tangents q q\ q" are given 

Join P'P", md let it cut the tin ee gi\cn tangeuts in Q Q f , Q ' 
lespectnel} (Fig 246) De&cnbe any aide thiougli P' , P ' and 
diaw to it tmgentb from Q , Q f , Q ' The clioids which join the 
points of contact of the tangents hum Q" to the points oi cunt ict cf 
the tangents fiom Q meet P' P" 111 two points M and A and &imi- 
lailj the tangents fiom Q" combined with tho e from Q' deteimme 
two points M' and A ' 

The chord of contact of the tangents g', q " to the lequned c nic 
will therefore pass through one of the points if, A T , and tint of tlu 

* Brianchon, loc cit, pp 47, 51 
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kmfmto f* t 4* will pen tfanmgfe o®e of the points if', Tbe 
tar atatatais JMC', J»', AUK', AW 7 give the four solution <xf 

ta problem, 

fl* problem therefore reduces to the following To describe a come 
«M iM tomak three gwen strmghi knee q , g', g" m such a t oay that 
ihiJkmrdscf contact of ike pasrs of tangents q , q" atnd q', q” shall 
through boo gtvm pomts M and M' Let QQ'Q" (Fig 
24 *f) denote the triangle formed by the 
three given tangents, and let A, A', A " 
he the points of contact to be deter- 
mined. By a corollary to Desargues* 
theorem (Art 194), the side q = Q'Q " 
is divided harmonically at the point of 
contact A and at the point where it is 
cat by the chord A' A" If these four 
harmonic points be projected on MQ" 
tan A” as centre, it follows that the segment RQ" intercepted on 
MQ " between q" and q' is divided harmonically by M and the 
chord A' A” 

Let then MQ" be joined , it will cut q" m some point R , and 
let the point V be determined which is harmonically conjugate to 
M with regard to R and Q" In order to do this, draw through M 
any straight line to cut q" and q' m S and T respectively, join 
SQ" and TR, meeting m U , and join QU, meeting RQ " m V 
Join Ft/', it will meet q / and q" m A ' and A" , and finally if 
MA " be joined it will cut Q'Q" m A 

II To construct a conic of which three joints P, P' : P" and two 
tangents q , q' art given 

Tom PP r , and ltt it meet q and q f m Q and Q' 1 espectively , join 
PP ", and let it meet q and q' in R and R' lesjiectnely Describe 
a circle round PP' P", and to it draw tangents from Q and Q' , the 
chords of contact w ill meet PP' in two points M and N Similaily 
draw the tangent 3 from R and R' , the chords of contact will meet 
PP ' in two nt lit r | omts M' and N' Then eich of the stiaight lines 
1/ N ’V \ ' M r \ MM' will meet the tangents q and q' in two of 
tht ]> int oi contut ot thc«e two tangents with a conic cn cumscnbmg 
tht tnanglt PP'P" 

fins const iiittion differs fnm that given in Art 221 (left) only m 
tht mtthi d ot finding the double points \I and A ]/' and N' 

409 I iiEOKt m Iftuoanpes 4 OS and 40' S of given magnitude 
turn about their respe tur vertices 0 and 0' in such a way that the 
point of inttn>ntiun 9 of one pair of arms lies always on a fixed 
straight line u the point of intersection of the other pair of arms will 
describe a conic (Iig 248 ) 
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The proof follows at once from the property that the poamb 
traced out by the variable rays OA 


and OS , OS and O' 8 ,0'S and O' A 
are projective two and two (Arts. 

42, 108), and that consequently the 
pencils traced out by OA and O' A 
are projective This theorem is due 
to Newton, and was given by him 
under the title of The Organic De- 
scription of a conic * 

410 The following, whieh depend 
on the foregoing theorem, may serve 
as exercises to the student — 

1 Deduce a construction for a 
come passing through five given points 0 ,0',A ,B ,C 

2 Given these five points, determine the magnitnde of the angles 
AOS , AO'S and the position of the straight line u m order that the 
come generated may pass through the five given points 

3 On the straight line 00' which joins the vertices of the two 
given angles a segment of a circle is described containing an angle 
equal to the difference between four right angles and the sum of the 
given angles Show that according as the circle of which this segment 
is a part cuts, does not cut, or touches the straight line u, the conic 
generated will be a hyperbola, an ellipse, or a parabola. 

4 Determine the asymptotes of the conic, supposing it to be a 
hypeibola , or its axis, m the case where it is a parabola 

5 When is the conic (a) a circle, ( 1 ) an equilateral hyperbola, 
(c) a pan of straight lines? 

6 Examine the cases in which the two given angles are directly 
equal, oi oppositely equal, oi supple 
mentary t 

411 Theorem If a tamable triangle 
AM A' mote in such a nay that its sides turn 
seierally round three gnen points 0 0\S 
(Fig 249 ) uhdr tv 0 of its irrtues A V slide 
along tuo fixed straight lines u , u' respec- 
tizely , the locus of the third vertex M is a 
conic passing through the following fixe points, 
viz 0 , O', uu' z and the intei sections B and C 9 of u and v ' uith O ' s 
and OS respectively J 


u 
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* Prmcipia lib 1 lemma xxi , Enumeratio hnearum tertu orrftni Ootids 

1704) P § xxxi 

t Maclaurin G-eometna Orgamca (London, 1720), sect 1 prop 2 
% See Art 1 56 
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4 IH Thmxkxmu (Tbe theorem of Art. 41 1 is a particular case of 
tlfa). I/m mrtM* polygon moms «n ouch a way that % is n ssdas turn 

ssvsrmUy round nfixsd points 0 l7 0^ y 0 n 
(Fig 250 ) while n— 1 of its vertices slide 
respectively along » — 1 fixed straight knee 
t*, >S» w *~i» th* test vortex wtU 

describe a come, and the locus of the point 
of intersection of any pair of norircdjcxmt 
sides will also be a conic * 

0 . *» ** N H*© proof of this theorem and its cor- 

35^ relatrre is left to the student t 

4 L& Tskmudl &rcm two given points A and A' tangents AB,AC 
smAA / B',A'G f *n drawn to a conic , then will the four points of 
amstmt B, C 9 S' t C\ and the two given pomts A ,A / all he on a conic 

Let A'C r , A' B f meet SC m D and E respectively, these points 

ml! evidently be the poles of AC', AB' 
respectively The pencil A (BGB'C') 
is projective with the range of poles 
BCED (Art 291), and therefore with 
the pencil A'fBCED) or A\BGB'C f ), 
which proves the theorem 

414. Theorem (correlative to that 
of Art 413) From two given points 
A and A' tangents AB , AC and A'B 
A'C' are drawn to a conic, then will 
the four tangents and the two chords 
of contact all tourfi a conic \ 

For (Fig 251 ) the lange of points 
BC {AB , AC, i'B\ L'C') or BCE D is 
projective vith the pencil A [BC B'G') fonned by then polus, but 
this pencil is piojcctne v\ ith the range B'C' (AB AC , A'B', i'C'), 
thtrtfoie the six line-* AB , tC, l'B' } A'C',BC,B'C all touch 



a conic 

415 The* rim On each diagonal of a complete quadrilateral is 
*al n a ja/r ot j >ntts dni hug it harmonically if of these six points 
time out frt m t / h /m / nal ) he in a st might line , the other three will 
a l t) h in a tnn fht hit 

Coi ni j \i 1 Tht mu! lit points of the three diagonals of a complete 
qualrdat ral ait t lh,t ir 


♦This the run is due t» M\cluei\ and Brvikenridge (Phil Trans , 
London 1^3^ 

t 1 oscLLtr h < 1 it \rt 02 
X t UaSLES ^edu 1 * r< mjH s, \rts 13 214 
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416 Theorem If from any pomi 0 on the ctrde aremwflwy 

a triangle ABG straight lines OA ' , 00 / be t njhatid to meet tk* * * § 

sides BG , GA , AB %n A f , B', G ' respectively, and to make wetk them 
equal angles ( both as regards sign 
and magnitude ) , then ike three 
pomts A ' B ' G / mil he cdUmear 
(Fig 252) 

Through 0 draw OA", OS", 00 " 
parallel to BG , GA , AB respec- 
tively, then it is easily seen that 
the angles AO A", BOB ", COO" 
have the same bisectors The same 
will therefore be true with regard to the angles AO A', BOB', COC' , 
consequently (Art 142) the arms of these last three singles will form 
an involution, and therefore (Art 135) the points A', B\C' will be 
collmear * + 

417 Theorem If from the vertices of a triangle circumscribed 
about a circle straight lines be inflected to meet any tangent to the 
circle , so that the angles they subtend at the centre may be equal 
{in sign and magnitude ), then the thee straight lines will meet in 
a point t 

The proof is similar to that of the theorem in the preceding 

Article 

418 Problems (1) Given three collineai segments AA', BB r , CC', 
to find a point at which they all subtend equal angles (Art 109) 

In what case can these angles be light angles? (Bee Art 
128) 

(2) Grven two projective ranges ljing on the same straight line, 
to find a point which is harmonically conjugate to a given point on 
the line, with respect to the two self cunespondmg points of the two 
ranges (which last two points aie not gi\en) § 

(3) Gnen two pairs of pomts lung on a straight line, to detei- 
mine on the line a fifth point such that the itctmgle contuiud l>\ it 
distances# from the points# of the fiist pail shall be to that cont lined 

* Ghvsles loc cit, Vit 386 

+ OlhaiLite bmce the triangles# BOC , COB are lmilar, 

BC CB ' = OB OC 
bo also CA AC = OC OA, 

and AB' BA' = OA OB 

whence by multiplication, pa} mg attention to the signs of the segments 
BC CA' AB f = —C'A B'C AB, 
which shows (Art 139) that A , B', C are collmear 

X Chasles, loc cit , Art 387 

§ Chasles, Geom tup , Art 269 
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W t ~ r ’vyp- 

P 




tar in 

L* 


✓: 


(4). • given poani to draw a transversal which shall cut 

<M fir om two given straight linos two segments (measured from 
a fixed point on each line) which shall have a given ratio to one 
another, or, the rectangle contained by which shall be equal to 

given oast 

418 It will be a useful exercise for the student to apply the 
theory of pole and polar to the sahzfeion of problems of the first 
and second degree, supposing given a ruler, and a fixed circle and 
its centre. "We give some examples of problems treated in this 


I* fr draw t krmgk a g*vm point P a straight line parallel to 

a fie** iHronpht hm q 

fla pole Q of q and the polar p of P (with respect to the given 
«nde) must be found, if A be the point where p is cut by the 
straight line OQ joining Q to the centre of the circle, then the polar 
* of A will be the straight line required 

II To draw from a given point P a perpendicular to a given straight 

line q 

Draw through P a straight line parallel to OQ , it will be the 
perpendicular required 

HI To bisect a given segment AB 

Let a and 6 be the polars of A and B respectively, and c that 
diameter of the gnen circle which passes through ab , if d be the 
harmonic conjugate of c with respect to a and b> the pole of d will be 
the middle point of A B 

IV To bisect a given arc SIN of a circle 

Consti uct t lie pole S of the chord J/A , the diameter passing 
through £ w ill cut M \ in the middle point of the litter 

"V To bisect a givtii angle 

If fi om a point on the circle parallels be drawn to the arms of the 
gi\tn angle tin problem reduces to the preceding one 

\ I Gtun a sequent iC t) produce it to B so that AB may be 
doulle of iC 

Let a mil c be the pohrs of i and C respectively, d the diametei 
of the k n en click which pistes through ac, and b the ray which 
m ikes the ltnc.il abtd h tnnuiiic , the pole of 6 will he the required 
point B 


* This is the f r 1 lcm de becti me determinate of Apollonius See Chasles, 
Geom tup , Art 281 

t These are the problems de bectione ratioms* and ‘de sectione spatn ’ of 
Apollomls See ChaisLLs m tup , Arts 296 , 298 
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YII. Zb construct ike circle whom ombre is cat a gm ms pmmt U smd 
whose radius is equal to a given straight 1ms UA 

Produce A U to B, making UB equal to ATJ (by YI), fay 

perpendiculars at A and B to AB (by II). Basest the ngfa fa 
4 and Z? (by Y) , and let the bisecting lines meet m {7 and i> Wo 
have then only to construct the conic of which AB OB are a past 
of conjugate diameters (Art 301) 

420 The following problems* depend for their sohaboo on the 
theorem of Art 376 

I Given three points A, B, 0 on a come and one focus F t So 
construct the come 

With centre F and any radius describe a circle 3L, and lei the 
polars of A, B , 0 with respect to this circle be a,h t c respectively 
Describe a circle touching a,b , c and take its polar reciprocal with 
respect to K , this will be the conic required. 

Since there can be drawn four circles touching a, b t c (the inscribed 
circle of the triangle abc and the three escribed circles), there are 
four conics which satisfy the problem 

II Given two points A>B on a conic , one tangent t } and a focus F \ 
to construct the conic 

Describe a circle K as m the last problem, and let a, b be the 
polars of A , B , and T the pole of t, with respect to EL Draw a circle 
to pass through T and to touch a and b , the polar reciprocal of this 
circle with respect to K. will be the conic required 

Since four circles can be drawn to pas* through a given point and 
touch two grven straight lines, this problem also admits of four 
solutions 

III Given one point A on a conic , two tangents b , c, and a focus F, 
to construct the conic 

Describe a cncle K as m the last two problems, let a be the polar 
of A, and let B, C be the poles of b , c respectively with regard to this 
circle Draw a circle to pass thiough B and C and to touch a, its 
polar lecipiocal with lespect to K will be the conic requned 

Since two circle* can be descubed thiough two gi\en points to 
touch a gi\en stiaigbt line, this problem admits of two solutions 

IV Gnen three tangents a , b , c to a conic and one focus F to 
construct the conic 

Descnbe a cncle K as in the last three problems, and let 4, B C 
be the poles of a , b , c iespecti\ely with legard to this circle Diaw 
the circle thiough A, B , G and take its polar reciprocal with respect 
to K , this will be the conic required 

This problem cleaily admits of only one solution 

* Solutions of these problems were given by De la Hire (see Chasles, Jpergu 
hutorique , p 125), and by Newto*. ( Pnncipta , bb l props 19 20 , m) 
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4SL T»cmm u On tm the ams of a conic m position (not tn 
r) and a pear of oosqmgat* straight Unes which cut one 
orthogonally, to construct the foci. 

If 0 be tbs centre of the conic, wad P , P' and Q , Q* the points in 
which the two oorgngatc lines respectively cat the axes, then of the 
two proiao b OP OP* and OQ OQ *, one will he positive and the 
ether negative This determines which of the two given axes is the 
one containing the foci If now a circle be circomscnbed about 
the tnangie formed by the two given conjugate lines and the non- 
Jtoal axis, it will cut the focal axis at the foci (Art. 343} 

4 SSL The following are left as exercises to the student. 

I Given the axes of a conic in position, and also a tangent and 
its point of contact, construct the foci* and determine the lengths of 
ths axes (Art 344}. 

%, Giv e n the focal axis of & conic, the vertices, and one tangent, 
COWferao* the fom (Art S60) 

3 Given the tangent at the vertex of a parabola, and two other 
tangents, find the focus, (Art 358) 

4. Given the axis of a parabola, and a tangent and its point of 
contact, find the focus (Art 346) 

5 Given the axis and the focus of a parabola, and one tangent, 
construct the parabola by tangents (Arts 346, 349, 358) 

6 The locus of the pole of a given straight line r with respect to 
any conic having its foci at two given points is a straight line r* 
perpendicular to r The two hues r , r* are harmonically separated 
by the tv o foci 

7 The locus of the centre of a cucle touching two given cncles 
consists of two conics having the centres of the given cncles for foci 

8 The locus of a point whose distance fiom i given straight line is 
equal to its tangential distance from a given ciule consists of two 
parabolas 

9 In a central conic an) focal chord is piopoitiunal to the square 
nf the puallel diameter 

10 In i pat tholu twice the distance of anv focal choid fiom its 
j !c in a me in piuportnmul between the choid md the parameter 
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Affinity, pp 18, 19 

Angle of constant magnitude turning 
round its vertex traces out two 
directly equal pencils, 91 
bisection of an, 300 
tnsection of an, 294 
Angles, two, of given magnitude , gene- 
ration of a conic by means of, 297 
Anharmonic ratio defined, 54, 57 
unaltered by projection, 54. 
of a harmonic form is — 1 57 
cannot have the values + 1, o, or 00 , 
6 2 

of four points or tangents of a conic, 
122 

Anharmonic ratios, the six, 60, 61 
Apollonius, x, xi, xn 

on the parabola, 127, 218 
on the hjperbola, 130, 142 i 0 6 

158, 286 

on the diameters of a come, 217, 223, 
230, 232, 234, 235 

on focal properties of a come, 253, 
258 259 262 
section problems 300 
Arc of a conic, deteimination of kind 
of conic to which it belongs, 289 
of a circle, tnsection of 294 
of a circle, bisection of, 300 
Asymptote*, tm & ents at infinity, 16 129 
meet m the centre of the conic 219 
determination of the, given the 
points on the conic, 178, 179 
Auxiliary conic 203 239, 240 
circle of a conic, -60 
Axes of a come defined, 2^7, 2 28 
ease f the j ar »b» la 22S 
focal and non focal 2 $2 
biseetci* of the an 0 le between its 
chords of intersection with any 
cir le, 236 281 

4xes of a conic construction of the, 
given a pan of conjugate di uneters, 
232, 283 

given five points, 236 292 
Axis of perspective 01 homology, 10 
of affinity, ib 
of symmetry 64 

Bellavitis xi, 64, 161 
Bisection of a given segment or angle 
by means of the ruler only, 300 


Bnanchoo, x, xi, xu* 1*4, 125. 

Bn&achon’s theorem, n, 124. 
points, the surfy, 1 26 

Carnot s theorem n, 379, 280. 

Centre of projection, 1, 3. 
of perspective or homology, 10, 12, 
98 

of similitude, 18 
of symmetry, 64. 
of an involution, 102 

Centre of a conic the pole of the line at 
infinity, 218 
bisects all chords, 219. 
the point of intersection of the 
asymptotes, 219 

when external and when internal to 
the come, 219. 

locus of given four tangents, 237 
construction of the, given five points, 
220 

construction of the, given five tan 
gents 238 

Ceva, theorem of six segments, ill 

Chasles, xi, xn 

on homography, 34. 
method of generating conics 327 
correlative to the theorem *ad qua 
tuor lmeas, 1 *>9 

on the geometric method of false 
position 194. 

solutions of problems of the second 
degree 200 

Cnele cun e home logic d w 1 h a 14 1 c 
generated by the intersection of twf 
dnectly equal pencils, 114 
haimuinc po nts and tan B ents of a 
im 116 

fundamental projective proi*ertie*> of 
points and tangents of a 1 1 «, 
of cun ature at a j omt on a come 
190 

cuttm,, a come the chords of inter 
section make equal angles with 
the axes ->36 28 1 

circum cnbmg tnan B le formed by 
three tangents to a parabola, n 0 
auxiliary of a come, 260 

Class of a curve 4. 
is equal to the degree 01 its polar 
reciprocal with regard to a come 
240 
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Coefficient of homology, 63 
Collinear piojective ranges, 68 

their self corresponding points, 78 

9 1 * 9 2 > 93 A 
constiuction for these, 170 
Complementary opeiations, 33 
Concentric pencils, 69 

construction for their self-correspond 
mg rays, 169 

Cone, sections of the, 14, 1 8 
Confocal conics, 266 
Congruent figures, 64- 
Conic, homological -with a circle, 15? 16 
generated by two projective pencils, 
119 

generated as an envelope from two 
piojective ranges, 120 
determined by five points or five 
tangents, 123 

fundamental projective property of 
points and tangents, 118 
projective ranges of points and series 
of tangents of a, 16 1 
homological with itself 228, 288 
polar reciprocal of a 240 
homological with a given conic, and 
having its centre at a given point 

249 , 

confocal with a given conic, and. 
passing through a given point 266 
Come, construction of a, having given 
five points or tangents, 13*> *49> *7^ 
179, 180 297 

tout points and the tangent at one 
of the m, 137 W A 

thru points and the tangents at two 
ofthtm 139 177 

tin c* t anoints and the points of con 
tat t ot two of th< m 143 l 77 
tour tenants and the point of con 
ta< t <>f one of them 146, 177 
four points and a t mgent 180 
four t tug nts ind 1 point 180 
thr< t points and two tangents, 182, 
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Unit tangents and two points 182, 
293 

tht mymptot cs and one point or 
tan_mt 77 

the tw»t < 1 ind one tangent 204 

tiu t\u fui ind one point 263 

oiu fot im and tliree tangents, 2G8, 
joi 

out fot Urt md three points 301 

, 1 u fot us two points and a tangent 

ohuIk-iih, two tangents and a point, 
301 

a pair of conjugate diameters, 229, 

a pair of conjugate diameters in posi 
turn, and two points or tangents 
291 


a pair of conjugate diameters m posi- 
tion, and a tangent and its point 
of contact, 289 

two pairs of conjugate diameters in 
position, and one point or tan- 
gent, 290, 291 
two reciprocal triangles, 247 
a self conjugate triangle, and a point 
and its polar, 292 
a self conjugate pentagon 293 
three points and the osculating circle 
at one of them 190 

Come, construction of a, homological 
with itself, 228, 288 
passing through three points and 
determining a known involution 
on a given line, 284 
passing through four pomts and di- 
viding a given segment harmoni- 
cally, 284. 

passing through four pomts and 
through a pan of conjugate points 
of a given involution, 285 
Comes osculating, 189 

having a common self conjugate 
triangle, 213, 214 

circumscribing tbe same quadrangle, 

130 214, 2 37 , . . , 

inscribed in the same quadrilateral, 
150,213,214,237 
Conjugate axis of a hyperbola, 220 
Conjugate diameters defined, 219 
of a circle cut orthogonally, 222 
form an involution, 227 
parallelogram described on a pan as 
adj icent sides is of constant area, 
234 

sum or difference of squares is con 
stant 235 

construction of, given two pairs, 232 
construction of, given five points on 
tbe conic, 236 

including a given angle, construction 
of 292 

Goinug ite lines meeting in a point, one 
orthogonal pair can be drawn, 


orthogonal, the involution determined 
by them on an axis of the conic, 
231 

orthogonal with respect to a para 

Conjugate "pomts and lines with regard 
to a conic, 204 
involution properties of 209 

Corjugitcs haimonic, 40 

in an involution, 101 . 

Construction of a figure homological 
with a given one, 13 
for the fourth element of a harmonic 

for°the fomth point of a range whose 
enharmonic ratio is given, 55 



INDEX 


a* M 


of corresponding elements of 
projective forms, when three 
are given, 70 

-the self corresponding elements 
of two superposed projective forms, 


forthe sixth element of an mvolu 


tion, 109 

ol pairs of elements of an mvolu tion, 
given two, 104 

f or the centre of an involution, 109 
for the double elements of an in 
volution, 169, 175, 29 fj 
for the common pair of two super- 
posed involutions, 173 
for the pole of a line or polar of a 
point, 205, 206 

of a triangle self-conjugate to a conic, 


of the centre and axes of a conic, 
220 236, 238, 283, 292 
of conjugate diameters, 232, 236, 292 
for diameters of a parabola, having 
given four tangents, 238 
for the focus of a parabola, given 
four tangents, 254 

for the foci of a conic, given the axes 
and a pair of orthogonal conjugate 
lines, 302 

Copolar and coaxial triangles, 7, 8 
Correlative figures, 26, 8 0 , 24 1 
Curvature, circle of, 190 


Degree of a curve, 4 

is equal to the class of its polar reci 
piocal with respect to a conic, 240 
De la Hire, x, xn 

Desargues, ix x, xn, 101 102, 107,148 
Desar^ues theorem, 148 
Descriptive, the term, as distinguished 
fiom me ti ical, 50 

Diagonal triangle, of a quadrangle or 
quadnlatei al 30 

common to the complete quadn 
lateral formed by foui tangents to 
a conic, and the compltte quad 
rangle formed by their points of 
contict, 140 

Diagonals of a complete quadnlateral, 
each is cut harmonically by the 
other two, 46 

their middle points are collinear, 
109 299 

form a triangle self conjugate to any 
conic msenbed in the quadn 
lateral, 208 

if the extremities of two are conju 
gate points with regaid to a come, 
those of the third aie so too, 245 
Diameters of a come defined, 217 
of a parabola, 218 
conjugate, 219 
ideal, 223 


of a parabola, (^instruction for, grvefc 
four tangents, 23 S ** 

Dimension of a geometnc form, 25, 
Directly equal ranges, defined, 88 
generated by the motion of a seg- 
ment of constant length, 89. 
Directly equal pencils defined, 9a 
two, the projection of two concentric 
projective pencils, 89. 
two, generate a circle by their inter- 
section, 114. 

subtended at a focus of a conic by 
the points in which a variable 
tangent cuts two fixed ones, 264, 
Director circle, defined, 269 

the locus of the intersection of or- 
thogonal tangents, 269. 
cuts orthogonally the circumacrfbing 
circle of any self-conjugate tri- 
angle 270 

Directrix, defined, 254. 

property of focus and, 256 
Directrix of a parabola, the 1 
the intersection of orthogoi 
gents, 270 

the locus of the centre of the 
cumscnbmg circle of a self 
jugate triangle 271 
the locus of the orthocentre of «. 
circumscribing triangle 273 
Division of a given bisected segment 
into n equal parts, by means of 
the ruler only, 97 

Double elements of an involution, 102 
they separate harmonically any pair 
of conjugates, 103 
construction for the, 169 295 
Duality, the principle of 26-32 

Eccentucity 259 

of the polar reciprocal of a circle 
with respect to another circle 274 
Ellipse 16 

its centre an internal point 219 
is cut by all its diameters ^20 
is symmetrical in figure, 228 
Envelope of connectois of correspond 
mg points of two projective ranges 
is 1 conic, 120 

if tlic langes are similar, it is a para- 
bola, 128 

of a straight line the product of 
whose distances from two given 
points is constant, 260 
Fqual ranges and pencils, 86 90 
Equianharmonic forms and figures are 
projective, and vice versa, 54, 56, 
62, 66 

Equilateril hypeibola, why so called, 
286 

triangles self conjugate with regard 
to a, 271 

inscribed in a quadnlateral, 272 
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circumscribing a triangle passes 
through the orthocentre, 387 
is the polar reciprocal of a come with 
1 egard to a point on the director 
circle, 288 

construction of given four tangents, 
272, 288 

Euclid ponsms of, x, 96 

External and internal points with re 
gard to a come, 203 

False position, geometrical method of, 

194. 

Focal axis of a come, 252 

radii of a point on a conic, 253 
radii, their sum or difference is con 
stant, 258 

Foci, defined, 250 

are points such that conjugate lines 
meeting m them cut orthogonally, 
230 

are internal points lying on an axis, 
250 

are the double points of the mvolu 
tion determined on an axis by pairs 
of orthogonal conjugate lines, 251 
of a parabola, one at infinity 253 
of parabolas msciibed in a given 
triangle, locus of, 254. 
properties of, with regard to tangent 
and normal, 259-264 
reciprocation with lespect to the, 

274, 275 

construction of, under various con- 
ditions, 302 

Focus of a parabola 253 

inscribed m a given triangle, locus 
of, 254 

recipiocal of the curve with regard 
to, 275 

Forms, geometric, defined, 22, 164 
elements of, 23, 164 
pnme, of one, two, three dimensions, 
24 

dual generation of, 23, 24, 26 
projective, 31-38 
harmonic, 39 49 

projectne when in perspective 67 
projective superposed 68 69 

Gaskin 189, 269, 271 

Gergonne, x 

Harmonic forms defined, 39, 40 
forms are projective, 41, 43 
pairs of points nece s inly alternate, 45 
conjugites, 46 

point or ray construction for the 


Hesse, theorem relating to the ex- 
tremities of the diagonals of a 
complete quadrilateral, 245 
Hexagon, inscribed in a line pair, 76 
circumscribed to a point pair, 76 
inscribed m a conic, 124 
circumscribed to a come 124. 
complete contains sixty simple hexa 
gons 125 

Homographic the term, 34. 
figures, construction of, 81 
figures may be placed in homology, 
84 

Homological figures, construction of, 
13-20 

metrical relations between 63-65 
Homology, defined, 9, 10 
in space, 20 
plane of, 20 

coefficient or parameter of, 63 
harmonic, 64, 228, 288 
Homothetic figures, 18 
Hypeibola, tangent properties of a, 
129 130 

and asymptotes cut by a transversal, 
156, 282 

tangent cut off by the asymptotes 
is bisected at the point of contact, 

158 

centre is an external point 219 
is cut by one only of every pair of 
conjugate dumeters, 220 
is symmetrical in figuie, 228 
properties of the asymptotes and 
conjugate points and lines, 277 
equilateral, 285 

Ideal diameters and chords, 223, 226 
Infinity, points and lme at, 5 

line at a tangent to the parabola, 16 
plane at, 21 

Internal and extern il points with re 
gai d to a conic 203 
Intersection of a conic with a straight 
line, constructions 176, 177 180 
226 

of two conics constructions, 189 
Involution defined, 101 

the two kind** elliptic and hyper- 
bolic, 105, 168 

construction for the bixth clement of 
an, 109 

detei mmed two pairs of conju 
gates, 104 165 

of points or tangents of a conic 165 
construction for the double elements 
of an, 169, 295 

t « k tt n a pnnir hv a nencil 
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Involution properties of the complete 
quadrangle and quadrilateral, 107 
of a conic and an inscribed or circuxn 
Bcribed quadrangle, 148, 225 
of a conic and an inscribed or cir 
cumscnbed triangle, 152, 157 
of a conic two tangents, and their 
chord of contact, 154 
of conjugate points and lines with 
regard to a conic 209 

Lambert, ix, xi, 96-98 
Latus rectum 257, 258 
Locus of the centre of perspective of 
two figures when one is turned 
roundtheaxisofperspective,i2, 98 
of the intersection of corresponding 
rays of two projective pencils is a 
conic, 119 

ad quatuor lmeas, 158 
of middle points of parallel chords 
of a come, 217 

of poles of a straight line with regard 
to conics inscribed in a quadri 
lateral, 237 

of the centre of a conic, given four 
tangents, 237 

of foot of perpendicular from the 
focus of a conic on a tangent, 260 
of the intersection of orthogonal 
tangents to a conic, 269 

Maclaurm, xi, 127, 141, 185, 297, 298 
Major and minor axes of an ellipse, 228 
Menelaus, theorem on triangle cut by a 
transversal, 112, 280 
Metrical, the term, distinguished from 
descriptive, 50 

Mobius, theorem on figures m per- 
spective, 12 

on anharmomc ratio, x, 56, 61 
Monge, xn 

Newton, locus of centre of a come in 
scribed m a quadrilateral, 238 
organic dcsciiptiou of a conic, xi, 
297 

Nine point circle, 283 
Noiinal, 2^2 

Oppositely equal pencils 90 

they genet ate an equilateral liypci 
bola by their intei section, 286 
Oppositely equal ranges 88 
Organic de cription ol a come, 297 
Orthocentre of a triangle circumsi nbing 
a parabola lies on the directnx, 273 
of a in nude inscribed in an equi 


pair pf conjugal diameters. *£ 
conic, 227 

conjugate lines with respect to 1 
come, 251, 252 

Osculating conics, 189 
circle of a come, 190 

Pappus, x, xn 

on a hexagon inscribed m a lme 
pair, 76 

ponsms of, 95, 96 

fundamental property of the an 
harmonic ratios, 54 
problem * ad quatuor lmeas, 158 
on the focus and directrix property 
of a conic, 257 

Parabola, touches the line at infinity, 
16 

is determined by four points or tan 
gents, 127 

two fixed tangents are cut propor 
tionally by the other tangents 
128 

generated as an envelope from twe 
similar ranges, 1 28 
diameters of a 218 
construction of the diameters, having 
given four tangents, 238 
focal pioperties of the, 253 254 
focus and directrix property 257 
self-conjugate triangle, property of 
271 

inscribed in a tnangle its directrix 
passes through the orthocentrej 
273 

Puabola consti uction of a, given four 
points, 181 

given four tangents, 135 
given three tangents and a point, 
182 

undei various conditions, 138, 139, 
143 146 

given the axis, the focus, and one 
point 266 

given two tangent , the po nt of con 
tact of one of them, and the 
direction of the axis 278 
given two tangents and their points 
of contact, 279 

Paiallel lines meet at infinity 5 
projection, 19 

lines, construction of, with the ruler 
only, 96, 300 

Parallelogram, 111 cubed m or circum 
scribed ibout a conic, 219, 221 
described on a pair of conjugate semi 
diameters of a come is of constant 
area 234 
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harmonic, 40, 42 
m involution, 101 

m involution, orthogonal pair of 
rays of a, 1 72 

cut by a conic m pairs of points 
forming' an involution 166 

Pentagon, inscribed m a conic, 136 
circumscribed to a conic, 145 
self conjugate with regard to a conic, 
293 

Perpendiculars, centre of, see Ortho 
centre 

from a focus on tangents to a conic, 
the locus of their feet a circle, 259 
from the foci of a conic on a tangent, 
their product constant, 260 
from any point of the circumscribing 
circle of a triangle to the sides, 
their feet collinear, 261, 299 
construction of, with the ruler only, 
9 T, 300 

Perspective, figures m, 3 
triangles m, 7, 8, 246 
forms m 35 
plane 10 
relief, 20 

Plane of points or lines, 22 

Planes, harmonic, 42 
involution of 10 1 

Points, harmonic, on a straight line, 40 
harmonic, on a circle, 1 16 
harmonic, on a conic, 122, 1*57 
projective ranges of, on a come 16 T 

Polar reciprocal curves and figures, 


240, 241 

of a conic with respect to a come is a 
conic, 240 

of a circle with respect to a circle, 


274 

of a conic with respect to a focus, 


274 275 

of a come with lespect to a point on 
the director circle, 288 
Polar system, defined, 248 

determined by two triangles m per 
spective, 248 

determined by a self conjugate tn 
angle and a point and its polar, 293 
Pole and polar defined, 201 202 
reciprocal property of, 204 
theory of, applied to the solution of 
problems, 300 

construction of 205, 206, 248 
Poles, range of projective with the 
pencil formed by their pol irs, 209, 
224 

of a straight line with regard to all 


circumscribed to a conic whose ver- 
tices slide on fixed lines, 152, 186 
whose sides pass through fixed points 
and whose vertices lie on fixed 
lines, 184 
Poncelet, ix, x, xu 
on variable polygons inscribed in or 
circumscribed to a conic, 151, 184- 
187 

on ideal chords, 226 
on polar reciprocal figures, 240 
on triangles inscribed in one conic 
and circumscribed about another, 
244. 

Ponsms, of Euclid and Pappus, 95, 90 
of m and circumscribed triangle, 94, 
244. 

of the inscribed and self conjugate 
triangle, 243 

of the circumscribed and self-con- 
jugate triangle, 243 
Power of a point with respect to a 
circle, 58 

Prime forms, the six, 24 
Problems, solved with ruler only, 96-98 
of the second degree, 176-200 
solved by means of the ruler and a 
fixed cncle, 194 300 
solved by polar reciprocation, 301 
Projection, operation of, 2, 22, 164. 
central 3 
orthogonal, 19 
parallel, 19 

of a triad of elements into any other 
given triad 36 

of a quadrangle into any given quad 
rangle, 80 

of a plane figure mto another plane 
figure, 8 r 

Projective forms and figures, 34 
forms, when in perspective, 67 
forms when harmonic, 69 
ranges, metneal relations of, 62 
foims, construction of, 70-74 
figures, construction of, 81 84 
plane figures can be put into homo 

logy, 84 

properties of points and tangents of 
a circle, 114-1 1 7 

properties of points and t ingents of 
a conic, t 1 8- 1 30 

Projectivity of any two forms ABC 
and A B ( ir 36 

of two forms ABC I) and BADC 38 
of harmonic forms, 41,43 
of the anharmomc ratio, 54 
of any two plane qu ulran to les, 80 
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harmonic properties, 39, 47 
involution properties, 107, 225 
inscribed in a conic, 138, 140, 208 
225 

if two pairs of opposite sides are con- 
jugate lines with regard to a conic, 
the third pair is so too, 246 
Quadrangles having the same diagonal 
points , their eight vertices he on 
a conic or a line-pair, 210 
Quadrilateral, complete, defined, 29 
harmonic properties, 39, 46 
involution properties, 107, 225 
middle points of diagonals are col 
linear, 109, 299 

circumscribed to a come, 142, 208, 
225, 272 

locus of centres of inscribed comes, 
237 

theorem of Hesse relating to the ex- 
tremities of the three diagonals, 
*45 

Quadrilaterals having the same dia- 
gonals, their eight sides touch a 
come or a point pair, 212 

Bauge, defined, 22 
harmonic, 40 

Banges, projective on a come, 161 
Batio, of similitude, 18 
harmonic, 57 
anharmomc, 54-62 
Beciprocal figures, 85 
points and hues with regard to a 
conic, 204 

triangles, two, are in perspective, 246 
Beciprocation, polar 241 
with respect to a circle, 274, 275 
applied to solution of problems, 301 
Bectangul ir hyperbola see Equilateral 
Euler only, pioblems solved with, 96- 
98 

Euler and fixed circle, problems solved 
by help of the, 194, 300 

Section, operation of, 2, 22, 164 
of a cont, 14, 1 b 
of a cy limit 1 19 

Segment, dividing two given ones hai 
mom tally 5b 103 29s 
of constant magnitude eliding along 
a line generates two dire< tly equ il 
ranges, by 

biseeted its division into 11 equ il 
parts by aul of the luler only 97 
Segments of a stiaight line, mctneal 

y»» 1 at 1 t«M CTC9 


Self-conjugate triangles with regard t< 
a come, two, propel ties of, 242' 
Self corresponding elements, defined, 67 
of two superposed projective forms 
68, 69, 78, 91-93. 
general construction for these, 169 
of two coplanar projective figures, 79 
of two projective ranges on or senes 
of tangents to a come, 162, 163* 
Sheaf, defined, 22 
Signs, rule of, 51 

Similar ranges and pencils, 86, 87 
128 

and similarly placed figures, 18 
Staudt, vi, vn. 

on the geometnc prime-forms, 24 
on the principle of duality, 26 
on harmonic forms, 39 
on the construction of two projective 
figures, 81 

on the polar system 248 
on an involution of points on a comc 3 
165 

Steiner, vn, x xn 

on the sixty Pascal hnes and Brian 
chon points, 125 

on the solution of problems of the 
second degree by means of a rulei 
and a fixed circle, 194 
Superposed geometric forms, 68, 69 
construction of their self correspond 
mg elements 169 

plane figures, if projective, cannoi 
have more than three self corre 
spondmg elements, 79 
Supplemental chords, 221 
Symmetry, a special case of homology 
64 

Tangents, harmonic of a circle, 116 
117 

harmonic, of a conic, 168 
to a conic, series of projective, 163 
164 

orthogonal, to a conic, 269 
to a conic from a given point , con 
structions, 176, 177 179 226 
common, to two conics , construe 
tions, 190 

i etragr im and letrastigm, 29 
lownscnd, 200 

iransvcisal, cut by the sides of a tn 
angle 1x2 

cutting a quadrangle or a quadn 
lateral, 107, 108 

cutting a conic and an inscnbec 
quadi angle, 150 

drawn throuLh a point to cut 
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Triangle, inscribed in one triangle and 
circumscribed about another 94 
inscribed m a come, 143 216 
circumscubed to a come, 144 216 
inscribed or circumscribed, mvolu 
tion properties, 152, 157 
self-conjugate with regard to a come, 
207 270 

circumscribed to a paiabola 253, 

m 

self conjugate with regard to a para 
bola, 271 

self conjugate with regard to an 
equilateral hyperbola 271 
cut by a come, Carnot’s theorem, 
279 

inscribed in an equilateral hyper 
bda, 387 


Triangles, two, self-conjugate with re- 
gard to a conic , properties of, 242 
inscribed m one come and self-con- 
jugate to another, 243 
cncumscnbed to one conic and self- 
conjugate to another, 243 
inscribed in one como and circum- 
scribed to another, 244 
reciprocal, are m perspective, 246 
formed by two pairs of tangents to a 
conic and their chords of contact, 
298 

Trisection of an arc of a circle, 294 

Vanishing points and lines, 5 
plane, 21 

Vertex of a come, 228, 256 
circle of curvature at a, 190 
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Museum By P Gardner Small folio, linen, with 2b plates £3 3s net 

The Cults of the Greek States By l r Parnell 8 vo 

Five volumes, 207 plates I-II, 32s net III-IV, 32s net V 18s 6d net 

The Stone and Bronze Ages xn Italy and Sicily By 

T E Pfei 8vo, illustrated lbs net 

Classical Archaeology in Schools By p Gardner ana j l 

Myres 8vo Second edition Is net 

Introduction to Greek Sculpture By L E Urcom o «vo 4 s 6d 

Marmora Oxomensia, mscriptiones Graecae ad Chandlen exempts 
editae cur Gul Roberta, 1791 Crown 8vo 3s bd 
De Antiquis Marmonbus, Biasu Caryopiuh ms 7s 6d net 

Fragmenta Herculanensia (Oxford Fragments ) By W Scott 
Royal 8vo £1 Is Engravings from the Fragments Folio 10s 6d large 



English History . Sources ‘t * 

Baedae Opera Histonca, edited by c plumke*. Two vaton** 

Crown 8vo, leather back. £1 Is net. 

User’s Life of Alfred, with the Annals of St ^Teqi,, 

edited by W H Stevenson - Crown 8vo 12s net 

The Alfred Jewel, an historical essay With illustrations and a mop 
by J Earle Small 4to, buckram. 12s 6cL net 

rwo of the Saxon Chronicles Parallel , with supplementary 

extracts from the others A Revised Text edited by C Plummer and 
J Earle Two volumes Crown 8vo Vol I Text, appendices and 
glossary 10s 6d net Vol. II Introduction, notes, and index 10s 6d net 

The Saxon Chronicles (787-1001 a d ) Crown 8vo, stiff covers 3s 

dandbook to the Land-Charters ByJ Eahle. Crown 8vo i6s 

Dhe Crawford Collection of early Charters and Documents, now in 
the Bodleian Library Edited by A S Napier and W H Stevenson 
Small 4to, cloth 12s net 

The Chronicle of John of Worcester, 1118-1140 Edited by 

J R H Weaver Crown 4to 7s 6d net 

DialogUS de Scaccario Edited by A Hughes, C G Chump, and 
C Johnson, with introduction and notes 8vo 12s 6d net. 

J aSS10 et Miracula Beatl Olaui Edited from the Twelfth-century 
MS by F Metcalfe. Small 4to 6s 

Tie Song of Lewes Edited from the MS, with introduction and 
notes, by C L Kingsford Extra fcap 8vo 5s 

Jhromcon Galfndi le Baker de Swynebroke, edited by Sir 

E Maunde Thomison, K C B Small 4to 18s cloth, gilt top £1 Is 

Chronicles of London Edited with introduction and notes, by 
C L Kingsford 8vo 10s 6d net 

rascoigne’s Theological Lictionaiy ( Liber Ventatum ) selected 

passages illustrating the condition of Chuich and State 1403-1458 With 
an introduction by J E Tiioroi d Roc ers Small 4to 10s 6d 

'ortescue s Governance ol England a revised text edited 

with introduction etc by C Piummfr svo leatherback 12s 6d net 

tow’s Survey of London Edited by C L Kingsford 8vo, 2 vols 
with a folding m ip of London m 1 000 (by Emeh\ Walker and H W Cribb) 
and other illustrations 10s net 

'he Protests ot the Loids, from 1624 to 1874 , with introduction^ 
By J E Thorold lio< i its In thice volumes Svo £2 2s 



e Clarendon Pre&sr.lleties. of Charters, 
Statutes, etc 

From the earhest times to 1307 By Bishop Stubbs 
^barters and other illustrations of English Constitutional History 
sUon. Crown 8va 8& 6<L 

From IMS to 16 &5 By G W Prothero 

tatutes and other Constitutional Documents of 
Leagns of Elizabeth and James I Third edition 

faO 10s. 6d. 

From 1095 to 1560 By S R Gardiner 

istitutional Documents of the Puritan Revolu- 


Third edition. Crown Svo 10s 6cL 

Calendars, etc 

ar of Charters and Rolls preserved in the Bodleian Library 
1 lls. 6d. net. 

^ of the Clarendon State Papers preserved m the 

a Library 


_ In three volumes 

From 1593 to January 1649 
154. 8vo 16s net vol III 


1869-76 
8vo 18s net Vol II 
From 1655 to 1657 Svo 


From 1649 
14*s net 


t’s Prmeipal Navigations (See p 12 ) 

’s ‘ Brief Lives,’ set down between the Years 1669 and 1696 
from the Author’s MSS by A Clark Two volumes 8vo £1 6s 
ick’s Memorials (16&5-1660 ) 4.vois 8vo £i 10s 
’s Memoirs (1625-1672 ) Ed C H Firth 2 vols 8vo £1 16s 
[’s Diary (1678-17H ) Six volumes 8vo £1 10s net 

s History of James II 8vo 9s 6 d 

SirM Hale, with tell s Life of Dr Hammond Small 8vo. 2s 6d 
rs of James ind William Dukes of Hamilton 8vo 7s 6 d 
3 History of My Own Time A new edition, based on 

ofM J Roum by Osmund Airy Two vols each 12s 6d net 
llement, derived from Burnet’s Memoirs, Autobiography, etc all 
rto unpublished Edited by H C boxtnon 1902 8vo 16s net 

ntefooid Papers (1739-1810 imwas Hewins 8vo 12s 6 d 
History of Oxford 

mulct c list of the Publications of the Oxford Historical Society 
( an be obtained from Mr h nowm 

npt Materials relating to the History of Oxford , 

d in t In prink d 1 italogues of the Bodleian and College Libraries 
I ai» \n Hvo 7s <>d 

rl V ( ) xf 01 d I ’ress A Bibliography of Printing and Publishing 
»rd I lf>H li>10 With notes appendices and illustrations By 
\s Svo JSs 


l 
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Bishop Stubbs’s and Professor 


The Constitutional History of EndWt, W % ^ «4 

Development. By W Stubbs Library efictK®. Three vdianes- W 
8v°. £2 8s Also in three volumes, crown 8vo, puee 22s. ^4, ~ ^ v F 

5 6V0lxtg0n Lectures on the Study of Mediaeval and Hio fera lS^>flg f 
and fcmdred subjects, 1867-1884. By the same. Third ecSbcau revised azi 
enlarged, 1900 Crown 8vo, half-roan. 8s. 6d 

History of the Norman Conquest of England, m c*mp 

and. Besults By E A. Freeman Vols I, II and vT^mdish edition) ate 
out of print 

Vols III and IV £1 Is each VoL VI (Index) 10s. 6d. 

^ Short History of the Norman Conquest of England. 

Third, edition By the same. Extra fcap 8vo 2s. 6cL 

The Heign of W llliam Rufus and the Accession of Henry the 
First;. By the same Two volumes 8vo £1 16s 


School Books 

Companion to English History (Middle Ages) Edited by f p 

Baxcnard With 97 illustrations Crown 8vo 8s 6d. net 

School History of England to the death of Victoria. With maps, 
plans, etc By O M Edwards, R S Rait and others Crown 8vo 3s 6d. 

Perspective History Chart By e a g Lamborn 8s 6<l net 

i 

Oxford Countv Histones 

Crown 8vo, with many illustrations, each Is 6d net (Also m superior 
bindings, 2s 6d net ) 

Berkshire, by e a G Lamborn 

Durham, by F S Eden 

Essex, by W H Weston 

Hampshire, by F Clarke 

Oxfordshire, by H a Liddell 

Others m preparation 


Leeds and its Neighbouihood By a. c Price 3s 6d 

Also for junior pupils, illustrated, each Is 

Stories from the History of Berkshire By E a g 

T a ivrvinnv 







Special Periods and Biographies 
Ancient Bntarn and the Invasions of Julius Caesar, b 

T Rice Holmes 8vo 21s net* 

Life and Times of Alfred the Great, being the Fora Lecture 

for 1901 By C Plummer 8vo 5s net. 

The Domesday Boroughs By Adolphus Ballard 8vo 6s 6d ne 

Villainage m England Isseys in English Mediaeval History E 
P Vhtogbadoff 8vo 16s. net 

English Society in the Eleventh Century Essays 

English Mediaeval History By P Vino&radoff 8vo 16s net. 

Oxford Studies m Social and Legal History Edited l 

Paul Vinogradoft 8vo Vol I English Monasteries on the Eve of t 1 
Dissolution By Alexander Savine Patronage under the Later Empu 
By F de Zulueta 12s 6d net 


The Gild Merchant 

C Gross Two volumes 


a contribution to British municipal history 1 
8vo, leather back, £1 4s 


16 AVelsh AVarS of Edward I , a contribution to mediae 
military history By J E Morris 8vo 9s 6d. net. 

The Great Revolt of 1381 ByC Oman With two maps 8 

8s 6d. net. 

Lancaster and York (a d 1S99-1485 ) By Sir J H Ramsay t 
volumes 8vo, with Index, £1 17s 6d Index separately, Is 6d 


Life and Letters of Thomas Cromwell By r b Meuwm 

In two volumes [Vol I, Life and Letters, 1523-1535 etc Yol II, Lett' 
1536-1540 notes, index, etc ] 8vo 18s net 

Edward Hyde, Earl of Clarendon a lecture by c H Fn 

8vo Is net 

A History of England, principally in the Seventeenth Century 
L von Ranke Translated under the superintendence of G W Krrc 
and C W Boase Six volumes 8vo £3 3s net Index separately, 1 

Sir Waltei Ralegh, a Biography, by W Steering Post8vo 6s 

Henry Birkhead and the foundation of the Oxford Chair of Po( 
ByJ W Mackail 8vo Is net 

Biographical Memoir of Dr William Markham, a 

bishoD of York by Sir Clements Markham, K C B 8vo 5s net 
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Life and Letters of Sir Henry Wotton 

Smith. 8vo Two volumes 25s net 

Great Britain and Hanover By a. w Wam> 
History of the Peninsular War ByC Omaj 

m six volumes, 8vo, with many maps, plans, and portraii 
Already published Vol I 180T-1809, to Corumu 
Talavera. Vol III 1809-10, to Torres Vedras 14s n< 

Anglo-Chinese Commerce and Diploma( 

nineteenth century By A J Sargent 12s 6d. net. 

Frederick York Powell, a Life and a select! 

and Occasional Writings By Oliver Elton Two vo 
photogravure portraits, facsimiles, etc 21s net 

David Binning Monro a Short Memoir Bj 
8vo, stiff boards, with portrait. 2s net 

F W Maitland Two lectures by A. L Smith 


European History 

Historical Atlas of Modern Europe (See 

Genealogical Tables illustrative of Modern H 
George Fourth (1904) edition Oblong 4to, boards 

The Life and Times of James the First < 

F D Swift 8vo 12s 6d 

The Renaissance and the Reformation At 

History, 1494-1610 By E M Tanner Crown 8vo, v 

The Fall of the Old Order A textbook o! 

1763-1815 By I L Plunket Crown 8vo, with 10 map 

A History of France By G W Kiichin Cr 
(to 1453), by F F Urquhari , Vols 11 (1624), III (17 
10s 6d each 

De Tocqueville’s L’Ancien Regime et 

Edited with introductions and notes by G W Headla 

Speeches of the Statesmen and Orators 

Revolution 1789-1795 Ed H Morse Stephens Two vol 

Documents of the French Revolution, 1 

L G Wickham Leoo Crown 8vo Two volumes 1 £ 

Napoleonic Statesmanship Germany ] 

8vo, with maps 12s 6d net 
Bonapartism Six lectures by H A L Fisher 
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* History and Geography of America 
and the British Colonies 

For otto Geographical hooks, see page 59 

History of the New World called America By e j Paw*. 

Vol I 8vo 18s Bk. I The Discovery Bk. II, Part I Aboriginal America. 
VoL II 8vo 14s. Bk. II, Part II Aboriginal America (concluded) 

A History of Canada, 1763-1812 By Sir C P Lucas, K.C m g 
8vo With eight maps 12s 6<L net 

The Canadian War of 1812 By Sir c p Lucas, K.C m g 8v<> 

With eight maps 12s 6d. net 

The Umon of South Africa By the Hon R.H Bjum><i»o9). 

8vo 6s net. 

Historical Geography of the British Colonies By Sir c p 

liucAs, ECMG Crown 8vo 

Introduction New edition by H E Egerton 1903 (Ongm and 

r wth of the Colonies ) With eight maps 3s 6d. In cheaper binding, 
6cL 

Vol I The Mediterranean and Eastern Colomes 

With 13 maps Second edition, revised and brought up to date, by 
R E Stubbs 1906 5s 

Vol II The West Indian Colomes With twelve 

maps Second edition, revised and brought up to date, by C Atchlet, 
ISO 1905 7s 6d. 

Vol III West Africa Second Edition Revised to the 
end of 1899 by H E Egerton With five maps 7s 6d 
Vol IV South and East Africa Historical and Geo- 

graphical With eleven maps 9s 6d. 

Also Part I Historical 1898 6s 6d Part II 1903. Geographical 
3s 6cl 

Vol V Canada, Part I 190I 6s PartH, by H E Egerton 
4s 6d Part III (Geographical) m preparation 
Vol VI Australasia. ByJ D Rogebs 1907 With 22 maps 
7s 6d Also Part I, Historical, 4s 6d Part II Geographical 3s 6d 
History of the Dominion of Canada. By W P Greswelt Crown 8vo 7s 6d. 
Geography of the Dommion of Canada and Newfoundland By the same author 
With ten maps 1891 Crown 8vo 6s 
Geography of Africa South of the Zambesi By the same author With maps 
1892 Crown 8vo 7s 6d 

The Claims of the Study of Colonial History upon the 

attention of the University of Oxford An inaugural lecture 
delivered on April 28, 1906, by H E Egerton Svo, paper covers Is net. 

Historical Atlas Europe and her Colonies 27 maps 35s net 

^ 11 T Onvernment of Denen- 



Rulers of India 
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Edited by Sir W W Hukteb Crown Svo 2s 6d'. net, each. p y 

(There is also a special Indian Edition ) t 

< * 

Bdhar By S Lane-Poole 
Albuquerque By H Moese Stephens 
Akbar By Colonel Malleson 

Aurangzib By S Lane-Poole r 

Dupleix By Colonel Malleson 

Lord Clive By Colonel Malleson 

Warren Hastings By Captain L J Trotter 

Mridhava Edo Smdhia By H G Keene 

The Marquis of Cornwallis By W S Seton-Karr 

Haidar All and Tipu Sultdn By L B Bowring 

The Marquis Wellesley, KG By W H Hutton 

Marquess of Hastings By Major Ross-of-Bladensburg 

Mountstuart Elphinstone By J S Cotton 

Sir Thomas Munro By J Bradshaw 

Earl Amherst By Anne T Ritchie and R Evans 

Lord William Bentmck By D C Boutger 

The Earl of Auckland By Captain L J Trotter. 

Viscount Hardmge By his son. Viscount Hardinge 

Ran) it Singh By Sir L Griffin 

The Marquess of Dalhousie By Sir W W Hunter 

James Thomason BySirRTnMriE 

John Russell Colvin By Sir A Colvin 

Sir Henry Lawrence By Lieut General J J M c Leod Innls 

Clyde and Strathnairn By Major General Sir 0 T Burne 

Earl Canning By Sir H S Cunningham 

I ord Lawrence By Sir C Auchison 

The Earl of Mavo By Sir W W Hunter 


Asoka B> V A Smiiii Second edition, 1909 3s 6d net 

Sketches of Rulers of India Abridged from the Rulers of India 
by G D Osweii Vol I The Mutiny and After Vol II, The Company s 
Governors Vol III The Governors-General Vol IV The Princes of India 
^ ~ - o „ v, Aien n twrt vnlc fid net senarately each 
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nperial Gazetteer of India. New edition, 190 s. The 

mmk in 96 vols., etafcb £5 net, morocco back £6 6s net The 4a vo Is. 

ift Empire ’ separafcdty, diotib 6s, net each, morocco back 

Ret, Atlas, cloth 16s net, morocco back 17s 6d net , the remaining 
doth £4* 4s. not, morocco back £6 6s net 
r c£ I Descriptive. 
r oL IL Historical 
r Oi III BC03KXQQ1C. 

IV Administrative. 
r oL V-XXTV Alphabetical Gazetteer 
r«L XXV Index, 

?ol XXVI Atlas 

roiume contains a map of India specially prepared for this Edition 

Reprints from the Imperial Gazetteer 

of the Flora of British India. By Sir Joseph Hooker 8vo Paper 
Is net 

m Army A sketch of its History and Organization 8vo Paper 
Is, net 


if History of the Indian Peoples By Sir w w Hiram® 

sd up to 1908 by W H Hutton Eighty-ninth thousand. 3s 6d. 

ovemment of India, being a digest of the Statute Law relating 
o, with historical introduction and illustrative documents By Sir 
lutKRT Second edition, 1907 10s 6d net 

iarly History of India from 600 b c to the Mu- 

madan Conquest, including the invasion of Alexander the 
By V A Smith 8vo With maps plans and other illustrations 
d edition revised and enlarged 14s net 

)xford Students History of India By v a Smith 

i 8 vo Se< ond Edition With 7 maps and 1 1 other illustrations 2s 6d 

nglish Factories m India By W Foster Med 8vo (Published 
the patronage of His Majesty s Secretary of State for India m Council ) 

iree Vols 1618-21, 1622-3, 1624-9 12s 6d net each 

h< six previous volumes of Letters received by the East India Company 
from its Servants m the East ( 1 <>02— 1617) may also be obtained, price 
1 is ea< h \oIume ) 

Minutes of the East Indu Company By E B 

ill in lntrodu< tion by W Fostir Med Hvo 13s 6d net each 
vo\ols 16J5-.W 1640—4 i 

< ( ourt Minutes previous to have been < alendared in the Calendars 
Stat< Pap< rs hast Indies published by the Public Record Office 

sley S I )esp<ltches. Treaties, and other Papers relating to his 
mm nt of India Selection edited by S J Owen Hvo £1 4s 

lertnn ^ I )esDJltches Treaties, and other Papers relating to 



GEOGRAPHY 

Historical Atlas of Modem Europe, a* Rtijfc r 

Roman Empire 90 maps, with letterpress to each the a mps {KMtai tgr 
W & A K Johnston, Ltd-, and the wnote edited by B- 1* 

In one volume, imperial 4to, half-persian, £5 16s. aet; Olp Si JM hwjffl f 
sets — British Empire, etc, at varaoos pnoes freest 30s» te 3S&fiL3p cfc ^ Wm$ 
or in smgle maps, Is. 6d. net each, ^rospedbos on 

The Dawn of Modem Geography. By c. r. Rwww b t . Xk 9mm 

volumes £2 10s net. Vol. 1 (to a.d. 900). Not seM sq&Kaihfy. "Vbl B 
(ad 900-1360) 15s net Vol III SOs.net. 

Hegions of the World Geographical Meraofes wAk 9m 
editorship of H J Macedtdek Medium 8 to. 7s. 6dL netparvataw. 

Britain and the British Seas Ed. & By H. i. Mmummm 
Central Europe By Joan Pajotch 
Nearer East By D G Rogabth. 

North America By J Rossbu- 

India By Sir Thomas Holdich 
The Ear East By Aechibald Little 
Frontiers Romanes Lecture(l907) by LordCuazoKOFKEDLsarrox 8ro 9 

The Face of the Earth By Eduabd Suess. See p. 98. 

The Oxford Geographies 


The Oxford Geographies By a. J Hebbebtson- Crown 8vo 
Vol I The Preliminary Geography Ed. 3 72 maps and 

diagrams, Is 6d 

Vol II The Junior Geography Ed 2 166 maps and dia- 
grams 2s With Physiographical Introduction 3s With Questions 
and Statistical Appendix, 2s 6d (In preparation ) 

Vol ill The Senior Geography Ed 3 m map® and 

diagrams, 2s 6d With Physiographical Introduction, 3s bd. With 
Questions and Statistical Appendix 3s 
Physiographical Intioduction to Vois n and hi is bd 
(In the press ) . _ _ . . v 

Questions on the Senior Geography By f m k>» 

with Statistical Appendix by E G R T^lob Is 

The Elemental v Geogiaphies By F D Hebbeb™s with 

maps and illustrations from photographs » Crownjho I Phys.ograp j 0d 

vii 1 t“ toSi.S' If S oih.2 „ M1 
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together 2s 6d 

Relations of Geography and History b, h b 

With two maps Crown 8vo Fourth edition +s 6d 


With two maps uum. — n Q ca 

Geography for Schools, by A Hughes Crown 8vo 2s 6d 
o J T»_ T T 7 "D n ^/1 owrw Int 
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Anthropology 

sactions of the Third (1908) International Congress 
the History of Religions Royal 8 to 2 vois. 25s.net. 

iropological Essays presented to $dwabd Bubnett Tylob in 
our of his seventy-fifth birthday Imperial 8vo 21s net 

Evolution of Culture, and other Essays, by the late 

it Gen A Lane-Fox Pitt-Rivem , edited by J L Mtms, 'With an 
oduction by H Balfour 8vo, with 21 plates, 7 s 6d net 

tropology and the Classics Six lectures by A. Evans, 
Lang, G G A M wheat, F B Jevons, J L Mybes, W W Fowieb 
ted by R R Marjett 8vo Illustrated 6s net 

-Memory By Walter Johnson 8vo Illustrated. 12s 6d. net. 

c Folklore Welsh and Manx Byj Rhys 2vois 8vo fiis 
les in the Arthurian Legend By J Rh 2 s 8 vo 12s 6d 

nd and the Faroes By N Annandaie With an appendix 
he Celtic Pony, by F H A Marshall Crown 8vo 4s 6d net 

Dis’ Hmdu Manners Translated and edited by H K Beau- 
mp Third edition Crown 8vo 6s net On India Paper, 7s 6d net. 

Melanesians, studies m their Anthropology and Folk-Lore By 
-1 Codrington 8vo 16s net 

Masai, their Language and Folk-lore By a c Homs. 

h introduction by Sir Charles Eliot 8vo Illustrated 14s net 

Nandi, their Language and Folk-lore By a c Homs 

h introduction by Sir Charles Eliot 8vo Illustrated 16s net 

Ancient Races of the Thebaid an anthropometncal study 
^RiHirR Thomson and D Randall-MacIver Imperial 4to with 6 collo 
s 6 lithographic charts and many other illustrations 42s net 

Earliest Inhabitants of Abydos (A cramoiogicai study ) 
D Ranuali-MacIver Portfolio 10s 6d net 
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LAW 

Jurisprudence 

Bentham’s Fragment on Government. Edited by f c. 

Montague 8vo Ts 6d. 

Bentham’s Introduction to the Principles of Morals and 

Legislation Second edition Crown 8vo. 6s 6d. 

Studies m History and Jurisprudence. By the Right Hob. 

James Bryce 1901 Two volumes 8vo £1 5s net. 

The Elements of Jurisprudence By t e. Holland. 

edition 1906 8vo 10s 6d 

£161110111)8 of Lew , considered with reference to Principles of General 
Jurisprudence. By Sir W Markby, KCIE Sixth edition revised, 1905. 
8vo 12s 6d. 

Roman Law 

Imperatons Iustmiam Institutionum Libn Quattuor, 

with introductions, commentary, and translation, by J B Moyle. Two 
volumes 8vo VoL I (fourth edition, 1903), 16s , VoL II, Translation 
(fourth edition, 1906), 6s 

The Institutes of Justinian, edited as a recension of the Institutes 

of Gaius By T E Holland Second edition Extra fcap 8vo 5s 

Select Titles from the Digest of Justinian By t e Holland 

andC L Shadweix. 8vo 14s 

Also, sold in parts m paper covers Part I Introductory Titles Ss. 6d. 
Part II Family Law Is Part III Property Law 2s 6<L Part IV 
Law of Obligations No 1 3s 6d No 2 4s 6cL 

Gai Institutionum Iuns Cmhs Commentam Quattuor 

with a translation and commentary by the late E Poste Fourth edition 
Revised and enlarged by E A Whittuck, with an historical introduction 
by A H J Greenidge 8vo 16s net 

Institutes of Roman Law, by R Sohm Translated by J C 
Ledlie with an introductory essay by E Grueber Third edition 1907 
8vo 16s net 

Enfamia , its place m Roman Public and Private Law By A H J 
Greenidge 8vo 10s 6d 

Legal Procedure in Cicero’s Time By a h j Greevid^e 

8vo 25s net 

The Roman Law of Damage to Property being a commentary 

on the title of the Digest Ad Legem Aquiham (lx 2), with an introduction 
to the study of the Corpus Iuris Civilis By E Grueber 8vo 10s od 

Contract of Sale in the Civil Law By J B Moyle 8vo 10 s 6d 
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English Law 

Principles of the English Law of Contract, and of Agency 

its relation to Contract By Sir W it. Anson Twelfth edition 1910, revis 
byM L Gwyer 8vo 10s net 

Law and Custom of the Constitution By Sir w r Ansc 

In two volumes 8vo 

VoL I Parliament Fourth edition 1009 13s 6d net 

Vol II The Crown. Third tdilion Part 1, 1907 10s6d.net Part 
1908 8s 6d net 

Introduction to the History of the Law of Real Propert 

. By Sir K E Digby Fifth edition 8va 19s 6d. 

Legislative Methods and Forms By Sir c p Ilkert, k c s 

1901 8vo 16s 

Modem Land Law By e Jenks 8vo 15s 

Essay on Possession m the Common Law By Sir 

Pollock: and Sir R S Wright 8vo 8s 6d. 

Outhne of the Law of Property By t Raleigh 8vo ts t 

Law in Daily Life By Rod von Jeering Translated with Nol 
and Additions by H Gottdy Crown 8vo 3s 6d. net. 

Cases lUustratmg the Prmciples of the Law of Tort 

with table of all Cases cited. By F R Y Radcleefe and J C Miles 81 
1904 12s 6d. net 

The Management of Private Affairs By Josefh King, f t 

Bigham, M L Gwyer, Edwin Cannan, JSC Bridge, A M Latti 
Crown 8vo 9s 6d net 


Calendar of Charters and Rolls, containing those preserved m t 
Bodleian Library 8vo £1 11s 6d.net 
Handbook to the Land-Charters, and other Saxomc Documen 
By J Earle Crown 8vo 16s 

Fortescue’s Difference between an Absolute and aLimitf 

Monarchy Text revised and edited, with introduction, etc, by 
Plummer 8vo, leather back, 19s 6d. net 
Villainage m England By p Vinogradoff 8 vo 16s net 

Welsh Mediaeval Law the Laws of Howel the Good Te 
translation, etc, by A W Wade Evans Crown 8vo 8s 6d net 

Constitutional Documents 

Select Charters and other Illustrations of English Constitutional Histoi 
from the earliest times to Edward I Arranged and edited by W Stub 
Eighth edition 1900 Crown 8vo 8s 6d. 

Select Statutes and other Constitutional Document 

illustrative of the reigns of Elizabeth and James I Edited by G A 
Pro i hero Third edition Crown 8vo 10s 6d 
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J* International Law 

’l 

International Law By W E Haix. Sixth edition by 3 B. A* 
^.’^909 8vo £1 Is net 

Treatise on the Foreign Powers and Jurisdiction of 1 
British Crown By w e Haix. 8to ios 6d 
The European Concert in the Eastern Question, a coiiec 

of treaties and other public acts Edited, with introductions and notes 
v T E Holland 1885 8vo 12s 6d 

Studies in International Law ByT e Hoixaxd i 898 8vo ios 
'Hie Laws of War on Land ByT e Holland 1908 8vo as 
Gentihs Albenci de lure Belli Libn Tres e&dit t 

Holland 1877 Small quarto, half-morocco £1 Is 

The Law of Nations By Sir T Twins Part I In time of p« 
New edition, revised and enlarged 8vo 15s 

Pacific Blockade By A E Hogan 1908 8vo 6s net 

Colonial and Indian Law 

The Government of India, being a Digest of the Statute Law reli 
thereto, with historical introduction and illustrative documents By Sir i 
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